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We present a method for producing a single circularly polarized attosecond pulse by an intense few

cycle elliptically polarized laser pulse combined with a terahertz field from numerical solutions of the

time-dependent Schrödinger equation for the molecular ion Hþ
2 . It is found that in the presence of a

62.5 THz (� ¼ 4800 nm) field at an intensity of�1014 W=cm2, a single circularly polarized 114 as pulse

can be generated by an elliptical polarized laser pulse at a wavelength of 400 nm with an ellipticity of

� ¼ 0:59. The efficiency of circular polarization attosecond pulse generation is interpreted based on a

classical model of single electron recollision with the parent ion.
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Generating coherent radiation from intense laser-matter
interaction is currently being intensely studied in order to
develop efficient methods of attosecond (1 as ¼ 10�18 s)
pulse generation and metrology [1–3]. Attosecond pulses
can be produced by high harmonic generation (HHG) from
atoms, molecules, and plasmas in a driving laser pulse at
high intensity [4,5]. Spectral filter [6] and polarization
gating [7,8] have been employed for obtaining a single
attosecond pulse from a pulse train. Recently, isolated
148 as pulses have been generated with a 28 fs laser pulse
with a generalized double optical gating technique [9]. The
shortest single attosecond pulses with a duration of 80 [10]
and 67 as [11] have been generated recently from HHG
with few cycle intense femtosecond pulses.

The HHG mechanism is based on the rescattering and
recollision model in intense linearly polarized light [12].
Following tunneling ionization, the electron remains ‘‘con-
trolled’’ by the laser field, returning to the parent ion after a
phase (sign) change of the electric field. This simple clas-
sical model of laser induced recollision with the parent ion
has led to the development of a consistent theory of HHG
in atoms [13] and molecules [14], giving the maximum
energy law Nm!0 ¼ Ip þ 3:17Up, where Ip is the ioniza-

tion potential, Up ¼ E2
0=4!

2
0 is the ponderomotive energy

for a pulse maximum amplitude E0, corresponding to
an intensity I0 ¼ 1

2 c"0E
2
0 and an angular frequency !0

[12–14] [atomic units (a.u.) e ¼ @ ¼ me ¼ 1 are used,
unless otherwise noted]. Another scheme for HHG in
molecules is collision with neighboring ions which allows
for extension of the cutoff order as a function of ion
separation R [15]. In both linearly and circularly polarized
laser induced collisions with neighboring ions, the maxi-
mum harmonic energies are given from the initial zero
velocity ionization model by up to Ip þ 8Up [15–17].

Collision with the parent or a neighboring ion allows for
refocusing of the electron wave packet thus enhancing the
efficiency [18].

All previous attosecond pulse generation was obtained
with intense linearly polarized HHG. Circularly polarized
attosecond pulses are potential new tools for investigations
of electron dynamics in atoms, molecules, and materials. In
general for atomic systems exposed to circularly polarized
laser fields, no circularly polarized HHG spectra can be
produced because of the conservation of angular momen-
tum and the suppression of the recollision resulting in a
dramatic drop in photon energy yield except in certain
cases of double ionization [19]. Using bichromatic circu-
larly polarized laser fields with opposite rotation polariza-
tion directions, a method was proposed for circularly
polarized HHG [20]. Recently, (near) circularly polarized
high harmonics and attosecond pulses have been generated
using ring-current states with angular momentum jmj ¼ 6
in atoms [21] or by the combination of elliptically polar-
ized laser and strong static fields in molecular ions [22].
Previous work on atomic HHG with combinations of ellip-
tically polarized and static fields has shown the sensitivity
of the HHG processes on interference processes [23]. We
have also shown that a single circularly polarized atto-
second pulse can be produced by an intense elliptically
polarized laser pulse in an asymmetric molecular ion due
to the asymmetry of the Coulomb potential [24]. In this
Letter, we propose an efficient method for producing a
single circularly polarized attosecond pulse in a molecular
medium by an intense elliptically polarized laser pulse in
the presence of an intense terahertz field. Studies of
terahertz fields for controlling HHG spectra and generating
attosecond pulses have been widely investigated, but
most have focused on linear polarization (see, e.g.,
Refs. [25,26]). We find that with a combination of a
circularly polarized laser pulse and an intense terahertz
field, the active electron can recombine according to the
standard three-step model [12,13]. Since the polarization
properties of HHG depend on the trajectory of the return-
ing electron with the parent ion [27], we show that with
proper conditions single circularly polarized attosecond
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pulses can be efficiently produced in the presence of
intense elliptically polarized laser pulses and terahertz
fields of comparable intensity.

