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The existence of secondary flows in the pressure-driven flow of a concentrated suspension of noncolloidal

particles through a conduit of square cross section under creeping flow conditions is confirmed experimen-

tally. This Letter lends support to the idea that secondary currents, rather than shear-induced migration, may

actually be the dominant mechanism that determines particle distribution in noncolloidal suspension flows

through nonaxisymmetric geometries. This work also establishes that coextrusion of two concentrated

suspensions through nonaxisymmetric geometries with a stable suspension-suspension interface is not

possible, except in special situations.
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When a viscoelastic polymer is subjected to a simple
shear flow, normal stresses are developed in each of the
principal directions [flow (1), gradient (2), and vorticity
(3)] due to the stretching of the polymer by the flow [1].
These stresses are characterized by the first normal stress
difference, N1 ¼ �11 � �22, and the second normal stress
difference, N2 ¼ �22 ��33. For polymers, N1 is positive,
and manifests itself in well-documented and recognized
ways, such as rod climbing, die swell, etc., [1]. On the other
hand, N2 in polymers is negative, and weak in magnitude
relative to N1; nevertheless, it is known to produce some
subtle effects. For example, it has been known since the
1950s that pressure-driven flow of polymer melts and solu-
tions in nonaxisymmetric conduits cannot be unidirectional
[2–4]; the main flow through the channel is accompanied by
secondary currents, whose origin can be attributed to N2.
Thus, the flow of a viscoelastic polymer through the channel
is effectively a helicoidal flow.

Only recently [5] was it realized that secondary currents
may also exist in pressure-driven flows of concentrated
suspensions of rigid particles in Newtonian fluids, because,
akin to polymeric fluids, suspensions also exhibit N2 in
simple shear flows [6–8]. The origin ofN2 in suspensions is
not elasticity, but rather the anisotropic particle micro-
structure [9–13]. In suspensions, N2 has been experimen-
tally determined to be negative, directly proportional to the
magnitude of the shear stress, monotonically increasing
with the volume fraction of the particles, and independent
of the particle size in the noncolloidal limit [6–8].

Secondary currents in suspension flows have a special
implication as compared to polymer flows, in that they are
capable of influencing the spatial particle distribution in the
flow. Traditionally, the mechanism considered in describing
particle distributions in flowing suspensions is shear-induced
migration [14–16], which causes particles to migrate from
regions of high shear stresses to low, high concentrations to
low and high streamline curvatures to low, and high stream-
line curvatures to low. Secondary currents are weak relative

to the average velocity of the suspension in the channel;
however, the magnitude of secondary currents relative to
the characteristic velocities associated with shear-induced
migration scales as B2=a2, where B is the characteristic
dimension of the channel and a is the particle radius. Since
the value of B2=a2 in most suspension flows is large (100 or
more), secondary currents may be the dominant mechanism
determining the particle distribution in flowing suspensions.
Inclusion of secondary currents in suspension flow cal-

culations produces some interesting and counterintuitive
predictions: dependence of fully developed concentration
distributions in neutrally buoyant suspension flows on
particle size, quantitative description of resuspension of
non-neutrally-buoyant particles in tube flow [17–19]
(previously impossible to explain with isotropic models),
depletion of particles from corners and notches of geome-
tries in pressure-driven suspension flow (which is consis-
tent with recent confocal microscopy measurements [20]),
and instabilities even in such simple geometries as plane
Poiseuille flow [5,21]. But in spite of all these potentially
interesting and counterintuitive effects, there is no direct
experimental evidence of secondary currents for suspen-
sion flow in nonaxisymmetric conduits. The objective of
this work is to remedy that deficiency. We perform
pressure-driven flow of concentrated suspensions through
a conduit of square cross section to demonstrate the exis-
tence of secondary currents, and interrogate the depen-
dence of these currents on particle size, flow rate, and
particle volume fraction.
The experimental setup is shown in Fig. 1. A square tube

