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We propose a scheme to significantly enhance the sensitivity of atom interferometry performed with
Bose-Einstein condensates. When an optical two-photon Raman transition is used to split the condensate
into two modes, some information about the number of atoms in one of the modes is contained in one of
the optical modes. We introduce a simple model to describe this process, and find that by processing this
information in an appropriate way, the phase sensitivity of atom interferometry can be enhanced by more

than a factor of 10 for realistic parameters.
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Atom interferometers are devices that exploit the wave-
like properties of atomic systems, and can provide sensitive
inertial measurements [1-4], as well as measurements of
magnetic fields [5], the gravitational constant (G) [6], and
the fine structure constant («) [7]. Although most state-of-
the-art atom interferometers currently utilize laser cooled
thermal atoms, there are some benefits to using Bose-
Einstein-condensed atoms, as they provide improved
visibility in configurations which require complex manipu-
lation of the motional state such as high momentum trans-
fer beam splitters [8]. The ultimate limit to the sensitivity

of any interferometric device is the Heisenberg limit A¢p =
1

ﬁt s
Because of the linear nature of atomic beam splitters,
almost all atom interferometers demonstrated so far oper-
ate with uncorrelated atoms in each arm. This puts a limit

on the sensitivity of A¢ = Tls, which we refer to as the
t

standard quantum limit (SQL) [9].

As it is technically challenging to increase the atomic
flux in these devices, there is much interest in surpassing
the SQL in atom interferometers via the use of quantum
entanglement. Recently, there have been two proof of
principle experiments demonstrating sensitivity beyond
the SQL by generating spin squeezing via one-axis twisting
[10,11] resulting from the nonlinearity induced by atomic
collisions [12,13]. However, both of these experiments use
only a small number of atoms (200—1200 atoms), so the
absolute sensitivity of the device is low. Recently, corre-
lated pairs of atoms generated from atomic spin-exchange
collisions have been used to perform interferometry below
the SQL [14]. The number of pair-correlated atoms used
in the interferometer was approximately 8000, about 1/4
of the total available atoms in the experiment.

In this Letter, we propose a scheme for surpassing the
SQL via a different approach. Instead of using a nonlinear
atomic process to create entanglement between two atomic
modes which are subsequently used as the input to an
interferometer, we use the beam splitting process itself to
create correlations between one of the atomic modes, and

where N, is the total number of detected particles.
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an optical field. The two atomic modes remain uncorre-
lated during the interferometer process, but by making
appropriate measurements on the optical beam, a correc-
tion to the atomic signal is obtained that surpasses the SQL.
The benefit of this scheme is that it does not rely on atomic
interactions to create the correlations, so can operate in a
dilute regime where the detrimental effects of phase diffu-
sion and multimode excitations due to atomic interactions
will be negligible.

Scheme.—Our atom interferometry scheme is based on
interference between two, nondegenerate, hyperfine
ground states (|1) and |2)) of a Bose-Einstein condensate
(BEC) comprised of three-level atoms [Fig. 1]. Atom-light
correlations are created via an atomic beam splitter based
on a Raman transition, in which states |1) and |2) are
coupled by two optical fields £, and E, detuned from an
excited state |3). When an atom is transferred from |1) to
[2), a photon is absorbed from E, and emitted into E,. In
principle, by measuring the number of photons in E,, it
may be possible to gain some information about the num-
ber of atoms transferred, and therefore the number differ-
ence between the two modes. However, when using a
conventional Raman transition with bright beams, the
atom-light correlations between modes |2) and E, will be
swamped by the large number of uncorrelated photons
initially in £,. We can circumvent this by using a Raman

FIG. 1. Energy level scheme for a three-level Raman transition
comprising two nondegenerate hyperfine ground states (|1) and
[2)). The BEC is initially formed in state |1), and populations is
transferred to |2) via the absorption of a photon from £, and the
emission of a photon into £,, both detuned from the excited state
(13)) by an amount A.
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superradiance transition [15-21], in which the initial popu-
lation of E, is set to zero, and the population transfer
between |1) and |2) is driven by the absorption of a photon
from £/, and the spontaneous emission of a photon into E£,.
A small “seed” of atoms in |2), which could be populated
via a conventional Raman transition, stimulates the transfer
such that the majority of photons are emitted into a single
mode. The sequence of our scheme is as follows: We begin
with a BEC of N, atoms all in mode |1). Immediately after
a seed of N4 atoms is transferred via a Raman transition,
the Raman superradiance step is implemented by switching
on E, from f, to t;, which is chosen such that the desired
amount of population transfer is reached. A signal §,, is
then obtained by measuring £, via Homodyne detection
with a local oscillator which is phase locked with £, and
the light used in the initial Raman transition to create the
initial seed in |2). The two modes of atoms then undergo a
conventional atom interferometry scheme: At ¢, a conven-
tional 7 Raman transition exchanges population between
the two modes until #,. A phase shift is then added to mode
|2) caused by the physical process to be measured, before
the two modes are interfered again via another conven-
tional 7 Raman transition. At 73, a signal S, is obtained by
measuring the difference in the number of particles in each
mode, and using this to estimate the magnitude of the
applied phase shift. By combining S, with S, in the
appropriate way, the sensitivity can surpass the standard
quantum limit.

