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When both electric and magnetic mechanisms contribute to a particular nonlinear optical process, there

exists the possibility for nonlinear interference, often characterized by constructive or destructive

interference in the radiation pattern of harmonics and mix waves. However, observation of a significant

effect from nonlinear interference requires careful balancing of the various contributions. For this purpose,

we propose an artificial metamaterial, using the formalism of nonlinear magnetoelectric coupling to

simultaneously engineer the nonlinear polarization and magnetization. We confirm our predictions of

nonlinear interference with both simulations and experiment, demonstrating unidirectional wave mixing

in two microwave metamaterials. Our results point toward an ever wider range of nonlinear properties, in

which nonlinear interference is just one of many potential applications.
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Nonlinear optical effects with a magnetic origin can
have very different properties compared to those with
electric origin. When mechanisms of both electric and
magnetic natures are present, a particular nonlinear pro-
cess, such as second-harmonic generation (SHG), can
contain multiple contributions with varied strengths and
phases, giving rise to constructive and destructive
interference. In natural materials, this so-called nonlinear
interference has provided a pathway for observing antifer-
romagnetic domains [1–6], since the antiferromagnetic
properties, and in turn the nonlinear interference effects,
reverse themselves in neighboring domains.

In terms of three-wave mixing, the various dipolar con-
tributions are manifest in eight nonlinear susceptibility
tensors, defined through the second-order polarization
and second-order magnetization,
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respectively, where !s ¼ !q þ!r is the frequency of the

nonlinear response, !q;r are the frequencies of the driving

fields, and ���ð2Þ represent the various second-order suscep-
tibility tensors. While the first terms in both expressions

represent pure electric and magnetic nonlinearities, respec-
tively, the other six involve the mixing of electric and
magnetic responses and fields, or so-called nonlinear mag-
netoelectric coupling. For example, Fiebig et al. exploited

the similar magnitudes of �ð2Þ
eee and �ð2Þ

mee in Cr2O3 to
experimentally observe nonlinear interference via SHG
[1,2]. However, natural materials suffer from (typically)
weak magnetic contributions, limiting the overall effi-
ciency of nonlinear interference and nonlinear magneto-
electric coupling in general.
Alternatively, certain plasmonic nanoparticles have

shown promise in supporting strong effective magnetic
and quadrupolar contributions [7–11], which has led to
the observation of nonlinear interference in the generation
of optical harmonics [12–14]. In particular, Zdanowicz
et al. attributed asymmetric SHG from L-shaped gold
nanoparticles to the nonlinear interference between
second-order electric, magnetoelectric, and quadrupolar
tensors [15]. This recent progress suggests that artificial
media, or metamaterials, constructed from arrays of nano-
particles might provide a means to tailor the effective
nonlinear susceptibilities.
Indeed, clever structuring of metamaterials can lead to

effective magnetic and magnetoelectric behavior, even
when composed of nonmagnetic materials [16]. This flexi-
bility in the linear behavior of metamaterials has lead to
such exciting phenomena as negative refraction [17] and
electromagnetic cloaking [18]. The split-ring resonator
(SRR), for example, is the canonical magnetic metamate-
rial [16], wherein an intrinsic resonance is formed by
inserting a capacitive gap into a conducting loop. The
SRR’s resonance is typically excited by incident magnetic
fields that couple inductively to the structure. When these
same metamaterials are hybridized with nonlinear compo-
nents, the degrees of freedom grow exponentially. This sort
of control and balance of nonlinear properties is paramount
to a whole host of phenomena. In this context, nonlinear
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interference is seen to occupy a region in the more general
nonlinear parameter space, depicted in Fig. 1, in which
careful balance of the nonlinear polarization and magneti-
zation leads to unidirectional harmonic and mix-wave
generation. Nonlinear magnetoelectric coupling, in turn,
offers a platform for accessing the full range of nonlinear
properties and phenomena [19].