of internal side length 1 cm is oriented vertically, i.e., with
its axis parallel to gravity (z direction). The flow or the (1)
direction in this geometry is along the z axis, while the (2)
and (3) directions are in the cross-sectional (x-y) plane.
The tube has two ports for supplying suspension: a bottom
port that receives suspension at a flow rate Qm, and a
smaller front port [see Fig. 1(a)] on the front x-z plane
that receives suspension at a much lower flow rate Qs.
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The front port is placed asymmetrically on the right half of
the cross section [see Fig. 1(b)]. The two suspensions are
identical in all respects except for the color of the dye in the
suspending fluid; the suspension from the bottom is dyed
yellow, while the one from the front port is dyed blue. The
base suspending fluid, a mixture of 81 wt% Karo syrup,
18 wt% glycerin, and 1 wt% water, is Newtonian with a
viscosity of 22.5 poise at 23 �C, and has a density of
1:35 gm=cm3. Blue or yellow food coloring (Durkee) is
added at a volume ratio of 1 part dye to 40 parts fluid. The
particles in the suspension are glass spheres (Mo-Sci Corp.,
class V, density ¼ 2:5 gm=cm3). Most of our experiments
have been performed using 46� 3 �m glass spheres, but
we have used 94ð�5Þ �m particles in some experiments to
examine the effect of particle size. Similarly, the particle
volume fraction � in almost all experiments was 40%; the
experiments at 30% were performed to understand the
effect of volume fraction. The experimental parameters
have been carefully selected to suppress shear-induced
migration [22] and buoyancy effects [23]. The interface
between the two contrastingly dyed suspensions in the x-z
plane under fully developed flow conditions was photo-
graphed at regular intervals in height using a camera
mounted on a vertical linear stage. These images were
stitched together to reveal the progression of the blue
suspension in the bulk flow of the yellow suspension.

The results from these experiments are shown in Fig. 2.
In Fig. 2(a), we present the result from a control experi-
ment where only pure fluids (no particles) were used. It can

be seen that the interface between the blue (dark) and
yellow (light) suspension streams is straight; there is no
deviation from rectilinearity. This is consistent with our
expectations, since no secondary currents are predicted for
particle-free, coflowing streams at low Reynolds numbers.
Figure 2(b) shows the result for a 40%, 46 �m particle
diameter suspension at a flow rate ratio Qm=Qs of 30 with
Qm ¼ 6 ml=min. The stripe of blue suspension deviates to
the right, becomes thinner and eventually vanishes. These
pictures clearly indicate that the motion of the suspension
through a square conduit is not unidirectional; the main
flow along the axis of the conduit is accompanied by
secondary currents.
Let us now determine if this pattern can be explained by

the non-Newtonian rheology of suspensions. Since shear-
induced migration effects are negligible in our geometry
[22] and the suspension is homogeneous at the inlet, we

FIG. 1 (color online). Experimental setup. (a) Front view (x-z
plane). (b) Cross-sectional view (x-y plane) across segment
A� A0 in (a).

FIG. 2. Photographs of the front (x-z) view of the experiment
with coflowing (a) pure fluids (Qm=Qs ¼ 32 with Qm ¼
8 ml=min) and (b) suspensions (� ¼ 0:4, 2a ¼ 46 �m, and
Qm=Qs ¼ 30 with Qm ¼ 6ml=min). Both photographs preserve
the true aspect ratio, with the channel width being 1 cm.
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can assume that the concentration distribution within the
channel is uniform. Using the theoretical development by
Ramachandran and Leighton [5], the equations governing
the velocity field [u, v, w] in the [x, y, z] directions can be
written as

ux þ vy ¼ 0; r2w ¼ � 1
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Here, P is a pressure that has been adjusted for the constant
pressure gradient driving the flow,� ¼ 2:17�3 expð2:34�Þ
is a reduced normal stress, d ¼ �0:54 is the coefficient
of the reduced second normal stress difference, �r ¼
expð�2:34�Þ=ð1��=0:62Þ3 is the suspension relative

viscosity, and _� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

x þ w2
y

q
is the local shear rate. The

lengths have been rendered dimensionless with respect to
the half-width of the cross section, while velocities have
been rendered dimensionless with respect to the viscous
scaling based on the constant pressure gradient in the fully
developed flow. The no-slip boundary condition is imposed
on the walls of the cross section due to the large aspect
ratios (B=a > 100) and the moderate volume fractions in
our experiments [24].

The velocity field calculated using the above equations
is shown in Fig. 3 in the first quadrant of the cross section.
One can see that secondary currents flow out of the corners
along the diagonal, then along the symmetry axis to the
edge of the cross section, and then back along the edge to
the corner. There are eight such circulation cells in the
entire cross section. In the experiments, we introduce a thin
stream of the second suspension just below the edge of the
square cross section. If we assume that the suspension
introduced in this way is in the form of a rectangular patch,

every material point (xg, yg) in the patch evolves in the

axial direction according to the equation

dxg
dz

¼ uðxg; ygÞ
wðxg; ygÞ ;

dyg
dz

¼ vðxg; ygÞ
wðxg; ygÞ : (2)

