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Using the Wigner representation, compatibly with the uncertainty principle, we formulate a quantum

maximum entropy principle for the fractional exclusion statistics. By considering anyonic systems

satisfying fractional exclusion statistic, all the results available in the literature are generalized in terms

of both the kind of statistics and a nonlocal description for excluson gases. Gradient quantum corrections

are explicitly given at different levels of degeneracy and classical results are recovered when @ ! 0.
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The maximum entropy principle (MEP) is a pillar of
classical statistical mechanics since it provides the basis
for a rigorous formulation of any hydrodynamic model for
a given physical system. The quantum extension of MEP
(QMEP) is a major subject challenged a broad scientific
community (including mathematicians, chemists, etc.)
since 1957 [1,2]. Recently, a comprehensive review on
QMEP was presented in Ref. [3]. Accordingly, all the
results available from the literature for a Fermi and/or
Bose gas have been generalized in the framework of a
nonlocal Wigner theory [2,3].

Whereas fermions and bosons can exist in all dimen-
sions, some low-dimensional systems exhibit elementary
excitations that obey quantum statistics interpolating
between fermionic and bosonic behaviors. In particular,
the concept of anyons [4,5] is specific to two dimensions
(2D) being connected to the braid group structure of par-
ticle trajectories [4,5], and the fractional statistics are
parametrized by a phase factor that describes the particle
exchange procedure in the configuration space [5]. In 2D
systems, the fractional statistics was successfully applied
to describe the fractional quantumHall effect [6] and, more
recently, direct evidence of fractional exchange phase fac-
tor was observed in experiments [7]. The fractional anyon
statistics has also been formalized to some extent [8] in
many one-dimensional (1D) models [9–13]. Accordingly,
also in this case, anyons acquire a step-functionlike phase
when two identical particles exchange their positions in a
scattering process. Thus, by defining the q-deformed
bracket ½A; B�q ¼ AB� qBA, we can introduce (for D ¼
1, 2) the anyon field operators �ðrÞ and �yðrÞ with the
general deformed relations [5,14,15]

½�ðrÞ;�ðr0Þ�q ¼ ½�yðrÞ;�yðr0Þ�q ¼ 0; (1)

½�ðrÞ;�yðr0Þ�q�1 ¼ �Dðr� r0Þ; (2)

where qðr; r0Þ ¼ q�1ðr0; rÞ [with qðr; rÞ ¼ �1] is a discon-
tinuous function of its arguments [5,15] corresponding to a
phase factor that denotes the system statistics [16].

A different notion of fractional statistics was introduced
by Haldane [17] in arbitrary dimensions D. Quasiparticles
that obey the fractional exclusion statistics (FES) are called
‘‘exclusons’’ with statistics (for a single specie) parameter
� ¼ ��G=�N, where �G describes the change in size of
the subset of available single-particle states corresponding
to a variation of �N particles. It is known that FES is, in
general, different from anyon statistics. Indeed, the exclu-
sion statistics is assigned to elementary excitations of
condensed-matter systems, which are not necessarily con-
nected with braiding considerations [8,17]. However, there
are some systems where a thermodynamics coincidence of
the two statistics was shown [9,12,17,18].
The aim of this work is to consider anyonic systems

satisfying FES, and to determine the thermodynamic evo-
lution of an excluson gas compatibly with the uncertainty
principle. In this way, within the framework of a QMEP-
Wigner formulation, we generalize all the results available
from the literature in terms of both the kind of statistics and
a nonlocal description for the quantum gas.
The theoretical formulation considers N identical any-

ons, and introduces in Fock space the statistical density-
matrix � for the whole system, with Trð�Þ ¼ 1 and
the general Hamiltonian H¼ R

