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The lattice thermal conductivity (�lat) of MgSiO3 perovskite (Mg-Pv) under high-pressure and high-

temperature conditions was computed based on the ab initio anharmonic lattice dynamics method with the

density functional perturbation theory. �lat of Mg-Pv is found to increase with increasing pressure from 9.8

(at 23.5 GPa) to 43:6 Wm�1 K�1 (at 136 GPa) at 300 K, while decreasing with increasing temperature

from 28.1 (at 300 K) to 2:3 Wm�1 K�1 (at 4000 K) at 100 GPa. A multiphase composite average yielded

a mantle Rayleigh number adequate to promote the vigorous thermal convection of the mantle that is

expected geophysically.
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Thermal conductivity (�) is a fundamental physical
parameter in controlling the heat transfer in Earth’s inte-
rior. Despite its importance, the thermal conductivity of
mantle minerals has long been one of the properties most
unconstrained at high pressure (P) and high temperature
(T), particularly owing to experimental difficulty. � of
Earth’s lower mantle (LM) minerals has therefore often
been inferred by extrapolating limited number of data
measured at low-P, T conditions [1–4]. Large extrapola-
tions to high-P, T conditions, however, cause significant
uncertainties at deep mantle conditions. For � of MgSiO3

perovskite (Mg-Pv), thought to be a dominant mineral
phase in the LM (P� 24–135 GPa, T � 2000–4000 K),
Osako reported 5:1 Wm�1 K�1 at ambient pressure and
room temperature [1]. Recently, a high-pressure study
using a multianvil press [3] measured 15:6 Wm�1 K�1 at
26 GPa at 473 K, which decreased to 10:4 Wm�1 K�1 with
increasing temperature to 1073 K. Although a diamond-
anvil cell study [4] extended the pressure condition up to
144 GPa, the reported � is inconsistent with the values
above and is much smaller-it is 10:6 Wm�1 K�1 even at
31 GPa and room temperature.

Ab initio theory has also been extended recently to
evaluate the lattice thermal conductivity (�lat) of minerals.
That of MgO was calculated based on the anharmonic
lattice dynamics [5], the equilibrium molecular dynamics
[6,7]], and the nonequilibrium molecular dynamics [8]
methods. These studies reproduced low-P experimental
values [2] fairly well and predicted comparable values of
30–50 Wm�1 K�1 at deep LM conditions of 136 GPa and
2500 K. However, all these techniques generally have
difficulties for sufficient sampling of phonons with long
wavelengths comparable to their mean-free paths, unless
adopting an impractically large supercell. In contrast, pho-
non lifetimes (�) of Si and Ge were computed by a more
sophisticated approach, where the third-order dynamical
tensor was computed at an arbitrary wave vector (q) with a
primitive cell based on the perturbation approach [9–11].

Predicted �lat agree excellently with experiments, suggest-
ing substantial prospects for other compounds. In this
study, we calculate � of Mg-Pv based on this technique
and determine �lat nonempirically in a wide P, T range
covering the entire LM conditions for the first time.
The intrinsic bulk thermal conduction of insulators is

caused by anharmonic phonon-phonon interactions, and
thus evaluation of the anharmonic coupling strength is a
key to calculating �lat. Within the single-mode relaxation
time approximation for the phonon Boltzmann’s transport
equation [12], �lat is given by

�lat ¼ 1

3

X
s

Z
jvq;sj2cq;s�q;sdq; (1)

where vq;s, cq;s, and �q;s are the phonon group velocity, the

mode heat capacity, and the phonon lifetime at q for the
branch s, respectively. �q;s is related to the phonon damp-

ing function �q;s ¼ 1=2�q;s that measures the lattice anhar-

monicity attributable to phonon-phonon interactions.
When considering up to the three phonon process, which
is sufficient for ionic and covalent crystals with no soft
phonon modes like silicon, diamond, MgO [5,11,13,14],
the frequency dependent dumping function for a phonon at
q is represented by