In Fig. 1 we present numerical results from the time-
dependent Schrödinger equation (TDSE) for fixed nuclei,
x-aligned Hþ

2 at equilibrium Re ¼ 2 a:u: by a five-point
difference and second-order split-operator method [22].
We find that single circularly polarized attosecond pulses
can be successfully produced when the generated x and y

field components have the same maximum amplitude and
time duration, i.e., a full width at half maximum of 114
as and the phase difference � ¼ �=2. Due to the differ-
ent parallel and perpendicular ionization rates of the mo-
lecular ion [17,22], ultrashort intense elliptically polarized
laser pulses, ExðtÞ ¼ ExfðtÞ cosð!0tþ ’Þ and EyðtÞ ¼
EyfðtÞ sinð!0tþ ’Þ, with ellipticity � ¼ Ex=Ey ¼ 0:59

have been employed, where the pulse wavelength � ¼
400 nm (!0 ¼ 0:114 a:u:), the phase ’ ¼ 0:1�, and the
intensity I0 ¼ 5� 1014 W=cm2 corresponding to a field
amplitude of E0 ¼ 0:1194 a:u: are used. A temporal slowly
varying envelope fðtÞ ¼ sin2ð�t=6�Þ where one optical
cycle 1� ¼ 2�=!0 ¼ 1:33 fs is adopted. We choose
the terahertz field with linear polarization along the
y axis and the form ETHzðtÞ ¼ ETHz0sin

2ð�t=6�Þ ¼
ETHz0sin

2ð!0t=12Þ, where ETHz0 ¼ 0:75E0 ¼ 0:09 a:u:
(4:63� 108 V=cm) is the strength of the terahertz field,
for t � 6�, corresponding to a frequency of!THz ¼ !0=12
(� ¼ 4800 nm), as shown in Fig. 1(c).
The attosecond pulse field amplitudes Ix=yðtÞ [see

Fig. 1(a)] are obtained by performing an inverse Fourier
transform of the corresponding HHG spectrum, by filtering
away the low energy harmonics !<!c ¼ 32!0. The
HHG spectrum intensity Pð!Þ [see Fig. 2] is obtained
from the square of the Fourier transform að!Þ of the elec-
tron dipole acceleration aðtÞ ¼ h�ðtÞj � @H=@rj�ðtÞi,

FIG. 2 (color online). (a) Harmonic intensities Pxð!Þ and
Pyð!Þ for generations of attosecond pulses and corresponding

phase difference �ð!Þ (black square) in the combination fields,
corresponding to Fig. 1(c). (b) Molecular harmonics in an
intense 6 cycle linearly polarized laser pulse at intensity I0 ¼
5� 1014 W=cm2 and wavelength � ¼ 400 nm.

FIG. 1 (color online). (a) Temporal profiles of attosecond
pulses obtained by a 6 cycle (8 fs) elliptically polarized � ¼
0:59 laser pulse at wavelength � ¼ 400 nm in the presence of a
62.5 THz (� ¼ 4800 nm) field and (b) the corresponding relative
phase difference �ðtÞ (green line) between the x and y field
components of attosecond pulses with intensities Ix and Iy.

(c) The elliptically polarized ExðtÞ and EyðtÞ, and terahertz

ETHzðtÞ laser fields for the circularly polarized HHG and isolated
attosecond pulse generation (I0 ¼ 5� 1014 W=cm2).
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where the electron wave function �ðtÞ is an exact solution
of the TDSE and r ¼ x, y. To describe the polarization
properties of the emitted HHG spectra and generated atto-
second pulses, we have also calculated the relative har-
monic and attosecond pulse phase differences, � and �.
The complex integrals of að!Þ and IðtÞ have two x and y
components, thus allowing us to extract the phase differ-
ences � between the polarized components of the emitted
harmonics, �ð!Þ ¼ j arg½axð!Þ� � arg½ayð!Þ�j, and � of

the attosecond pulses �ðtÞ ¼ j arg½IxðtÞ� � arg½IyðtÞ�j.
Figure 2(a) shows molecular harmonics and their rela-

tive phases by combinations of the 6 cycle (8 fs) elliptically
polarized � ¼ 0:59 laser pulse and the 62.5 THz fields,
where Pxð!Þ and Pyð!Þ are equivalent in intensity around

!c with the phase �ð!Þ ¼ �=2. From such circularly
polarized HHG spectra, circularly polarized attosecond
pulses are therefore produced. However we find that in
the plateau regime HHG spectra created with the assistance
of the terahertz field are about 12 orders (1012) of magni-
tude higher than those produced by the second collision
process (�10�16) [24]. For comparison of HHG efficiency,
in Fig. 2(b) we also display molecular harmonics near the
cutoff regime by a few cycle linearly polarized laser pulse
at an intensity of I0 ¼ 5� 1014 W=cm2. Results show that
the efficiency of the circular polarization harmonics is
nearly similar to that of the linear polarization with
magnitude orders �10�3 since essentially the circularly
polarized attosecond pulse is a superposition of two linear
polarization laser induced electron recollision processes.
Thus with such an efficiency of HHG it is possible to
generate single circularly polarized attosecond pulses
with current ultrashort laser technology (see, e.g.,
Refs. [4,5,9–11]).