dDr�yðrÞ½�@
2=2mr2þ

UðrÞ��ðrÞþ ð1=2ÞRRdDrdDr0�yðrÞ�yðr0ÞVðr;r0Þ�ðr0Þ�
�ðrÞ, where m is the particle effective mass, UðrÞ is the
one-body potential, Vðr; r0Þ is a two-body symmetric in-
teraction potential, and � and �y are the wave field
operators satisfying the anyon relations Eqs. (1) and (2)
with their properties [16]. Analogously, in the coordinate
space representation, we define the reduced density
matrix [2,3] of single particle hrj%̂jr0i¼ h�yðr0Þ�ðrÞi¼
Tr½��yðr0Þ�ðrÞ� that in an arbitrary representation takes

the form h�j%̂j�0i¼ hay
�0a�i¼Trð�ay

�0a�Þ where �, �0 are
the single-particle states, a�, a

y
�0 are the annihilation and

creation operators for these states, and h� � �i is the statistical
mean value. Then, we define the reduced Wigner function

FW ¼ð2�@Þ�D
R
dD�e�i

@
��ph�yðr��=2Þ�ðrþ�=2Þi with

the condition Trð%̂Þ ¼ RR
dDrdDpFW ¼ N. Accordingly,
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by considering an operator of single particle M̂ðr̂; p̂Þ, we
look for a function ~Mðr;pÞ in phase space that corresponds
to operatorM̂ introducing theWeyl-Wigner transform [2,3]

W ðM̂Þ ¼ ~Mðr;pÞ, and analogously we define the inverse

Weyl-Wigner transform [2,3]W�1ð ~MÞ ¼ hrjM̂jr0iwhich
maps the function ~M in phase space into the operatorM̂ in
Hilbert space.

Making use of quantum mechanics in second quantiza-
tion form, within the generalized Hartree approximation
[2,3] we obtain the evolution equation

i@
@

@t
hrj%̂jr0i ¼

Z
dDr00½hrjĤ jr00ihr00j%̂jr0i

� hrj%̂jr00ihr00jĤ jr0i�; (3)

where Ĥ ¼ hH i is the single-particle Hamiltonian op-
erator with H ðrÞ¼�@

2=2mr2þUðrÞþR
dDr0�yðr0Þ�

Vðr;r0Þ�ðr0Þ.
Accordingly, following a usual script [2,3], we obtain

the full gradient expansion of the Wigner equation

@FW

@t
þ pk

m

@FW

@xk
¼ X1

l¼0

ði@=2Þ2l
ð2lþ 1Þ!

�
@2lþ1Veff

@xk1 � � �@xk2lþ1

�

�
�

@2lþ1FW

@pk1 � � �@pk2lþ1

�
; (4)

where all the effects of interactions are entirely contained
in the definition of the effective potential in the Hartree
approximation VeffðrÞ ¼ UðrÞ þ R

dDr0nðr0ÞVðr; r0Þ.
To take into account ab initio the FES, we evaluate the

entropy [19] S for a noninteracting system under nonequi-
librium conditions in terms of the occupation numbers

S ¼ �kB
X
�

yfh �N�i lnh �N�i þ ð1� �h �N�iÞ lnð1� �h �N�iÞ

� ½1þ ð1� �Þh �N�i� ln½1þ ð1� �Þh �N�i�g
with kB the Boltzmann constant, h �N�i ¼ hay�a�i=y, y the
spin degeneration, and � the statistical parameter of frac-
tional statistics. If we consider the Schrödinger equation

for the single-particle Hamiltonian Ĥ , then the occupation
numbers hN�i associated with the energies E� will com-
pletely specify the gas macroscopic state. In particular,
using Eq. (3) in stationary conditions, both %̂ and any

operator �̂ð%̂Þ are diagonal in the base j�i. Therefore, by
introducing as a function of %̂

�̂ð%̂Þ ¼ y

�
%̂

y
ln

�
%̂

y

�
þ

�
Î � �

%̂

y

�
ln

�
Î� �

%̂

y

�

�
�
Î þ ð1� �Þ %̂

y

�
ln

�
Î þ ð1� �Þ %̂

y

��
(5)

with Î the identity, the quantum entropy for an excluson gas
can be described in terms of the following functional of the
reduced density operator

Sð%̂Þ ¼ �kBTr½�̂ð%̂Þ�: (6)

By introducing a set N of single-particle observables

fM̂Ag and the corresponding space phase functions f ~MAg,
we define the local momentsMAðr; tÞ ¼

R
dDp ~MAðr;pÞ�

FW ðr;p; tÞ and we use the functional Eq. (6) as an infor-
mational entropy of the system. Thus, we consider the new
global functional [2,3]

~S ¼ S�
Z

dDr

�XN
A¼1

~�A

�Z
dDp ~MAFW �MA

��
(7)

as being ~�Aðr; tÞ the nonlocal Lagrange multipliers.