Model.—Expanding E,(r) in the plane-wave basis,
E,(r) = 3, ¢ Thy, the Hamiltonian for the system is then

3
H = Z[fb;f(r)HiQ/i(r)aGr + %hckl;]tl;k
i=1
+h f (Qeitkor(@=80 J1 (1), (r) + Hae.)dr
+h f(@;(r)gzz(r)ngﬁkeik'r + H.c.>d3r, (1)
K

where fp ;(r) is the annihilation operator for atoms in
electronic state |i), and we have assumed that El is suffi-
ciently bright that we can ignore depletion and treat it
semiclassically with Rabi frequency () and wave vector
Kk, with c|kg| = wg — A. We can capture the important
physics of the system, in particular, the quantum correla-
tions between the atoms and E, with a simplified toy
model. Expanding the field operators as ,(r) =
Sui®a,; and  (r) =3 u;(r)e®kITa, . and
assuming that initially modes d;, = &; and a,y = d,,
are highly occupied, with all other modes unoccupied, it
is a reasonable assumption that the stimulated scattering
from @, into @, is much higher than the scattering into all
other modes d, ;. We will investigate the validity of this
approximation below. Ignoring all modes other than the
highly occupied modes, and assuming that A is large

enough to adiabatically eliminate the excited state, as
in Refs. [22,23], the Heisenberg equations of motion
become

id) = —a,» Gyby, )
k

idy = —a, Y Gibf, 3)
k

iby = (w; — c(lkol — [KD)by — Giaal, ()

where Ek = l;kei(wo_A_wZ)t, 52 = [Alzeiwzt, Gk = % X
[ lug(x)2e & KD @By Hug(r) = houy(r), and we have
set our zero of energy such that w; = 0. In writing Eq. (3)
we have assumed that the time scale for state |2) atoms to
move due to their momentum kick is large compared to the
dynamics of the population transfer. If the characteristic
size of the condensate is much larger than the optical
wavelength, then Gy will be sharply peaked around k =
Kk, (which corresponds to w, — c(|ky| — |k|) = 0), soitis
reasonable to treat the optical field as a single mode 52,
which corresponds to the optical mode which conserves
momentum and energy when transferring atoms from &, to
d,. We can gain an understanding of how the atom-light
entanglement enhances the interferometry by assuming
that the number of atoms transferred to |2) during the
Raman superradiance step is a small fraction of the total
number of atoms, allowing us making the undepleted
pump approximation for |1), i.e., @, — +/N;, in which
case the solution to Eq. (3) and (4) is d,(t;) = d,(ty) X
coshr — ib,(ty) sinhr  and b,(t;) = by(ty) coshr —
idy (1) sinhr [24], where r = \/N|Gy,(t; — tp). We then
implement the atom interferometer via a pair of conven-
tional 7 Raman transitions, such that d,(,) = 715[51201) —

ia,(t,)], and a,(r,) = \/%[5101) —id,(1))], ar(t3) = % X
[dy(ty)e'® — ia(1,)], and @1(f3)=ﬁ[511(12)_iﬁz(f2)€i¢]-

The sensitivity is given by A¢ = where § is

V(S)
(d(s)/d¢)>
the quantity measured, usually the number difference in the
two modes, and V(S) = (S?) — (S). If we chose the signal
to be §=S,=/[al(1)a,(t) — al(n)a, ()], then the
point where |d{(S)/d¢| is maximum (and hence the most
sensitive point) is ¢ = 7. In this case, when the number of
atoms transferred in the superradiance step is small com-
pared to the total number of atoms, i.e., sinh>r < N,, we
can think of S, as approximating a homodyne measure-
ment of the amplitude quadrature of d,(7,), ie., S, =
—\/V,)A(az, Where X'az =a,(t) + d;(tl). Assuming the
initial state of |2) is vacuum, then A¢ =~ %hrz’, which

is greater than the SQL for all » > 0. However, we can
enhance our signal by measuring the scattered photons by
mixing b,(r,) with a strong local oscillator (b; ) assumed
to be a coherent state | 81 o) on a 50-50 beam splitter, such

