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overlap has occurred than before; and (2) the
T anomaly in the In-Pb case occurs at a slightly

C
lower concentration than in the In-Sn case. %e
call attention to these features as unsolved prob-
lems. One can invent density-of-states curves
to account for them, but we have not as yet meas-
ured the density of states of any of our samples
in any independent way.

The major conclusions then are these: (l) The
Fermi surface of In may not resemble the free
electron model as closely as had been previously
thought; (2) the variation of lattice parameters
caused by an expanding Fermi surface interact-
ing with a Brillouin zone is observed unambiguous-
ly and confirms the predictions of Goodenough;
(3) the structure observed by Tomasch and Reitz
in thermopower measurements on In-Pb alloys is
confirmed by measurements of other properties
and their qualitative interpretations supported;
and (4) an anomaly in a plot of T vs composition
is identified unambiguously with a change in elec-
tronic structure occurring with a single crystal-
lographic phase.
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The purpose of this note is to discuss triplet en-
ergy migration and triplet-triplet annihilation lead-
ing to fluorescence radiation. The first process
has been observed in both ESR' and optical spec-
tra' of aromatic crystals, and the second process
has been invoked to explain laser-induced delayed
fluorescence in crystalline anthracene. '

The first treatment of exciton-exciton interac-
tion, by Choi and Rice, 4 was concerned with the
problem of singlet-singlet bimolecular annihila-
tion to yield a pair of charge carriers. Because
of the large magnitude of the intermolecular pair
interaction matrix element (i. e. , a Coulomb-type
interaction), Choi and Rice used a free exciton
formalism and did not consider the coupling be-
tween the electronic states of the crystal and the
intermolecular and intramolecular vibrations. In
contrast, the migration of triplet excitons is de-
termined by relatively small exchange interactions

(=5 cm '), so that the interaction of a triplet ex-
citon with phonons will be strong, the mean free
path will be of the order of magnitude of a lattice
spacing, and therefore the band description will
be inappropriate. The triplet must be treated as
a localized exciton. Moreover, as the rate of
excitation transfer is small compared with the
lattice relaxation time, the triplet exciton is sur-
rounded by a lattice deformation which propagates
with it.

Because of lattice vibrations the initial and final
states involved in the triplet exciton hopping proc-
ess are broadened. Consider the initial (0) and
final (f) vibronic states of a single molecule,

with the energies e = gv + ~e. Time-dependent
perturbation theory leads to the transition prob-
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ability (for transfer of energy from molecule 1

to molecule i)'
Table I. Electronic matrix elements for triplet exci-

tation transfer in naphthalene and anthracene crystals.
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where ~(eU) is the probability that a molecule has
vibrational energy in the range dev about e„. In
the following treatment, the vibrational spectrum
is treated as a continuum. The vibrational over-
lap cannot, at present, be calculated with any ac-
curacy, and Eq. (2) is therefore simplified to the
form

rapidly with increasing molecular separation,
only triplet energy transfer to near neighbors
need be considered. The mean lifetime of the
triplet excitation on molecule 1, 7„ the total tran-
sition probability, W, and the diffusion coefficient,
D, are related by

1/T =Q.W

I Q+,II 4li 8 q le jc 1 je li le je 1 je
D = 6+i W1 Rli. (4)

x g Fdg, (3)

where F (E) and f(E) are the normalized singlet-
triplet (S —T) absorption function and the triplet-
singlet (T —S) phosphorescence function, respec-
tively.

The interaction responsible for triplet migra-
tion involves the exchange term'

If. . =(u0 (1)u0 (1) lr
2

lu (2)u (2)),
U

where up' is the molecular orbital located in the
ith molecule and lr = O,f refers to the highest filled
and lowest empty molecular orbitals, respectively.
The molecular orbitals located on different mole-
cules are chosen to be orthogonal.

The exchange integrals have been evaluated nu-
merically' for molecular orbitals consisting of
linear combinations of carbon 2/m-type orbitals,
themselves chosen to be the carbon atom 2P SCE
wave function. ' The molecular crystals consid-
ered are characterized by a monoclinic unit cell
containing two molecules, and belong to the sym-
metry group t"~'. The basic vectors of the di-
rect lattice are labeled as a, b, and c. The larg-
est values of the exchange integral occur between
molecules located at the corner of the unit cell
and at the other corner (b) and center of the cell
face [P =2t(a+b)] in the ab plane of the crystal (see
Table I).

Because the exchange energy decreases very

where R 1; is the distance between molecules 1
and i, while the diffusion coefficients along the
crystal axes Da, Db, and D~ are

D =(1/7 ) a/2, D =(1/T ) b/2,a la '
b lb

D =(1/T ) c'/2. (4')

In the process of executing a random walk, the
triplet exciton diffuses a distance (2DTO)'", where
Tp is the exciton lif ctime . In the case of anthra-
cene, T,= 10 ' sec, ' a = 8. 56 A. , b = 6. 04 A, JF (E)
xf(E)dE=0. 1 eV ', whereupon T, '=3x10' sec ',
Dab=5x10 ' cm' sec '. Within the ab plane, the
diffusion length is therefore found to be of order
3x104 A, a value of the same order of magnitude
as the diffusion length of singlet excitons. In
naphthalene, where the triplet lifetime is longer
(T,=2. 3 sec) the diffusion length is Sx 10' A in the
ab plane. The reader should note that only inter-
actions within the ab plane are of appreciable
magnitude.