The solution of the constraint �~S ¼ 0 implies

%̂ ¼ yfŵð�̂Þ þ �Îg�1 (8)

where the operator ŵ satisfies the functional relation

½ŵð�̂Þ��½Îþ ŵð�̂Þ�1�� ¼ �̂ (9)

with the operator

�̂ ¼ exp

�
W�1

�XN
A¼1

�A
~MA

��
and �A ¼

~�A

kB
: (10)

The set of Eqs. (8)–(10) is the first major result. It general-
izes existing results [19], in an operatorial sense, under
both thermodynamic equilibrium and nonequilibrium con-
ditions. Accordingly, for any fixed numberN of moments
MA, we can consider a consistent expansion around @ of the
Wigner function. In this way we separate classical from
quantum nonlocal dynamics, and obtain order-by-order
gradient correction terms. In particular, one can prove
that ~w ¼ W ðŵÞ, FW , and the moments MA can be
expanded in power of @ as

~w¼X1
k¼0

@
2kwð2kÞ; FW ¼X1

k¼0

@
2kF ð2kÞ

W
; MA¼

X1
k¼0

@
2kMð2kÞ

A :

To this purpose, the Lagrange multipliers �A must be
determined by inverting, order by order, the constraints

MA ¼ ð2�@Þ�D
R
dDp ~MAW ð%̂½�Bðr; tÞ; ~MB�Þ, where

the inversion problem can be solved [2,3] only by assuming
that also the Lagrange multipliers admit for an expansion

in even powers of @, �A ¼ �ð0Þ
A þP1

k¼1 @
2k�ð2kÞ

A . By using

Eqs. (8)–(10) we further succeed in determining the
following expression for the reduced Wigner function:

FW ¼ ~y

wð0Þð�Þ þ �

�
1þ X1

r¼1

@
2rP 2r

�
; (11)

where ~y ¼ y=ð2�@ÞD, � ¼ e� (� ¼ P
�A

~MA), the non-
local terms P 2r are expressed by recursive formulas, and

the function wð0Þ satisfies the usual functional equation

½wð0Þð�Þ��½1þ wð0Þð�Þ�1�� ¼ �: (12)

Equation (11) is the second major result. Indeed, making

use of �0 ¼ e�0 with �0 ¼ P
�ð0Þ
A

~MA, from Eq. (11) we
obtain, explicitly, the first order (r ¼ 1) quantum
correction
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P 2¼
�

2

½wð0Þð�0Þþ��2
�
�0

dwð0Þ

d�0

�
2� 1

wð0Þð�0Þþ�

�
�2
0

d2wð0Þ

d�2
0

þ�0

dwð0Þ

d�0

��
H ð2Þ

2 �
�

6

½wð0Þð�0Þþ��2
�

1

wð0Þð�0Þþ�

�
�0

dwð0Þ

d�0

�
3

�
�
�0

dwð0Þ

d�0

�
2��3

0

d2wð0Þ

d�2
0

dwð0Þ

d�0

�
þ 1

wð0Þð�0Þþ�

�
�3
0

d3wð0Þ

d�3
0

þ3�2
0

d2wð0Þ

d�2
0

þ�0

dwð0Þ

d�0

��
H ð2Þ

3 (13)

being the nonlocal functions H ð2Þ
2 and H ð2Þ

3 expressed by

H ð2Þ
3 ¼ � 1

24

�
@2�0

@xi@xj

@�0

@pi

@�0

@pj

þ @2�0

@pi@pj

@�0

@xi

@�0

@xj
� 2

@2�0

@xi@pj

@�0

@xj

@�0

@pi

�
; (14)