053002-2



PRL 110, 053002 (2013)

PHYSICAL REVIEW LETTERS

week ending
1 FEBRUARY 2013

that & = \/%(52 —ib),d = \/Li(l; — ib,). By taking our sig-
nal to be S=S5,— éSb, where S, =éte —did =
—BLol?bz, where f’bz = i[by(t;) — l;;r(tl)] is the phase
quadrature of 52, and g = @l]}(ﬁ is the gain factor, which

is the square root of the ratio of the occupations of the local
oscillator and condensate. In this case the maximum sen-

sitivity (again, at ¢ = T) is A¢ =~ ‘/E"’:r, which will sur-

pass the SQL for r > Inv2 = Feit- The reason for this
enhancement is simple: As the atom interferometer can
be thought of as approximating an amplitude quadrature
measurement of d,(¢;), and our simple undepleted
pump approximation for the Raman superradiance leads
to reduced fluctuations in (}z'a2 -7 p,) for r>ry
[Fig. 2(a)], subtracting these two quantities will remove
some of the quantum fluctuation which contribute to the
noise. For r < r;, subtracting iS ;, from the signal detracts

from the sensitivity, as we are essentially adding an extra
source of uncorrelated noise. Figures 2(b) and 2(c) show
M = A¢p+/N, vs r for the simple case of Ny .q = 0, and
Ngeeq = 10* added to suppress the spontaneous emission
into the other modes. In both (b) and (c), the minimum
value of M is determined from the point when the
atomic signal S, begins to deviate significantly from a
perfect homodyne measurement of the amplitude
quadrature of d,(t,), due to the finite number of particles
in a;.

logy (V(Xa, — ¥5,))
o
)
)

0 1 2 3 4 5 6
3
1.5
s
os) (0
0
0 1 2 3 4 5 6

FIG. 2. (a): loglo[V()?a2 - ?,,2)] at t; vs r calculated via the
undepleted pump approximation (dotted trace), and from the TW
model for N..q = 0 (dashed trace), and Ny..q = 10* atoms (solid
trace). The total number of atoms was N, = 10”. In the case with
an initial seed, the point of maximum correlations corresponds to
approximately 2.3 X 103 atoms transferred during the Raman
superradiance step. (b): M vs r for Nyeq = 0 from the unde-
pleted pump approximation (dashed line), and the TW model
(solid line). (c): M vs r for Nyeq = 10* from the undepleted
pump approximation (dashed line), and the TW model
(solid line). A value of M <1 indicates sensitivity greater
than the SQL.

Effects of depletion from the condensate.—The unde-
pleted pump approximation breaks down when the number
of atoms transferred during the superradiance step
becomes significant, which is the case when an initial
seed is used. We can model the effects of depletion from
4, via an approximate stochastic phase space method.
Specifically, we use the truncated Wigner (TW) approach
[24,25], where Eqgs. (2)—(4) are converted into a set of
stochastic differential equations, which we solve numeri-
cally. By averaging over many trajectories (in this
case, 1000) with initial states sampled from the Wigner
distribution, expectation values of quantities involving
symmetrically ordered quantum field operators can be
calculated [26]. The stochastic differential equations are

idl = _Gkoﬁzaz, (5)
iy = ~ G, 1 B ©
iBy = —Gy, 105, )

where we have made the operator correspondence a; —
@y, dy — a,, and b, — B,. We solved Egs. (5)~(7) nu-
merically with initial conditions consistent with Glauber
coherent states [24] with mean occupations of (&I&l) =
N, = Ngeg» a1 25) = Nyeeq, and (b1b,) = 0. Figures 2(b)
and 2(c) show M vs r. When N4 = 0, the maximum
sensitivity is M = 0.03, or equivalent to approximately
1000 times more atoms. When Ng..q = 10%, the maximum
sensitivity is M = 0.09, or equivalent to approximately
120 times more atoms. These maximums occur when the
number of atoms transferred during the superradiance step
is 2000 and 10°, respectively. It is interesting to note that in
this case, the TW model predicts more quantum enhance-
ment than the undepleted pump approximation, even
though there is significantly less entanglement between
d,(t;) and b,(t,). The reason for this is that the depletion
from the condensate causes anticorrelations in the popula-
tion between modes a; and d, which contribute favourably
to the signal. As a check, we replaced a; with a coherent
state uncorrelated with @, and recovered a sensitivity
slightly less than that predicted by the undepleted pump
approximation, consistent with level of the entanglement
present. Figure 3(a) shows (S,), and (S,,) vs ¢ for r = 3.
Figures 3(b) and 3(c) show the value of S, éSh, and S as a
function of ¢ for an individual realisation (each point
corresponds to an individual trajectory of our stochastic
simulation). In (b), for phases close to ¢ = 7, we see that
the fluctuations in éSb are highly correlated with the
fluctuations in S,, and the fluctuations in S are almost
completely removed. In (c), for phases close to ¢ = mr,
the fluctuations are completely uncorrelated, and S is
strongly fluctuating. For phases close to ¢ = %77, S, and
éS » are strongly anticorrelated, and we could recover a

