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P. Neilinger,3 and H.-G. Meyer1

1Institute of Photonic Technology, P.O. Box 100239, D-07702 Jena, Germany
2NEC Smart Energy Research Laboratories, Tsukuba, Ibaraki 305-8501, Japan

3Department of Experimental Physics, Comenius University, SK-84248 Bratislava, Slovakia
(Received 31 July 2012; published 30 January 2013)

We demonstrate amplification of a microwave signal by a strongly driven two-level system in a

coplanar waveguide resonator. The effect, similar to the dressed-state lasing known from quantum optics,

is observed with a single quantum system formed by a persistent current (flux) qubit. The transmission

through the resonator is enhanced when the Rabi frequency of the driven qubit is tuned into resonance

with one of the resonator modes. Amplification as well as linewidth narrowing of a weak probe signal has

been observed. The stimulated emission in the resonator has been studied by measuring the emission

spectrum. We analyzed our system and found an excellent agreement between the experimental results

and the theoretical predictions obtained in the dressed-state model.
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A coherently strongly driven two-level system can effi-
ciently be described by dressing of the energy levels.
Dressed states are attracting renewed interest in different
fields of physics, connected with quantum information
processing. Recently it was shown that microwave dressed
states can be used to extend coherence times by 2 orders of
magnitude [1]. On the other hand, the concept of using
similar coherently strongly driven two-level systems for
inversionless amplification of a probe field was pioneered
several decades ago [2–4]. The coupling between the driv-
ing field and the two-level quantum system is characterized
by the Rabi frequency. Two resonances occur at the Rabi
sidebands with the frequencies [5]

!s ¼ !d ��R; (1)

where �R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

R0 þ �2
q

is the generalized Rabi fre-

quency with a detuning � ¼ !d �!q between driving

field frequency !d and qubit transition frequency !q.

�R0 is the on-resonance Rabi frequency. The analysis of
such systems shows that there is an absorption of the probe
field at one of the Rabi sidebands (!p ¼ !d þ�R) and a

gain at the other one (!p ¼ !d ��R). Indeed, the ampli-

fication (damping) was realized experimentally by Wu
et al. [6], and lasing was demonstrated by Khitrova et al.
[7]. However, an interaction directly at the Rabi frequency
is not visible for such systems (at least not in first order),
because the dipole moment does not give transition
elements between the split states.

The active medium of conventional lasers and amplifiers
consists of many quantum systems, which are usually
molecules and atoms. Due to the tiny size of these objects,
they are weakly coupled to the cavity. Nevertheless, the
strong coupling regime has been achieved and a single
atom laser, with vanishing pumping threshold, has been

convincingly demonstrated [8]. By using superconducting
qubits as artificial atoms this regime can be achieved easily.
As a consequence, lasing action with a single Josephson-
junction charge qubit has been realized [9].
Characteristic frequencies of superconducting qubits

belong to the microwave frequency range. Recent activ-
ities, motivated by quantum limited measurements and
the implementation of quantum information processing
devices, require extremely low-noise microwave ampli-
fiers. Such amplifiers are usually based on the nonlinearity
of superconducting weak links [10,11]. Recently, the
squeezing of quantum noise and its measurement below
the standard quantum limit was demonstrated [12]. These
experiments motivated the development of a new genera-
tion of parametric amplifiers based on ‘‘classical’’
Josephson junction structures [13,14]. However, quantized
energy levels of superconducting qubits can also be used
for these purposes. For instance, the stimulated emission
by a superconducting qubit was successfully employed for
the amplification of a microwave signal passing through a
transmission line [15].
In this Letter, we show that the concept of dressed-state

lasers [5,16] can be used for the amplification of a micro-
wave signal. We demonstrate experimentally a proof of
principle of a dressed-state amplifier with a single two-
level system and provide a full theoretical analysis. The
present realization exploits the direct transition at the Rabi
frequency �R [17,18] rather than the sideband transitions
!s. The Rabi frequency is tuned into resonance with the
oscillator, providing a qubit-resonator energy exchange. A
direct interaction at the Rabi frequency becomes possible
only for a tuneable two-level system and was demonstrated
in a NMR experiment [19].
In order to show dressed-state amplification we have