H ð2Þ
2 ¼ � 1

8

�
@2�0

@xi@xj

@2�0

@pi@pj

� @2�0

@xi@pj

@2�0

@xj@pi

�
: (15)

We remark on the following points: (i) For � ¼ 1 and
� ¼ 0we recover the gradient nonlocal results obtained for

Fermi andBose gases [2,3]. (ii) The functions fH ð2Þ
2 ;H ð2Þ

3 g
are in general expressed in terms of the quantities

fMA;
@MA

@xk
; @2MA

@xi@xk
;pg; in any case, these functions can be

evaluated using different levels of approximation [20].
(iii) In thermodynamics equilibrium conditions we can write
�jE ¼ 	þ 
~" where ~" ¼ m~u2=2, with ~ui ¼ ui � �i the
peculiar velocity, ui ¼ pi=m the group velocity, and
f	;
; �ig the equilibrium nonlocal Lagrange multipliers.

As relevant application of the above results, we consider
an excluson gas in isothermal equilibrium conditions.
Accordingly, 
 ¼ ðkBTÞ�1, with T the constant tempera-
ture, and within a general approach all nonlocal effects can
be described in terms of spatial derivatives of concentra-
tion nðr; tÞ and mean velocity viðr; tÞ ¼ n�1

R
dDpuiFW .

In this case it is necessary to determine a closed set of
balance equations for the variables fn; vig. Thus, by con-
sidering the kinetic fields f1; uig and using Eq. (4) we
obtain the quantum drift-diffusion model [2]

_nþ n
@vk

@xk
¼ 0; _vi þ 1

n

@Mik

@xk
þ 1

m

@Veff

@xi
¼ 0; (16)

where the unknown function Mik can be decomposed as

Mik ¼ Mhiki þ P

m
�ik þOð@4Þ (17)

with the traceless part Mhiki þOð@4Þ ¼ R
dDp~uhi~ukiFW jE

and the quantumpressurePþOð@4Þ ¼ 2=D
R
dDp~"FW jE

independent constitutive quantities. Then, bymaking use of
Eqs. (11)–(15) we can calculate the variables fn; P;Mhikig
by determining the general relations

ID�1ð	; �Þ ¼ �
n

TD=2

�
1� @

2

12m

1

kBT

�X2
p¼1

�ð0Þ
1pQ

ð1;pÞ

þ �ð0Þ
21Q

ð2;1Þ
��

þOð@4Þ; (18)

P ¼ 2

D
nkBT

IDþ1

ID�1

�
1þ @

2

12m

1

kBT

�X2
p¼1

ð�ð1Þ
1p � �ð0Þ

1pÞQð1;pÞ

þ ð�ð1Þ
21 � �ð0Þ

21 ÞQð2;1Þ
��

þOð@4Þ; (19)

Mhiki ¼ � @
2

12

n

m2
ðD� 2Þ ID�3

ID�1

Qhiki þOð@4Þ; (20)

where � ¼ ½�ðD=2Þ=2y�ð2�@2=mkBÞD=2, the integral func-

tions Inð	; �Þ, the quantities�ðsÞ
ij , and the nonlocal functions

fQðq;pÞ;Qhikig are explicitly given in Appendix A.