“quiet” S by simply switching the sign of g. Figure 3(d)
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FIG. 3 (color online). (a) {S,) (blue solid trace) and (S, (red
dashed trace) vs ¢. (c) S, (blue solid trace), éS », (red dashed
trace), and S =S, — éS,, (black dot-dash trace) vs ¢. Each
point is a separate trajectory from the stochastic simulation. A
vertical offset has been added to some of the traces for
the purpose of visual clarity. (d) log;oM vs ¢. Values of
log;pM < 0 indicate surpassing the SQL. The dashed lines are
to guide the eye.

shows M vs ¢. At ¢ = 5, M =~ 0.09, significantly lower
than the limit set by the SQL: /M = 1. For this simulation,
we chose g = 100.

It should be noted that in our definition of M, N, refers
to the total number of aroms only, and we are not including
the number of detected photons in our definition of the
standard quantum limit. This could be considered ‘‘cheat-
ing”’, but we consider this a valid definition, as it is only the
atoms that acquire the phase shift. Furthermore, in a typical
atom interferometry experiment, atoms are by far the more
valuable quantity: It is straight forward to increase the
number of photons in our local oscillator, but difficult to
increase the number of atoms in the atom interferometer.
This scheme maximizes the sensitivity of the atom inter-
ferometer for a given number of atoms. This scheme can
operate in a regime where A ¢ is less than the true SQL of
1/{/N;+N,, where N, is the total number of detected
photons, simply by reducing the gain factor g to close to
unity, such that there are less photons in the local
oscillator. In this case, we achieved A¢ = 0.22/,/N, =
0.32/,/N, + N, However, the absolute sensitivity is
improved by increasing g, and as it will be simple to do
so from an experimental stand point, we chose to perform
our calculations in this regime. As g becomes large, the
fluctuations in S, become dominated by 192, and there is
little benefit achieved by increasing g further, as the limit-
ing factor in reducing V(S) becomes imperfect correlations
between d, and l;z.

Discussion.—We can investigate if our approximation of
ignoring spontaneous scattering is valid by comparing the
rate of scattering into d,, I'y;, to the total spontaneous
emission rate, I'gy,,. Assuming that the momentum width

of the condensate is broad compared to the natural line
width of the transition, then Iy, = FNeeql'spon, Where F
is the fraction of the total spontaneous emission distribu-
tion that results in a transition from uy(r)e™®™ to
uy(r)e’®o~k) T Agsuming a cigar shaped condensate with
the long axis simultaneously aligned to k,, and the peak of
the spontaneous emission dipole distribution, then F =

m, where o is the characteristic width of the conden-
2

sate. For 3Rb in a trap with 1 kHz radial confinement,
F = 0.03, and an initial seed of 10* atoms in |2) is enough

to ensure that the ll:ﬂ =~ 300, and we can neglect the

spon

scattering into other modes. A feature of this scheme is
that it is improved by having a larger BEC. The reason
for this is that E—:o“; depends only on N4, but the maxi-

mum phase sensitivity is roughly M ~ VZﬁ(N&—eﬁ“‘)l/ 4,
Obviously, a smaller seed is desirable, as the seed degrades
the level of atom-light entanglement. It may be possible to
enhance our scheme further by using strong coupling to a
mode of an optical cavity rather than a seed to simulate
scattering into a particular mode. Alternatively, seeding 132
with squeezed light to reduce fluctuations may also have a
similar effect.

The benefit of this scheme over other enhanced atom-
interferometry schemes based on entanglement is that for a
small increase in complexity of an atom-interferometry
experiment, namely, employing homodyne detection on
the scattered photons, a large gain in sensitivity can be
achieved. Homodyne detection of Bragg-scattered photons
with sufficient resolution to estimate the number of excita-
tions generated in a BEC has recently been demonstrated
[27]. Most atom-interferometry schemes benefit from a
larger enclosed area, which requires high-momentum trans-
fer beam splitters. Our scheme can be modified such that the
difference in momentum between a; and a, is greater than
2hk by using some other process to transfer momentum to
one of the modes (such as state dependent Bloch oscilla-
tions [7]) after the Raman superradiance beam splitter. As
long as this process doesn’t exchange population between
the two modes, the correlations aren’t effected.
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