
VOLUME 11,NUMBER 12 PHYSICAL REVIEW LETTERS 15 DECEMBER 1963

mate fit to all the data. It is therefore impos-
sible to tell whether or not the U' ' sample was
superconducting. However, any reasonable
choice for f(T) leads to approximately the same
value for the hyperfine contribution.

It is not possible at present to give an unam-
biguous interpretation of the hyperfine specific
heat of U235. Both nuclear magnetic and nuclear
electric quadrupole interactions give rise to heat
capacities proportional to T ' in the high-tem-
perature approximation. The hyperfine term in
the Hamiltonian appropriate to a metal in a mag-
netically ordered state may be written~

where the first term is the magnetic interaction
and the second the electric quadrupole interaction,
and 1= 7/2 for U's'. If we assume the hyperfine
interaction to be entirely magnetic, our value of
P gives a'=12X10 ' deg, a value close to that
which one would expect' if the ions in the metal
had three 5f electrons, and if the metal were
perfectly ordered. However, while there are
some indications that uranium metal may be or-
dered at low temperatures, ' present experimental
evidence indicates it is unlikely that uranium ions
in the metal have three 5f electrons. 'e Therefore
it is possible that the major, and perhaps the
total, contribution to the specific heat of U"'
metal arises from the electric quadrupole inter-
action. If we assume that the interaction is en-
tirely electric, we obtain P=8x10 ' K. Such
a value of P is comparable to those obtained for
U ' in various salts. "&'
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The existence of the type of electromagnetic
wave propagation in a conducting medium known
as the helicon wave is now well established both
in theory and by experiments on a number of
metals and semiconductors. ' The phase velocity
of a helicon wave can be very much less than the
velocity of light (velocities of the order of 100 cm
sec ' have been observed) and, in particular,

may be equal to an acoustic velocity in a solid.
If a mechanism for interaction exists, the two
types of wave will be coupled and their behavivz
may be expected to deviate significantly from the
usual. The purpose of this Letter is to present
the results of a calculation of the interaction of
acoustic waves and helicon waves in a solid. Sev-
eral effects are suggested which should be ex-
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perimentally observable.
The dispersion relation for a helicon wave prop-

agating in an infinite isotropic lossless conductor
with applied static magnetic field H is

(u =(u) /&u ')c'q',
c P

where &uc =eH/m~c is the cyclotron frequency and

u;~ is the plasma frequency defined by &up' = 4vNe'/
m*. This quadratic dispersion curve crosses the
linear acoustic dispersion curve, ~ =voq at a
crossover frequency

=((u '/(u )(U /c)',
X P C

where v, is a sound velocity. For typical sound
velocities v =~„/2v =10 'NH '; for a metal with
N =10"cm ' in a field of 10' Oe, the crossover
frequency is about 1 Gc/sec; if N = 10'8 cm ', a
field of 10' Oe gives a crossover at about 1 Mc/
sec. Figure 1 shows schematically the dispersion
relations of the coupled helicon and acoustic waves.

In order to investigate the detailed nature of the
effect we have used a model used by Kjeldaas'
and Cohen, Harrison, and Harrison' in developing
a theory of the attenuation of acoustic waves in a
conductor in the presence of a magnetic field. 4

We consider an infinite medium composed of N

electrons per unit volume of charge -e and ef-
fective mass m* in a uniform positively charged
background of mass density p. A static magnetic
field H is applied. We assume propagation of a
transverse wave with time and space dependence
exp[i(q. r —~t)] and with qlj H. The basic equa-
tions of the system are Maxwell's equations, the
constitutive equation for the electronic part of
the total current,

Je =o o'i (E- '
) (3)

eT

and the equation of motion of the lattice, '

8'r/st'=v, 'V'r+(Ne/p)E+(Nm JpT)[(v)-u]. (4)

The notation used is that of Cohen, Harrison, and
Harrison. ' g' is a normalized (to oo=Ne'T/m*)
magnetoconductivity tensor. The last term in (3)
describes a contribution to the electronic current
arising from the fact that the electrons tend via
relaxation processes to equilibrium in a lattice
which is moving with velocity u. ' The last term
in (4) represents the reaction force on the lattice
from the same source; (v) is the electronic drift
velocity. These two terms plus the term in (4)
expressing the electrostatic force on the lattice
describe the coupling between the helicon and
acoustic waves.

Combining (3) and (4) with Marvell's equations
and using circularly polarized field components
we find equations for F+ and u+'.