Quasianalytic expressions for the effective magnetoelec-
tric nonlinear properties of metamaterials have been de-
rived generally via a Bloch mode analysis, assuming
only electric nonlinearities [19]. Qualitatively, a general
requirement for nonlinear magnetoelectric coupling is for
the fields locally induced by incident electric and magnetic
fields to overlap within the nonlinear element. A SRR
design, consisting of a metallic ring with two nonlinear
dielectric-loaded gaps, was proposed for the observation of
nonlinear interference, as shown in Fig. 2(a). Although
ultimately intended for operation at terahertz or infrared
frequencies, microwave metamaterials offer a convenient
platform for proof-of-concept demonstrations. When
placed in the capacitive gaps, the field-dependent proper-
ties of varactor diodes have allowed the varactor-loaded
(VL) SRR to be used as a microwave nonlinear

metamaterial [20–23], leading to proof-of-concept demon-
strations of resonance tuning [23,24], solitons [25], and
negative-index SHG [26], to name a few.
In this Letter, we employ a microwave nonlinear mag-

netoelectric SRR, consisting of dual-gap copper rings on
an FR4 grade printed circuit board substrate, loading both
capacitive gaps with Skyworks SMV1231 varactor diodes
[27] [see Fig. 2(b)]. These VLSRRs are then divided into
two groups, differing only in the relative orientation of the
varactor diodes: symmetric (varactors oriented together)
and antisymmetric (varactors oriented oppositely), as
shown in Fig. 3. The relative orientation of the varactors
plays a key role in the VLSRR’s nonlinear properties and,
thus, nonlinear interference effects. The qualitative fea-
tures of the second-order susceptibilities in both VLSRR
samples are obtained from a Bloch mode analysis [19],
which are used together with a simple one-dimensional
model to predict the nonlinear behavior of a thin slab. We
then study difference frequency generation (DFG) in these
VLSRRs, confirming the presence of nonlinear interfer-
ence in a single layer by experiment and simulation.
To describe nonlinear interference in the VLSRRs, we

consider the interaction between two waves, termed signal
(s) and pump (p), in producing idler (i) waves via DFG,
such that!i ¼ !p �!s, where! is an angular frequency.

For a simple one-dimensional system, the forward (þ)
and backward (�) idler waves satisfy the scalar wave
equation [19]
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FIG. 1 (color online). Graphical illustration of the nonlinear
parameter space. The insets depict nonlinear generation (arrows
indicate electric fields) from a thin nonlinear slab for four
limiting cases, corresponding to the areas under the colored
cones. When the second-order polarization (magnetization) is
dominant, as in the vertical (horizontal) cones, the nonlinear
generation resembles an electric (magnetic) dipole. When a
second-order polarization and magnetization are present, how-
ever, the interference can favor nonlinear generation in a par-
ticular direction, illustrated by the insets next to the diagonal
cones. This is an oversimplification, however, as both the polar-
ization and magnetization are, in general, complex valued.

FIG. 2 (color online). (a) The nonlinear SRR proposed in
Ref. [19] for observation of nonlinear interference. Both
electric (left) and magnetic (right) incident fields interact with
the nonlinear dielectric, resulting in nonlinear magnetoelectric
coupling. (b) Photograph of the analogous VLSRRs from
Ref. [27].
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@A�
i

@z
¼ S�e�ikiz; (3)

where we have defined the wave amplitudes A� such that
the wave intensity is I� ¼ 2jA�j2. The pump and signal
waves mix in the nonlinear medium to produce source
terms at the difference frequency, given by

S� ¼ �i
!i

2

� ffiffiffiffiffi
Zi

p
Pð2Þð!iÞ � 1ffiffiffiffiffi

Zi

p �0M
ð2Þð!iÞ

�
; (4)

where Zi is the wave impedance at !i and Pð2Þð!iÞ and
Mð2Þð!iÞ are given by Eqs. (1) and (2).