�q;sð!Þ ¼ �

2Nq0

X
q0;s0;s00

jV3ðqs;q0s0;q00s00Þj2

� ½f1þ nq0;s0 þ nq00;s00 g�ð!q0;s0 þ!q00;s00 �!Þ
þ 2fnq00;s00 � nq0;s0 g�ð!q0;s0 �!q00;s00 �!Þ�; (2)

where nq;s ¼ 1=ðe@!q;s=kBT � 1Þ is the Bose-Einstein occu-

pation number for a phonon with energy @!q;s,

V3ðqs;q0s0;q00s00Þ is the anharmonic three-phonon
coupling coefficient for the creation and annihilation
process described in square brackets, and Nq0 is the

number of q-points sampled in the integration [10].
Due to the umklapp quasimomentum conservation,
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q00 ¼ �q� q0 þG. The first and second terms in the
square brackets represent the so-called summation process
(D")—decay of a single phonon into two phonons with
lower frequencies-and the so-called difference process
(D#)—up conversion of two phonons into a single phonon
with higher energy, respectively. V3ðqs;q0s0;q00s00Þ is fur-
ther represented as

V3ðqs;q0s0;q00s00Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@=8!q;s!q0;s0!q00;s00

q

� X
��;�0�0;�00�00

���0�00
��0�00 ðq;q0;q00Þ

� e��ðq; sÞe�0
�0 ðq0; s0Þe�00

�00 ðq00; s00Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M�M�0M�00

p

� eiðq�Rþq0�R0þq00�R00Þ; (3)

where the summation is taken over indices of atom � and

component �. ���0�00
��0�00 ðq;q0;q00Þ is the third-order anhar-

monic dynamical tensor, which can be calculated based on
the density functional perturbation theory combined with
the 2nþ 1 theorem [9,10,15,16].

The damping function in Eq. (2) is related to the tem-
perature dependent two-phonon density of states (TDoS)
that measures the number of damping channels for the D"

and D# processes, which are represented for q ¼ ~0 as

D"
q¼~0

ð!Þ ¼ 1

Nq0

X
q0;j;j0

f1þ nq0;j þ n�q0;j0 g

� �ð!q0;j þ!�q0;j0 �!Þ (4)

and

D#
q¼~0

ð!Þ ¼ 1

Nq0

X
q0;j;j0

2fn�q0;j0 � nq0;jg

� �ð!q0;j �!�q0;j0 �!Þ (5)

respectively. The TDoS of Mg-Pv calculated as a function
of frequency at T ¼ 300 K at V ¼ 24:04 cm3 mol�1 and
18:88 cm3 mol�1, corresponding to static pressures of
0 GPa and 100 GPa respectively, are shown in Fig. 1(a).
Detailed conditions for the calculations are given in sup-
plementary materials [16]. The results show that the con-
tributions of D" (dotted lines) and D# (dashed lines)
dominate the decay of phonons with relatively high and
low frequencies, respectively. This is based clearly on the
energy conservation through the phonon-phonon scatter-

ing. It is also seen that D"
q¼~0

ð!Þ and D#
q¼~0

ð!Þ in the one-

phonon regime (the harmonic frequency range up to the
highest modes) both decrease with increasing pressure,
meaning that the number of decay channels decreases
under compression, and thus the phonon lifetimes in con-
trast increase. Figure 1(a) also shows that the D" process
starts to increase from �250 cm�1 and �350 cm�1 at 0
and 100 GPa, respectively. These frequencies correspond
to the lowest optic phonon frequencies at each pressure,

indicating that the optic phonon scattering dominates D"
while the acoustic modes mostly contribute to D#. In Mg-
Pv, the number of the optic phonon branches (57) is much
larger than that of the acoustic branches (3). Therefore, the
D" process is found to have much larger TDoS than D#.
This behavior is clearly different from simple crystals llike
MgO [5]. The damping functions �

q¼~0
ð!Þ for all the

phonon branches were then calculated, and those of
the lowest and highest optic phonon modes are shown in
Fig. 1(b). They are found to decrease with increasing
pressure, reflecting the behavior of TDoS and clearly indi-
cating an increase in �q¼~0 with pressure. This figure also

shows that the lowest optic branch (solid lines) is more
easily damped than the highest branch (dashed lines). As
shown in Eq. (2), � is related to the TDoS and weighted by
the anharmonic coupling coefficient V3. The larger � of the
lowest optic branch is therefore due to a larger V3.
Using the calculated �q;s and harmonic properties [16],