Equations (18)–(20) constitute the third major result. In
particular, by Eq. (18) we can determine the generalized
quantum chemical potential  ¼ �	kBT, and by using
Eq. (19) we obtain the generalized quantum equation of
state. Thus, by introducing the usual Bohm quantum po-
tential QB ¼ �ð@2=2m ffiffiffi

n
p Þ 4 ffiffiffi

n
p

and the vorticity tensor
T ij ¼ ð@vi=@xj � @vj=@xiÞ, the following analytical

cases are analyzed under isothermal equilibrium condition.
High-temperature and/or low-density limits.—First ap-

proximation: By using the first term of a series expansion
[21] for the functions Inð	; �Þ, we obtain the Boltzmann
limit, which is independent from �, as being Inð	Þ �
ð1=2Þ�½ðnþ 1Þ=2� expð�	Þ. Thus, by defining the quan-

tity �ð0Þ ¼ y�1½ð2�@2Þ=ðmkBÞ�D=2ðn=TD=2Þ and using
Eqs. (18)–(20) we obtain the generalized expressions

 ¼ kBT ln½�ð0Þ� þQI
B

3
þOð@4Þ;

P ¼ nkBT þ nQI
C þOð@4Þ;

(21)

with the first quantum nonlocal gradient corrections

QI
B ¼ QB � @

2

16

T 2
ll

kBT
;

QI
C ¼ � @

2

12D

1

m

�
@2 lnn

@xr@xr
þ m

kBT
T 2

ll

�
;

and the first approximation MI
hiki for the tensor Mhiki

MI
hiki ¼ � @

2

12

n

m2

�
@2 lnn

@xhi@xki
þ m

kBT
T 2

hiki

�
þOð@4Þ: (22)
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By neglecting vorticity effects (T ik ¼ 0) we recover well-
known relations [2,3,22], while by including vorticity
terms we reobtain some recent results for a quantum
Boltzmann gas [23].

Second approximation: By using the first two terms of the
series expansion [21] with a standard iterative procedure
[2,3], we determine the correct second quantum statistical

approximation in terms of the quantity �ð0Þ � 1 as being

 ¼ kBT ln

��
1þ 2�� 1

2D=2
�ð0Þ

�
�ð0Þ

�

þ 1

3

�
QI

B þ 2�� 1

2D=2
�ð0ÞQII

B

�
þOð@4Þ; (23)

P ¼ nkBT

�
1þ 2�� 1

2D=2þ1
�ð0Þ

�

þ n

�
QI

C þ 2�� 1

2D=2þ1
�ð0ÞQII

C

�
þOð@4Þ; (24)

Mhiki ¼ MI
hiki þ

2�� 1

2D=2
�ð0ÞMII

hiki þOð@4Þ; (25)

with the second quantum nonlocal gradient corrections QII
B ,

QII
C , and MII

hiki explicitly given in Appendix A.

Low-temperature limits.—Under strong degeneracy, we
make use of an asymptotic expansion [21] for the functions
Inð	; �Þ (with � 2 ð0; 1�).

First approximation: When T ! 0 the degeneracy

becomes complete and Inð	;�Þ� ð�	Þðnþ1Þ=2=½�ðnþ1Þ�.
Thus, by defining �E ¼ ½4�=ðDþ 2Þ�ð@2=mÞ½ð�=yÞ�
�ðD=2þ 1Þ�2=D and ð0Þ ¼ ½ðDþ 2Þ=2��En

2=D, for 
and P we obtain

 ¼ ð0Þ þD� 2

3D
QI

D þOð@4Þ; (26)

P ¼ �En
ðDþ2Þ=D þ nQI

E þOð@4Þ; (27)

with the first quantum nonlocal gradient corrections

QI
D ¼QB � @

2

32

D

ð0ÞT
2
ll;

QI
E ¼ @

2

12D

1

m

�
@2 lnn

@xr@xr
þ 2ðD� 1Þ

D

�
@ lnn

@xr

�
2 �m

4

D

ð0ÞT
2
ll

�
;

and the first approximationMI
hiki for the tensor Mhiki

MI
hiki ¼ � @

2

12

n

m2

�
@2 lnn

@xhi@xki
þ 2

D

@ lnn

@xhi
@ lnn

@xki

þm

2

D

ð0Þ T
2
hiki

�
þOð@4Þ: (28)