chosen a flux (or persistent-current qubit) as an artificial
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atom, coupled to a superconducting coplanar waveguide
resonator. The niobium (Nb) resonator was fabricated by
e-beam lithography and dry etching of a 200-nm-thick Nb
film deposited on a silicon substrate. The length of the
resonator’s central conductor is L ’ 23 mm, which results
in a resonance frequency of !r=2� � 2:5 GHz for the
fundamental half-wavelength mode. The width of the cen-
tral conductor is 50 �m, and the gap between the central
conductor and the ground plane is 30 �m resulting in a
wave impedance of about 50 �. In the middle of the
resonator the central conductor is tapered to a width of
1 �m for a length of 30 �m with 9 �m gap (see Fig. 1),
which provides better qubit-resonator coupling and a small
impedance mismatch to detune the harmonics of the reso-
nator. We achieved a separation of about 25 linewidths
between the multiple of the fundamental mode frequency
3!r and third harmonic !3H. At milliKelvin temperatures
the resonator quality factor is measured to beQ ’ 4� 104.

The aluminum flux qubit was fabricated in the central
part of the resonator by conventional shadow evaporation
technique. The qubit loop size (12� 5 �m2) is interrupted
by three Josephson junctions. Two of them have a nominal
size of (550� 120 nm2), while the third is about 25%
smaller. Two cryoperm shields and one superconducting
shield are used to minimize the influence of the external
magnetic fields. The sample was thermally anchored to the
mixing chamber of a dilution refrigerator, providing a base
temperature of about 10 mK.

The parameters of the qubit, the persistent current Ip ¼
12 nA, and the minimum transition frequency (gap)
�=2� ¼ 3:7 GHz were determined from the transmission
of the resonator measured as a function of the qubit tran-
sition frequency. As the gap of the qubit is higher than the
frequency of the fundamental mode, we observe a disper-
sive shift of the resonator’s fundamental frequency. The
energy gap and persistent current of the qubit were sepa-
rately determined from this dispersive shift [20] and from
resonant interaction [21,22] combined with the positions of
the anticrossings [23,24]. Similar to Ref. [25] both sets of
data are consistent.
For the flux qubit an unusually low persistent current

was chosen for emission stability and efficiency. We
decreased the critical current of the Josephson junctions
and increased the energy difference of the two-level system
to make it more immune against flux fluctuation [26].
Although the qubit became more sensitive to charge fluc-
tuation, we did not observe any significant charge noise
effects. In addition, the relaxation time was intentionally
decreased by a gold resistor placed next to the qubit loop
(see Fig. 1).
Throughout this letter the frequency of the driving signal

!d is fixed at the frequency of the third harmonic of the
resonator!d ¼ !3H. Therefore, the photon field created in
the third harmonic (driving mode) is driving the qubit,
since the odd harmonics of the resonator provide optimal
coupling of the field to the qubit.
In the first set of experiments the transmission of a weak

coherent probe signal, populating the resonator with an
average photon number less than one, was measured at
frequencies !p close to the fundamental mode frequency

!r. Similar to the proposal in Ref. [27], we use the dressing
of the qubit states introduced by the driving signal to create
interaction with the resonator’s fundamental mode. The
dependence of the transmission on the qubit transition
frequency is shown in Fig. 2.
The two dark areas correspond to amplification. This

amplification is observed when the generalized Rabi
frequency�R is tuned to the frequency of the fundamental
mode !r. The Rabi frequency depends on the driving
strength at !d and the transition frequency of the

qubit !q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 þ �2

p
(see below). Here, @� ¼

�0Ipð2�x=�0 � 1Þ is the energy bias of the qubit and

�0 is the magnetic flux quantum. �x is the external flux
in the qubit loop.
Quantitatively, the amplitudes of the resonance curves at

these points are increased by 10% and show linewidth
narrowing, see inset in Fig. 2. Thus, the resonator loss
rate is reduced by about 10%. For quantitative analysis,
we consider the Hamiltonian of a qubit interacting with the
photon fields of two resonator modes, using an approach
similar to Refs. [17,18]. However, we use a quantized
description of the fields in the resonator at fundamental
mode !r and driving mode !d. The latter is described by
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FIG. 1 (color online). (a) Electron micrograph of the central
part of the resonator: the central line of the resonator (left), qubit
(middle), and the gold film resistor (right). (b) Sketch of the
dressed system manifolds N and N þ 1. The dashed lines
correspond to the uncoupled states. The qubit relaxation with
rate � is sketched for the uncoupled states. When coupled the
levels will split depending on the photon state N. The level
spacing between those split states is given by the generalized
Rabi frequency Eq. (4). (c) After tracing over the photon number
N an effective two-level system, denoted with states j1i and j2i is
obtained. Both the sign and strength of the relaxation (excitation)
in this system depend on the detuning [see Eq. (7)].
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the creation and annihilation operators by and b, and the
coupling between this field and the qubit is characterized
by the energy @gd. The qubit is represented by the