�latðV; TÞ was determined as a function of volume and
temperature as demonstrated in Fig. 2(a). The volume
range here corresponds to the static pressure from �10 to
210 GPa. Obtained results were well fitted to the following
analytical function,

FIG. 1 (color online). Calculated anharmonic properties of
Mg-Pv. (a) TDoS for the total (solid lines), the summation

D"
q¼~0

Eq. (4) (dotted lines), and the difference process

D#
q¼~0

ð!Þ Eq. (5) (dashed lines). (b) Damping function �q¼~0

Eq. (2) of the lowest (solid lines) and the highest optic phonon
branches (dashed lines) at 300 K, which have harmonic frequen-
cies of 186.9 and 852:4 cm�1 at 0 GPa and 235.1 and
1127:3 cm�1 at 100 GPa, respectively. Shaded areas represent
�q¼~0 below the highest phonon frequencies.
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�latðV; TÞ ¼ �0x
q 1� e�a3T0=T

1� e�a3
; (6)

where x � V=V0, and q � a1 þ a2x. �0 and a1 � a3 are
the fitting parameters determined as �0 ¼ 6:7�
1:0 Wm�1 K�1, a1 ¼ �13:4� 1:7, a2 ¼ 10:1� 2:8,
and a3 ¼ 1:1� 0:3. V0 ¼ 24:71 cm3 mol�1 is the
volume at 0 GPa and 300 K [17], and T0 ¼ 300 K. This
fitting produced a root-mean-square (rms) error of
�1:3 Wm�1 K�1 corresponding to a relative error of
15%. The exponential term representing the temperature
effect is related to the inverse of the Bose-Einstein func-
tion, which can describe both the low-T quantal behavior
and the high-T behavior asymptotic to T�1 appropriately.
A simpler form used in some geophysical studies [18],

�latðV; TÞ ¼ �0

�
V

V0

��a
�
T0

T

�
(7)

was also examined, where �0 and a are the fitting
parameters. This provided �0 ¼ 4:7� 1:3 Wm�1 K�1

and a ¼ 8:0� 0:5 but a notably larger rms error of
�2:5 Wm�1 K�1 corresponding to a relative error as
much as 30%, indicating that our formula Eq. (6) is more
suitable to represent �lat in a wide P,T range from ambient
condition up to �200 GPa and �4000 K. The obtained
analytical representation of �latðV; TÞ was then converted
to the �latðP; TÞ data set by using the thermal equation of
state of Mg-Pv [17,19]. Figure 2(b) shows the pressure
dependence of �lat at several temperatures, clearly indicat-
ing that �lat substantially increases with increasing
pressure. The calculated �lat at 0 GPa and 300 K
(6:7 Wm�1 K�1) is found to be in excellent agreement
with the experimental value (5:1 Wm�1 K�1) [1].
The high-pressure values also agree acceptably with the
room-temperature experimental results [4], while the
present calculations suggest that some overestimations
are expected in the high-temperature measurements at
26 GPa [3]. The discrepancies between calculations and
experiments in the former case are mostly within experi-
mental error (Fig. 2(b)).

Next, we model the total thermal conductivity of the
actual LM (�LM) as follows. (1) The LM can be approxi-
mated as an Mg-PvþMgO two-phase mixture with a
pyrolitic ratio (8:2 in volume) [20]. A composite average
was taken based on the Hashin-Shtrikman equation [21]
using the �lat of MgO recently reported [8]. (2) At mantle
conditions, iron is known to dissolve into both Pv andMgO
to form solid solutions ðMg; FeÞSiO3 and (Mg,Fe)O.
Substantial reductions on �lat approximately by half in
Pv and by one third in MgO were recently measured for
the phases with 3 and 20 mol% iron, respectively [3], based
on which we modeled the effects of iron on �lat [16].
(3) Other scatterers such as grain boundary and point
defects including isotopes are not taken into account in
this study, since their effects are likely expected to be
marginal at LM temperatures [22]. (4) In contrast, the