To simplify the analysis, we fix the pump wave at the
magnetic resonance. Since the electric field of the pump
wave cannot excite the VLSRR’s magnetic resonance, we
can neglect all nonresonant nonlinearities. Moreover, the
internal symmetry of the symmetric VLSRR suppresses all

axial second-order tensors [19], such that �ð2Þ
mmm ¼ �ð2Þ

mee ¼
�ð2Þ
eme ¼ �ð2Þ

eem ¼ 0. Thus, the source term for the symmetric
VLSRR reduces to just

S� ¼ �i!i

� ffiffiffiffiffi
Zi

p
�ð2Þ
emmð!i;!p;�!sÞHð!pÞHð!sÞ�

� 1ffiffiffiffiffi
Zi

p �ð2Þ
mmeð!i;!p;�!sÞHð!pÞEð!sÞ�

�
: (5)

For an optically thin slab of extent a, we can neglect phase
matching and pump depletion, so that Eq. (3) has the
simple solution

I�i ¼ 1

2
a2IpIsj�emm � �mmej2; (6)

where the coupling coefficients � are just renormalizations
of the nonlinear susceptibilities,

�gigpgs ¼ !i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GiGpGs

q
�ð2Þ
gigpgs ; (7)

where Gi ¼ Zi for gi ¼ e, Gi ¼ 1=Zi for gi ¼ m, and
likewise for the pump and signal. For compactness, we
have dropped the explicit frequency dependence. Thus,
we expect to observe maximum nonlinear interference,
i.e., maximum asymmetry between the forward and back-
ward idler intensities, when the magnitudes of
�mmeð!i;!p;�!sÞ and �emmð!i;!p;�!sÞ are roughly

equal. We can infer the frequency range for maximum
nonlinear interference from the permutation symmetries,
noting that simultaneously interchanging the first and
last frequencies and field components should leave the
nonlinearity unchanged, such that �mmeð!i;!p;�!sÞ ¼
�emmð!s;!p;�!iÞ [19]. It follows that �emmð!i;

!p;�!sÞ and �mmeð!i;!p;�!sÞ are equal at the degen-
eracy point,!s ¼ !i, denoted by the black circle in Fig. 3.
Thus, for !s � !i � !p=2, Eq. (6) implies constructive

(destructive) interference for the forward (backward) prop-
agating idler.
We can follow the same procedure for the antisymmetric

VLSRR, noting that the internal symmetries suppress all

polar second-order tensors, such that �ð2Þ
eee ¼ �ð2Þ

mme ¼
�ð2Þ
mem ¼ �ð2Þ

emm ¼ 0. Thus, the idler waves emitted by a
thin slab are given by

I�i ¼ 1

2
a2IpIsj�eme � �mmmj2: (8)

The dominant nonlinearities contributing to DFG in the
antisymmetric VLSRR are �emeð!i;!p;�!sÞ and

�mmmð!i;!p;�!sÞ, and so we cannot rely on permutation

symmetry. Instead, we use the fact that, in the frequency
range of interest, the VLSRR couples nonresonantly to the
electric field and resonantly to the magnetic field. Since
induction vanishes at sufficiently low frequencies, this
implies a frequency range where the VLSRR’s coupling
to electric and magnetic fields are comparable. We have
purposefully designed this VLSRR to support roughly bal-
anced electric and magnetic coupling for !s � !i �
!p=2, so that nonlinear interference in the two samples

can be directly compared. However, in contrast to the
symmetric VLSRR, Fig. 3 shows that the antisymmetric
VLSRR’s dominant nonlinearities are out of phase,
i.e., �emeð!i;!p;�!sÞ � ��mmmð!i;!p;�!sÞ for

!s � !i � !p=2, so that, according to Eq. (8), the
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FIG. 3 (color online). Second-order susceptibilities calculated
for symmetric and antisymmetric nonlinear SRRs in Ref. [19] as
a function of !i=!p ¼ 1�!s=!p, for !p fixed at the SRR

resonance. The resonant susceptibilities (involving the magnetic
component of the pump field) are dominant over most of the
spectrum in each VLSRR, so that DFG is dominated by
their interference, as in Eqs. (6) and (8). The insets graphically
illustrate the resulting nonlinear interference in each
sample, with the optimum occurring in the neighborhood of
!s � !i � !p=2.
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antisymmetric VLSRR is expected to favor idler emission
in the backward direction.