2(d (d T

c c' m*

2 2 -( '- '')
p m*co (7 + 0

0
0

FIG. l. A schematic plot of the dispersion relations
of the two propagating modes with positive circular po-
larization for the case of negligible attenuation. The
dashed curves are for noninteracting acoustic and heli-
con waves, the solid curves for interacting waves. The
character of the modes far from the crossover point is
also indicated.

where G~ = cr~' is a function of ~7, ~cT, and qvgT

given by Kjeldaas' and Cohen, Harrison, and
Harrison. ' For a nondegenerate electron gas vg
is an average thermal velocity; for a degenerate
gas it is the Fermi velocity. We use here only
the limiting value of G for ~c»~, qvg,

' which
is G~ = (1+ i&ucT) '. In doing so we render our
equations beyond (7) invalid near the absorption
edge. '

Setting the determinant of the coefficients of
E~ and u+ in (6) and (6) equal to zero yields an
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equation for the dispersion relations of the prop-
agating waves,

4wN e &u~
l(U

' *- *)- 1- 'G~)c' j ' pc' m*

sumed that I 5p I «1. Substitution of this disper-
sion relation into (5) and (6) permits calculation
of 5p and E+/u+, hence B+/u+, at the crossover
The result is

(B ) iH(u T
O ~,H

I,u & v v+ x

(12)

In the limit of very large relaxation times this
becomes

r
2

C (8cj pc

In t.he absence of the last term we would have the
dispersion relations for uncoupled helicon (upper
sign choice) and acoustic waves. This term in-
troduces a coupling, however, and at the cross-
over frequency the wave vectors of the two modes
are given by

'o &4 x2 '~'"xvwc(p)
The fractional difference in wave vector for the
two modes is, for typical acoustic velocities and
material densities,

iHw 7

Pg 4mpv
0

(13)

where p is the carrier mobility measured in cm'
V ' sec '. These equations are approximate re-
lations subject to the condition 1«&ocr «vO(4vp)'"
xH '. The condition on the relaxation time for
realizing the full effect described by (11) is +cT» v( 4wp)'"H ', a, much more stringent condition
than (dcT»1. Nevertheless, the magnitudes are
such that the effect should be observable with at-
tainable relaxation times and fields. Figure 2
shows schematically the dependence of (Bgu+)
on the relaxation time for a fixed magnetic field.

A factor (iecT +1- mO/m*) appears in the equa-
tions leading to (12) and (13). In order to sim-
plify (12) and (13) we have assumed that if m pm*
differs from one, ucT»11 —mO/m*1. This fac-

(Io)

which is small but should be experimentally de-
tectable in available magnetic fields. The rela-
tion between the magnetic induction associated
with the wave and the lattice particle velocity is,
at the crossover,

(B ) i cq tE"I—'
I -=(4~p)'".

(u j+x x +x
Particle velocities of the order of 0. 1 to 1 cm
sec ' are obtainable using conventional ultra-
sonic techniques. For sufficiently long relaxa-
tion times these particle velocities will be as-
sociated with magnetic inductions of the order
of 1 to 10 gauss.

Calculation of the dispersion relations and re-
lative field amplitudes for finite relaxation times
can be carried out in the following manner: We
distinguish two cases. First, we assume propa-
gation of the mode which can be identified as a
weakly perturbed acoustic wave with dispersion
relation v, 'q' = ~'(I + 5p) where 5p describes the
perturbation due to the interaction and it is as-

FIG. 2. This shows schematically the dependence on
relaxation time of the magnitude of the ratio of the mag-
netic induction and the acoustic particle velocity at the
crossover frequency for the mode which is phononlike
for weak coupling. v& is the relaxation time for which
~~v becomes equal to one. For shorter relaxation
times, the helicon wave is severely damped and cannot
be said to exist as a propagating wave. v2 is the relax-
ation time for which the condition 4JCT=vp(4mp) H is
satisfied and marks the transition to the region in which
the modes are completely mixed at the crossover.
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tor leads to phase and amplitude effects which
should make it possible to establish experimen-
tally whether m* or mo should appear. '

In the second case we assume propagation of a
mode identifiable as a slightly perturbed helicon
wave with dispersion relation c'q'(1 +ice 7)
=i~@'&u7(i +5h). A calculation similar to the
above and subject to the same conditions yields

(d T -8

4~pv 4~pv
(i4)

ZH (d T
C

4~p 2
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These results indicate that in appropriate ma-
terials it should be possible to observe a number
of effects associated with the helicon-phonon in-
teraction including dispersion or absorption of
either type of wave at the crossover or genera-
tion of one type by introducing the other type into
the system from outside. The latter includes the
interesting possibility of generating high fre-
quency acoustic waves in metals.
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The purpose of this Letter is to investigate the
interaction between helicon waves and transverse
acoustic waves propagating parallel to a dc mag-
netic field in metals. %'e assume that a metal
behaves as a free electron gas embedded in a lat-
tice of positive ions, the latter being isotropic
and capable of sustaining both longitudinal and
shear waves. In the absence of the Coulomb in-
teraction between the electrons and the positive

ions, the transverse modes of vibration of the
system consist of two shear acoustic waves of
frequency (d =~sq and an electromagnetic wave
(helicon') of frequency

=c'q'(u /cu '. (i)

Here s is the velocity of transverse acoustic
waves, q the wave vector, co, =+!e i 8Jmc (e
= charge on the electron) is the electron cyclotron
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