radiative energy transportation �rad, also not calculated in
this study, is generally thought to increase at high tempera-
ture. Although �rad of Mg-Pv and MgO are currently only
roughly constrained at deep mantle conditions [23–26], we
employ �radðTÞ ¼ �T3 with � ¼ 8:5� 10�11 Wm�1 K�4

proposed for dense silicates and oxides [25].
�LM obtained based on this analysis is plotted as a

function of pressure and temperature in Fig. 3. The strong
positive pressure dependence of �LM is found at low tem-
peratures as the �lat of Mg-Pv. However, �LM also
increases with temperature due to the increase in radiative
conductivity at high temperature. Figure 3 suggests that
this contribution is not negligible at the deepest mantle
conditions. The change in �LM is consequently found from
1.39 to 4:46 Wm�1 K�1 along the LM adiabat [27] from
the top of the LM at z ¼ 660 km depth (P� 23:5 GPa,
T � 1880 K) to the base at z ¼ 2890 km depth (P�
136 GPa, T � 2450 K), where XFe ¼ 5 and 20 mol% for
Pv and MgO, respectively. The Rayleigh number, Ra, is a
fundamental quantity specifying the style of convecting
fluids, also applied to describe the Earth’s mantle convec-
tion [28]. It is expressed as

Ra ¼ �g�T	2CPz
3


�
; (8)

where� is thermal expansivity, g is acceleration of gravity,
�T is the temperature difference between hot (upwelling)

FIG. 2 (color online). Calculated �lat of Mg-Pv. (a) Volume
dependence of �lat at several temperatures from 300 K to 4000 K
with regression curves to Eq. (6). (b) �lat converted to a function
of pressure with experimental data (filled symbols) [1,3,4].
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and cold (downwelling) regions, 	 is density,CP is isobaric
heat capacity, z is the depth from the surface, 
 is viscosity,
and � is thermal conductivity. A combination of � ¼
4:5 Wm�1 K�1 obtained in this study, a typically proposed
temperature difference �T ¼ 500 K [29], and reported
values at z ¼ 2890 km depth (� ¼ 1:22� 10�5 K�1,
CP ¼ 1:29 Jg�1 K�1, 	 ¼ 5:35 gcm�3 for the Mg-Pvþ
MgO mixture [17,30], g ¼ 10:7 ms�2 [31], and

 ¼ 1021–1023 Pas for the Earth’s LM [32]) yields Ra�
105–107. If Ra is larger than a critical value Rac
(� 103–104 for the Earth’s mantle [28]), convective energy
transfer is allowed. If smaller, in contrast, the thermal
energy is transported solely by conduction. The sufficiently
high Ra of the LM evaluated here indicates that the Earth’s
mantle lies in the vigorously convective regime, which is
expected geophysically [28].

The current prediction for �LM also allows us to
infer the heat flow Q across the Earth’s core-mantle
boundary (CMB). The conductive energy flux expected
across the CMB qCMB can be represented based on the
Fourier’s heat law as q ¼ �LM�T=�Z. Here, we apply
�LMð136 GPa; 3200 KÞ ¼ 5:3 Wm�1 K�1 and �T=�Z ¼
4–7Kkm�1 for the temperature gradient in the
deepest mantle thermal boundary layer [29]. This
leads to qCMB ¼ 0:02–0:04 Wm�2, then QCMB ¼
4�r2CMBqCMB ¼ 3–6TW with the Earth’s core radius

rCMB � 3480 km. This heat flow, corresponding to
�10% of the surface heat flow (46� 3 TW) [33], is larger
than that required to sustain the geodynamo at the current
magnitude (� 2–3:5 TW) [34]. However, since a high-
pressure phase transition from Mg-Pv to the post-
perovskite (PPv) phase is expected near the CMB [19],

�lat of PPv, which is suggested to be larger than that of Pv
at room temperature [4], must clearly be applied for a more
accurate estimation ofQCMB. The present method is widely
applicable to the ab initio determination of the lattice
thermal conductivity of other minerals including Mg-PPv.
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