Hamiltonian Hq ¼ @!q

2 �z in the basis of the ground and

excited states jgi and jei. �x;y;z are the Pauli matrices. By

neglecting the diagonal coupling term, proportional to �z,
as well as the nonresonant terms (by�þ and b��, where
�� ¼ ð�x � i�yÞ=2), we arrive at the Jaynes-Cummings

Hamiltonian

Hd¼@!d

�
bybþ1

2

�
þ@

!q

2
�zþ@gd

�

!q

ðby��þb�þÞ:

(2)

By diagonalization the Hamiltonian is transformed to the
dressed-state basis. This yields a ladder

Hd ¼ @!dn̂þ @

2
�̂R; (3)

where we have introduced the number operator n̂ ¼P
NNðj1Nih1Nj þ j2Nih2NjÞ and the Rabi operator �̂R ¼P
N�

ðNÞ
R ðj1Nih1Nj � j2Nih2NjÞ. The dressed states j1Ni

and j2Ni are found by a standard transformation [28]. We
use the modified generalized Rabi frequency as

�ðNÞ
R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 þ 4g2dN�2=!2

q

q
; (4)

where � ¼ !d �!q is the detuning between the qubit

frequency and the driving signal frequency. For large N
and small deviations from the average photon number hNi
of the driving cavity field, �ðNÞ

R can be substituted by the

constant value �R ¼ �ðhNiÞ
R . In the dressed-state basis the

interaction between the dressed-state system and the reso-
nator’s fundamental mode is described by the Hamiltonian

H¼Hdþ@!ra
yaþ@ge

�
�R0

�R

�xþ �

�R

�z

�
ðayþaÞþHp:

(5)

Here, the on-resonance Rabi frequency is defined as

�R0 ¼ 2gd�
ffiffiffiffiffiffiffiffihNip

=!q. The fundamental mode of the reso-

nator is expressed by the product of the creation and
annihilation operators ay and a, ge is the effective coupling
constant of that mode to the qubit and the probing field is
described by Hp ¼ @�p cos!ptðay þ aÞ. Note that the

Hamiltonian in Eq. (5) reflects the dynamics at the Rabi
frequency and the transitions between the dressed states
from different manifold N are neglected.
The dynamics of this Rabi lasing system is essentially

dissipative. The effects of dissipation can be accounted for
by the Liouville equation for the density matrix of the
system, including the relevant damping terms, which are
assumed to be of Markovian form. The corresponding
damping (Lindblad) terms are found for relaxation with
rate �, decoherence with rate �’ of the qubit and the

photon decay of the resonator with rate �.
The Liouville equation for the density matrix of the

system can be written in the usual form

� i

@
½HR; �� þ LRð�Þ þ Lrð�Þ ¼ 0 (6)

for the reduced elements of the density matrix �. The
HamiltonianHR and the damping terms, LR from the qubit
and Lr for the resonator, are written in the rotating dressed-
state basis. Because the operators ay and a are the same in
both bases, the photon decay of the resonator’s fundamen-
tal mode is not changed after this transformation.
Nevertheless, the population of the dressed states itself is
modified by the relaxation rates of the qubit [17]. By
omitting the oscillating terms in the rotating frame, the
qubit’s dissipation in the dressed basis reads
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FIG. 2 (color online). (a) Normalized transmission amplitude
of the probe signal as a function of ð!p �!rÞ=2� and qubit

energy bias �=2�. The inset shows two cuts of this figure,
visible as the Lorentzian shaped transmission vs. ð!p �!rÞ=2�
in the amplification point (corresponding to � ¼ 1:4 GHz,
dashed line) and out of the Rabi resonance (solid line). The
experiments were done in the presence of a strong driving field,
corresponding to 8 pW at the input of the resonator, applied at
the third harmonic frequency. The driving strength defines
the on-resonance Rabi frequency. (b) Numerical simulations
by making use of Eq. (6) in a four photon space. The probing
power is assumed to be weak creating a coherent state
with a mean photon number less than one in the fundamental
mode.
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LR
11¼