In particular, for � ¼ 1 (completely degenerate Fermi gas)
and neglecting vorticity effects (T ik ¼ 0), we recover the
gradient corrections obtained in the contest of the Thomas-
Fermi-Weizsacker theory [2,3,24]. For � � 1, and by

including also the vorticity terms, we generalize these
results to excluson gases in the low-temperature limit.
Second approximation: By considering the first two

terms of the asymptotic expansion in series [21] we obtain
the correct second quantum statistical approximation in

terms of the quantities ðkBT=ð0ÞÞ2 � 1, for, P andMhiki

 ¼ ð0Þ
�
1� �2

12
�ðD� 2Þ

�
kBT

ð0Þ

�
2
�

þD� 2

3D

�
QI

D þ �2

12
�

�
kBT

ð0Þ

�
2
QII

D

�
þOð@4Þ; (29)

P ¼ �En
ðDþ2Þ=D

�
1þ �2

12
�ðDþ 2Þ

�
kBT

ð0Þ

�
2
�

þ n

�
QI

E þ �2

18
�ðD� 2Þ

�
kBT

ð0Þ

�
2
QII

E

�
þOð@4Þ; (30)

Mhiki ¼ MI
hiki �

�2

12
�ðD� 2Þ

�
kBT

ð0Þ

�
2
MII

hiki; (31)

with the second quantum nonlocal gradient corrections
QII

D , Q
II
E , and MII

hiki explicitly given in Appendix A.

In conclusion, knowing Mhiki and P and using Eq. (17),

the system in Eq. (16) is closed. However, by indicating

with fðcÞ; PðcÞg and fðqÞ; PðqÞg the classic and the quantum
part of the chemical potential and pressure, the spatial
derivative of Mik can be expressed in the general form

@Mik

@xk
¼ 1

m

�
� @

2

12
T ip

@

@xk

��
@ðcÞ

@n

��1
T pk

�

þ @PðcÞ

@xi
þ n

@ðqÞ

@xi

�
þOð@4Þ: (32)

The relation above is the fourth major result. Indeed, in all
cases (high and/or low temperature) and for any statistical
approximation Eq. (32) represents a general closure prop-
erty for the quantum drift-diffusion system in Eq. (16).
We remark that for many years the nonlocal gradient

corrections have been extensively tested in real applica-
tions such as atomic, surface, nuclear physics, and elec-
tronic properties of clusters [24]. Analogously, density
gradient expansions have been used to describe capture
confinement and tunnelling processes for devices in the
decananometer regime by showing a very good agreement
both with available experiments and other microscopic
methods [25]. The novelty of the present approach allows
one to describe the Wigner gradient expansions in the
framework of FES by including also the vorticity.
Consequently, the major results outlined above can have
relevant applications in quantum turbulence, quantum flu-
ids, quantized vortices, nanostructures, nanowires, thin
layers, and by including also gradient thermal corrections
in graphene quantum transport [26]. Accordingly, the
QMEP including FES is here asserted as the fundamental
principle of quantum statistical mechanics.
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APPENDIX A

With wð0Þð�Þ being the solution of Eq. (12) (with � ¼
e	þx2) we define the integrals Inð	;�Þ¼

Rþ1
0 xn�

½wð0Þðe	þx2Þþ���1dx, where for n < 0, all the integral
functions Inð	; �Þ can be obtained by means of the
following general differentiation property: @rIn=@	

r ¼
ð�1Þr½�ðnþ1

2 Þ=�ðnþ1
2 � rÞ�In�2r.

Functions �ðsÞ
ij in Eqs. (18) and (19) are given by

�ðsÞ
ij ¼ ð�1Þi2j�1

�ðD2 þ sþ j� 1Þ
�ðD2 þ sþ iþ j� 5Þ

IDþ2ðsþiþjÞ�11

IDþ2s�1

;

and all nonlocal terms fQðq;pÞ;Qhikig are expressed by

Qð1;1Þ ¼ � 2

ðD� 2Þ2
�
ID�1

ID�3

�
2
�
@ lnn

@xk

�
2 þOð@2Þ; (A1)

Qð1;2Þ ¼ 1
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The gradient corrections terms in Eqs. (23)–(25) are
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The gradient corrections terms in Eqs. (29)–(31) are
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