To observe nonlinear interference, the VLSRRs are
arranged into square lattices with separation a ¼ 1 cm, as
in Fig. 2(b), forming a thin one-dimensional layer. The
samples are then placed into the impedance-matched trans-
mission line apparatus of Ref. [28], shown schematically in
Fig. 4(a). Pump and signal waves are launched fromAgilent
PNA E8364B and PNA-X N5245A network analyzers,
respectively. The pump power is 0 dBm at fixed frequency
!p=2� ¼ 970 MHz, corresponding to the magnetic reso-

nance frequency of the VLSRRs, while the 10 dBm signal
has its frequency swept from 400 to 570 MHz. The
VLSRRs generate idler waves in both directions via DFG,
which are measured at ports 1 and 2 of the network ana-
lyzer. The low-pass filter (LPF) and band-pass filter (BPF)
block the pump and signal, respectively, minimizing the
DFG noise generated by the network analyzers themselves.
A 6 dB splitter is used to draw a portion of the forward idler
signal for measurement at port 2. Assuming perfect match-
ing at the interconnects, the splitter and attenuator ensure
that reflections from the band-pass filter incur at least 26 dB
of attenuation before reaching the VLSRRs and/or mea-
surement ports throughout the signal or idler frequency
band. Ultimately, this ensures that the directionality of the
idler and signal waves is preserved throughout. The forward
and backward idler spectra are corrected for attenuation
along the paths to their respective ports and displayed in
Fig. 4(b). The idler spectra show considerable unidirection-
ality, with the symmetric VLSRR favoring forward genera-
tion by more than 6 times and the antisymmetric VLSRR
favoring backward generation by an order of magnitude. As
such, the results are fully consistent with the predicted
nonlinear interference, mediated by nonlinear magnetoelec-
tric coupling in the VLSRR samples.

To support the experimental data, we also include fre-
quency domain scattering simulations in COMSOL multi-
physics, as in Ref. [27]. Pump and signal plane waves are
launched at a single unit cell with appropriate periodic
boundary conditions, simulating an infinite slab, from
which the forward and backward DFG signals are col-
lected, using a Taylor expansion of the varactor’s SPICE
(Simulation Program with Integrated Circuit Emphasis)
model to simulate DFG in the varactors [29]. For direct
comparison with experiment, we take into account the
attenuation in the experimental setup, as well as the inho-
mogeneous mode profile within the transmission line. The
resulting SH spectra are plotted in Fig. 4(b), in quantitative
agreement with measured data. While contributions from
the nonresonant nonlinearities are expected to prohibit
perfect unidirectionality, it is likely that some amount of
the weak measured spectra are attributable to unwanted
reflections in the experimental setup, implying that the
unidirectionality of the fabricated VLSRRs may approach
the ideal values achieved in simulation for improved
setups.
Both the analysis provided here and the general SRR

designs and properties are scalable to terahertz and infrared
frequencies, simply by replacing the varactors with non-
linear crystals or placing the entire structure on a nonlinear
substrate. While the configuration of the antisymmetric
SRR represents a difficult fabrication challenge, it is easy
to envision implementing the symmetric SRR via lithog-
raphy over gallium arsenide (GaAs), for example, as in
Ref. [10] for near-infrared frequencies and in Ref. [30] for
terahertz. Moreover, there exist a number of metamaterial
structures capable of supporting a similar overlap of the
electrically and magnetically driven local fields, such as
paired nanorods and fishnet structures [31]. By proper
inclusion of nonlinear dielectrics in these metamaterials,
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effective properties throughout the nonlinear parameter
space should be possible at terahertz, infrared, and even
visible frequencies.
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