��q

2�R

ð�11þ�22Þ�
�
��2

2�2
R

þ�’�
2
R0

2�2
R

�
ð�11��22Þ

LR
22¼�LR

11;
(7)

LR
12 ¼

�
��’ þ �2

R0

2�2
R

ð�’ � �Þ
�
�12

LR
21 ¼

�
��’ þ �2

R0

2�2
R

ð�’ � �Þ
�
�21:

(8)

Here, LR
jk ¼ trðNÞhjNjLqjkNi; j; k 2 [1,2] are the reduced

elements of the Lindblad operator for the dressed-state
system, which yield from the Markovian Lindblad
operator Lq in the qubit’s eigenbasis. We introduced

the reduced elements of the density matrix �jk ¼
trðNÞhjNj�jkNi; j; k 2 [1,2] similarly. Because the states
of this effective two-level system are formed by a super-
position of qubit ground and excited state, the rate of
relaxation depends on the weight of both states in this
superposition. This is illustrated in Figs. 1(b) and 1(c).
The relaxation is defined by the detuning. Moreover, for
positive detuning � the relaxation of the qubit forces the
effective two-level system to the higher energetic state.
Therefore, in the frame of the dressed-state model, a
population inversion of the energy levels is created. For
small detuning the decoherence rate equalizes the popula-
tion of the two reduced dressed levels. The decoherence
rate of the dressed states Eq. (8) is increased compared to
that of the qubit. For large detuning, when�R0 � �R and
�=�R � 1 the dissipative terms of the qubit are retrieved.

In order to find the quasi-steady-state density matrix we
solved Eq. (6) numerically. We limited the photon space of
the fundamental mode to a size of four, since we consid-
ered weak probing but expect an increasing photon number
due to the amplification. The transmission of the resonator
is then given by the expectation value of the annihilation
operator hai [24]. Theoretically and experimentally
obtained transmission data are in good agreement
(Fig. 2). We observe the amplification of the weak probe
signal and the linewidth narrowing; see Fig. 2. By optimiz-
ing the parameters of the simulation we arrived at the
values g=2� � 0:8 MHz, �=2��80MHz, and �’ � �.

The pure dephasing �’ is negligible relative to the relaxa-

tion rate, which was intentionally enhanced by the gold
film resistor.

The power dependence of the amplification point
(Fig. 3) has been described as well. The dotted line in
Fig. 3(a) follows from the resonance condition �R ¼ !p.

Consistence between theory and experiment was also
found in this case. The optimum of the amplification
process results from the dependence of the effective exci-
tation rates and the coupling constant on the detuning �,
since a monotonic dependence of the qubit excitation rate

(� / �=�R) is compensated by the decreasing of the
effective coupling (ge / �R0=�R).
In a second set of experiments we removed the probing

field and measured the emission of the resonator at its
fundamental mode with optimum amplification parame-
ters. The results are shown in Fig. 4. A strong increase of
the emission in the presence of strong driving (open
circles) was clearly observed, compared to the thermal
response of the resonator (dots). Standard fitting of the
data by Lorentzian curves demonstrates a linewidth
narrowing. In general, this could indicate laser action in
the system, but this issue requires further study.
In conclusion, we designed a superconducting

resonator-qubit system and demonstrated experimentally
the main features of dressed-state amplification of a probe
field by a strongly driven qubit directly at the Rabi fre-
quency. Linewidth narrowing for the transmission of the
weak probe field was observed. Furthermore, free emission
provided by the strong driving was detected. Numerical
simulations performed in the frame of the dressed-state
model and the experimental results are completely consis-
tent. We believe that optimizations in the design could lead
to the realization of new types of quantum microwave
amplifiers and sources.
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FIG. 3 (color online). (a) Normalized transmission amplitude
as a function of the detuning � (between the strong driving !d

and the qubit transition frequency !q) and the driving power.

The dashed line is calculated according to Eq. (4) and used to

map the on-resonance Rabi frequency�hNi
R ð� ¼ 0Þ to the driving

power. (b) Numerical simulations of the experimental results
shown in (a) by use of Eq. (6).
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