The equations are solved in MATLAB using the Euler
explicit scheme and an adaptive mesh, and the results are
shown in Fig. 4. It may be seen that the patch stretches and
distorts as it moves towards the corner of the square cross
section, and is ultimately swept into the interior of the cross
section. In the experiment, the images can only reveal
information over a limited depth below the top edge of
the square cross section due to the opacity of the suspen-
sion. Therefore, the stripe appears to have disappeared
from the field of view after propagating in the axial direc-
tion for a certain distance. The pattern of motion of the
blue suspension stripe observed in the experiment is thus
qualitatively consistent with theory.
We now ascertainwhether the variations in the experiment

results with the particle size, the total flow rate, and the
particle volume fraction are consistent with expectations
from scaling arguments. From the governing equations (1),
we can deduce the velocity scale, Us of the secondary
currents as Uð�dÞ�, where U is the average velocity of the

y

(a)
x x

y

(b)

FIG. 3 (color online). Velocity profile for suspension flow at
uniform concentration. (a) Contours—axial flow w=hwi [red,
maximum velocity; blue, w ¼ 0], Arrows—secondary currents
[u=hwi, v=hwi.] (b) Arrows—secondary currents [u=w, v=w.
Only the first quadrant of the cross section is shown.

FIG. 4 (color online). Prediction of the cross-sectional evolu-
tion of a patch of blue (dark) suspension in a stream of yellow
suspension in a square tube of side 1 cm for � ¼ 0:4. The area
and position of the blue patch are chosen so that its flow rate is a
factor of 1=32 relative to the flow rate of the yellow fluid. Panels
(a)–(i) show the shapes of the patch within the cross section from
0 to 80 cm in steps of 10 cm.
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flow through the cross section. SinceUs / U, the path traced
by a material point in the flow through the channel is
expected to be independent of the flow rate through the
channel. The scaling also indicates that this trajectory should
be unaltered by the particle radius a. The only experimental
parameter that should affect the path of amaterial point is the
volume fraction of the suspension, through the reduced
normal stress �.

Thematerial point that we have chosen to track is the right
edge of the blue (dark) suspension stripe in the images. We
choose not to track the left edge, because, as may be seen in
Fig. 3, the left edge as viewed from the top of the channelmay
not always correspond to the same material point. In Fig. 5,
we have shown a plot of xg, the x position of the right edge

against the variable zg, where zg is the vertical position of

the right edge, for different particle sizes, flow rates, and flow
rate ratios ðQm=QsÞ for 30% and 40% suspensions. The
trajectories for all experimental data sets have been corrected
in the z direction by a constant, so that every data set begins at
xg ¼ 0:26 at zg ¼ 0. We see that all data at 40% fall on a

single master curve, independent of a, Qm, �, and Qm=Qs.

The data at 30% evolve much more slowly in the z direction
than that at 40%. This is expected, because the secondary
currents becomeweaker as the volume fraction is decreased.
Also shown is the x-z evolution of thematerial point expected
from the solution of the equations in Eq. (2) (solid curves),
which employ the constitutive equations of Zarraga et al. [6].
In addition, we have compared the results with the same
momentum equations, but with the constitutive models of
Couturier et al. [8] (dotted line), Singh and Nott [7] (dash-
dotted line), and Morris and Boulay [25] (dashed line). We
see that agreement is goodwith all the constitutivemodels for
short distances [26]. But, eventually the magnitude of the
secondary currents is overpredicted, and the material point
appears to reach the corner over much shorter distances as
compared to experiments. A factor we think leads to this
discrepancy is that, near the walls and the corner, the flow is
more complicated than a perturbation of a simple shear flow,
an assumption built into the development of Eq. (1) [5]. A
comprehensive framework for modeling suspension motion
in arbitrary flow geometries is, however, yet to be developed
and verified by experiment.
The consistency of the observed secondary currents with

the expected pattern and scaling arguments lends support
to the predictions of secondary-current-influenced particle
distributions in the work of Ramachandran and Leighton
[5]. This work should motivate experimental measure-
ments of concentration distributions in nonaxisymmetric
geometries in which fluxes due to shear-induced migration
and secondary currents are both important. Additionally,
our work suggests a revisit of past experimental studies
in nonaxisymmetrc geometries to examine if secondary
currents [20,27,28] could have influenced the results in
those investigations. We are currently also investigating
the potential augmentation of the mass transfer rate of
solutes in flowing, concentrated suspensions arising due
to secondary currents; this has strong implications for the
mass transfer of macromolecules in blood flow. Finally, a
direct conclusion from this work is that the production of a
stable coextrudate by combining two concentrated, par-
ticulate suspensions is, in general, not possible, and this
is explained in the Supplemental Material [29] via an
experimental demonstration in a rectangular conduit.
Coextrusion of neutrally-buoyant suspensions can be
implemented only under special circumstances, e.g.,
(a) for axisymmetric geometries, where secondary currents
are absent, (b) for nonaxisymmetric geometries, when the
flow rates and the locations of introduction of the two
suspension streams preserve the symmetry of the second-
ary current cells.
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