To study the HHG mechanism of the present laser pulse
and terahertz field scheme, in Fig. 3 we show time profiles
of the x and y components of the generated circularly
polarized harmonics near the cutoff region from which
single circularly polarized attosecond pulses are produced.
The time profile analysis [28] of the harmonics provides
the recollision time of the continuum electron with parent
ions as it is guided by the time dependent field and informs
us about the depopulation of the state to which the electron
recollides in the presence of the laser field. The time
profiles of the harmonics are obtained via a Gabor trans-
form [28] of the time dependent dipole acceleration which
includes phase effects,

aGð!; tÞ ¼
Z 1

�1
expð�i!t0Þ exp

�
�ðt0 � tÞ2

2�2
0

�
aðt0Þdt0; (1)

where �0 ¼ 0:1 fs is the width of the Gaussian time win-
dow in the Gabor transform. HHG mainly comes from
single electron recollision trajectories, leading to isolated
attosecond pulses [7]. Figure 3 shows that the electron
recollision trajectory at time t ¼ 2:6� is dominant due
to molecular photoionization at early times. Thus
single recollision is the main mechanism of circularly

polarized attosecond pulse generation as opposed to linear
polarization.
We have compared our numerical results with a classical

model of recollision in the combined elliptically polarized
laser and terahertz fields. Due to the slow variation of
the terahertz field with time, we examine its influence
at its peak strength, ETHz ¼ s0E0. The classical field
equations of motion, €xðtÞ ¼ �E0 cosð!0tþ ’Þ and
€yðtÞ ¼ ��E0 sinð!0tþ ’Þ � s0E0, give the laser induced
velocities

_xðtÞ ¼ � E0

!0

½sinð!0tþ ’Þ � sin’�;

_yðtÞ ¼ � �E0

!0

½cos’� cosð!0tþ ’Þ� � s0E0t; (2)

with the initial zero velocity conditions, _xð0Þ ¼ _yð0Þ ¼ 0
as the first step in tunneling ionization. The corresponding
electron time-dependent displacements are

xðtÞ ¼ � E0

!2
0

½cos’� cosð!0tþ ’Þ �!0t sin’�;

yðtÞ ¼ � �E0

!2
0

½!0t cos’þ sin’� sinð!0tþ ’Þ�

� 1

2
s0E0t

2: (3)
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FIG. 3 (color online). Time profiles of the (a) x and (b) y
components of the acceleration amplitude aGð!; tÞ using a
Gabor time window in the cutoff region in the combined ellip-
tically polarized laser and terahertz fields, corresponding to
Fig. 1(c).
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In the x direction, since ExðtÞ ¼ E0 cosð!0tþ ’Þ, the
recollision conditions ’ ¼ 2n�þ 0:1� and !0t ¼
2n�þ 1:3�, n ¼ 0; 1; 2; . . . , result in the maximum rec-
ollision kinetic energy Kex ¼ _x2=2 ¼ 3:17Up of the con-

tinuum electron at xðtÞ ¼ 0 [14]. Substituting ’ and !0t
into Eqs. (2) and (3), we obtain the transverse velocity
_yð�; s0Þ and position yð�; s0Þ at t ¼ ð2n�þ 1:3�Þ=!0. The
corresponding kinetic energy Key ¼ _y2=2 as functions of

ellipticity � and s0 with the pulse phase ’ ¼ 0:1� and the
recollision time !0t ¼ 1:3� (n ¼ 0) is displayed Fig. 4.
The transverse kinetic energy Key is shown to be critically

sensitive to the field parameters � and s0. To efficiently
produce harmonics, the displacements must satisfy the
conditions xðtÞ ¼ yðtÞ ¼ 0 in Eq. (3), for recollision of
continuum electrons with the parent ion. In Fig. 4 we
also plot the corresponding kinetic energy Key (black solid

line), where the pulse parameters are defined by the recol-
lision conditions, i.e., xðtÞ ¼ yðtÞ ¼ 0 for ’ ¼ 0:1� and
!0t ¼ 1:3� (n ¼ 0). The maximum transverse kinetic
energy in the y direction occurs at � ¼ 1 and s0 ¼
�0:617 and Key ¼ 3:17Up ¼ Kex, or the total maximum

kinetic energy Ke ¼ 6:34Up. For � ¼ 0 and s0 ¼ 0,

Key ¼ 0, i.e., for a linearly x-polarized laser pulse, we

recover the maximum linear polarization kinetic energy
Ke ¼ Kex ¼ 3:17Up [12–14]. It should be noted that in the

classical recollision model, the effects of the Coulomb
potential and the molecular structure, leading for example
to orientation dependent ionization rates in the molecular
photoionization processes [17,22], are ignored. In the nu-
merical simulations such effects are included, showing that
an elliptically polarized laser pulse and strong terahertz
fields generate circularly polarized harmonics due to the
control of the recolliding electron by the driving laser
pulses, i.e., the electron recollision with the parent ions.
Figure 3 illustrates that the circularly polarized harmonics

near the cutoff region are mainly created by single trajec-
tories at the approximate recollision times of tc ¼ 0:65�,
which are in good agreement with the classical model
predicted by Eqs. (2) and (3) where the recollision time
is tc ¼ 1:3�=!0 ¼ 0:65� � 1 fs for n ¼ 0 at !0 ¼
0:114 a:u: (� ¼ 400 nm). This confirms that the harmonics
mainly result from single recollision and rescattering of the
electron wave packets induced by the elliptically polarized
laser and terahertz fields. Electron recollisions can also
occur at !0t ¼ 2n�þ 1:3� for n > 0 to produce circu-
larly polarized harmonics. From Eq. (3), one sees that
much longer trajectories are created at such time, thus
reducing the efficiency of high frequency HHG.
Furthermore since circularly polarized HHG is produced
with equal field intensities Px and Py and the relative phase

�=2, short trajectories with n ¼ 0 are the most efficient.
The present work focuses on the laser control electron

recollision with the parent ions in the molecular plane to
produce high order circularly polarized harmonics, thus
generating single circularly polarized attosecond pulses.
The refocusing of these electron trajectories by the two
nuclear centers plays an essential role. To produce circu-
larly polarization HHG, equal acceleration dipole ampli-
tudes with the relative phase �=2 and energies of the
returning electron are required for the resulting emitted
radiation. Therefore the recombination of the electron
determines the properties of the harmonics. For an atom
with a spherical symmetric electron probability density,
HHG with low ellipticity can be produced by intense
elliptically polarized laser pulses (see, e.g., Ref. [29]).
Excitation of an atom to high angular momentum states
can also result in near circularly polarized attosecond
pulses in the cutoff region [21]. Recent theoretical studies
of atomic HHG by circularly and elliptically intense laser
pulses show that up to four recollision trajectories can
occur, i.e., two trajectories for each polarization direction
[30,31]. Our detailed time profiles for the molecular ion in
Fig. 3 show that only a single recollision trajectory occurs,
thus implying essential control of the HHG process in
molecules by both the highly nonspherical asymmetric
molecular Coulomb potential and the presence of the
intense terahertz field to redirect circular electron trajecto-
ries with large radii towards the molecular ion, according
to Eq. (3). The present results suggest molecular media,
rather than atoms, as promising sources to produce high
order circularly polarized harmonics for the generation of
single circularly polarized attosecond pulses. Such pulses
should serve to create circular electron currents with result-
ing large internal magnetic fields in molecules [32] for new
research in the nonlinear response of matter to intense
fields.
The authors thank RQCHP and Compute Canada for

access to massively parallel computer clusters and the CIPI
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FIG. 4 (color online). Transverse kinetic energy KeyðtÞ as
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recollision electron with the parent ion, i.e., xðtÞ ¼ yðtÞ ¼ 0.
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Barth, and M. Kitzler, Phys. Rev. Lett. 101, 033901
(2008).

[22] K. J. Yuan and A.D. Bandrauk, Phys. Rev. A 83, 063422
(2011); J. Phys. B 45, 074001 (2012).

[23] B. Borca, A.V. Flegel, M.V. Frolov, N. L. Manakov, D. B.
Milosevic, and A. F. Starace, Phys. Rev. Lett. 85, 732
(2000).

[24] K. J. Yuan and A.D. Bandrauk, Phys. Rev. A 84, 023410
(2011).

[25] D. B. Milosevic and A. F. Starace, Laser Phys. 10, 278
(2000).

[26] E. Balogh, K. Kovacs, P. Dombi, J. A. Fulop, G. Farkas, J.
Hebling, V. Tosa, and K. Varju, Phys. Rev. A 84, 023806
(2011).

[27] F. Morales, I. Barth, V. Serbinenko, S. Patchkovskii, and
O. Smirnova, J. Mod. Opt. 59, 1303 (2012).

[28] P. Antoine, B. Piraux, and A. Maquet, Phys. Rev. A 51,
R1750 (1995).
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