If there are Z nearest neighbors to a molecule
and N molecules per unit volume, the rate of col-
lision of two excitons is

RR =Zn'/2NT „
with n the number of excitons per unit volume.
For anthracene, taking Z =6 (i.e. , four molecules
at distance IiI I and two molecules at distance I b I)
and X =4. 22x102' cm ', RR =2. 1x10 "n' cm '-
sec '. ' When two triplet molecules are adjacent
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in the gb plane, two different exciton-exciton an-
nihilation reactions may take place. It was pre-
viously suggested' that the annihilation process
leads to an excited singlet state, 2T —G+S, but
an alternative final state involves the formation
of an ion pair with charges on adjacent molecules,

2T-Q +G . In the case of anthracene the ion
pair formation is energetically feasible because
the sum of the triplet energies (3.7 eV), the Cou-
lomb interaction energy (2. 5 eV), the polariza-
tion energy (=0. 5 eV),"and the electron affinity
(0. 6 eV)" matches the ionization potential (7. 2

eV). The relevant electronic matrix elements are

(T T. I &. I S.G.}= (3/2) [(u (1)u (1) I r lu (2)u (2)) - (u (1)u (1) I r lu (2)u (2))j;
2 j 2

(6)

(T TI V. I G. G. ) = (3/2) [(iu (1) I Ir lu (2)u (2))+(lu (1) I ir lu (2)u (2))i j i j
+(lu (1)i Ir lu (2)u (2)) —(u (1)u (1) Ir12 lu0 (2)u (2))j;f 0 f (7)

where G, S, and T refer to the ground state, first
excited singlet, and first excited triplet, respec-
tively.

A very cursory examination of Eqs. (6) and (7)
indicates that the transition of the double triplet
state to an excited singlet is determined by an
exchange integral, while the transition to the ion
pair is determined by hybrid (ionic integrals).
The hybrid integrals between 2P wave functions
are one to two orders of magnitude larger than
the corresponding exchange integrals. "

The following set of conclusions is derived:
(1) The mechanism of triplet-triplet annihilation

proceeds by charge-pair formation. In general,
the matrix element for the formation of charge
pairs is 100 times larger than the matrix element
for direct singlet formation. If the vibrational
overlap factors are about the same for both proc-
esses, the transition probabilities are then in the
ratio about 104:1.

(2) The recombination of the ion pair is very ef-
ficient on the time scale of the triplet exciton mi-
gration. It is assumed herein that the ion-pair
recombination leads to an excited singlet state,
thus accounting for the delayed fluorescence ob-
served in these crystals.

(3) The rate-determining step in the triplet-
triplet annihilation is the production of two adja-
cent excited molecules. The annihilation rate is
therefore diffusion controlled. Application of the
results embodied in Eq. (5) leads to the predicted
annihilation rate constant 2. 1x10 " cm ' sec '.
This is in excellent agreement with the value 1
x10 "—4x10 "cm ' sec ' estimated by Kepler
et al. ' The sensitivity of the calculated rate con-
stant to the overlap of the absorption and phos-
phorescence spectra, and the exchange integrals
makes our theoretical estimation uncertain within

one order of magnitude.
(4) The triplet-triplet interaction (leading to an

ion pair) differs from the singlet-singlet interac-
tion (leading to ionization), in that the rate-de-
termining step in the singlet-singlet interaction
leading to ionization is the transition to the state
involving a positive ion and a free electron, where-
as the rate-determining step in ion-pair formation
from triplets is the rate of encounter of the two
triplet excitons.

(5) Although it would be tempting to invoke the
intermediate ion pair as a precursor to the charge
carriers observed in dark conductivity of aromatic
crystals, we believe this would be an erroneous
deduction. Simple estimates of triplet concentra-
tion and charge-carrier concentration show that
the ion pair is unlikely to be the source of charge
carriers at low field strengths and ordinary tem-
peratures. Investigation of field-induced disso-
ciation and nonequilibrium ion-pair concentrations
in systems of the type investigated herein will be
of great interest.
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The theory of superconductivity expounded by
Bardeen, Cooper, and Schrieffer' is based on a
variational wave function involving time-reversed
pairs. An alternative formulation given by Bogo-
liubov2 is based on the principle of the compen-
sation of dangerous diagrams, following a canon-
ical transformation. The complete statement of
the compensation principle can be shown to yield
the generalized integral equation for the energy-

gap parameter

/(g I + ~ 2)i/2

where the ck are "renormalized" normal single-
particle energies, expressed relative to the Fer-
mi energy, and Gkk' is an "effective" pair inter-
action. To second order in the interaction V

between pairs (after the canonical transformation
has been carried out), G is given by

u-'v-, ~(-kq' f V j -qk')(-qk f V f -0'q') —(uv)-(uv)-, I (-kq I V I -q'0') I
'

G—,= (k, -k I V lk', -k') + 2kk' $-+$- +$-+$k k' q q'
qq'

(2)

where, for simplicity, we have here assumed
that the potential V acts only in singlet states.
The energy (k is (ek + Ak )", and the u and v'
are given by

The second-order term in Eq. (2) proportional
to (u2)(v~) dominates over the (uv)(uv) term and
corresponds to intermediate scattering of a par-
ticle-hole pair. We note that for an attractive
interaction (negative V) the second-order cor-
rection is effectively repulsive and tends to re-
duce the energy gap.

Bogoliubov, Tolmachev, and Shirkov' have ar-
gued that the ratio of the second-order terms in

6 to the first-order one are proportional to the
energy gap, and are thus negligible. We have
investigated this point in some detail, and find
instead that this ratio is proportional to the
strength of the interaction in the limit of small
gaps. The second-order term can, in fact, be
numerically very significant and in some instances
no solution of Eq. (1) with Eq. (2) obtains.

We wish to draw a distinction between solving
the integral equation (1) for the energy gap and
an alternative perturbation procedure. In the
latter case one introduces a canonical transforma-
tion, the parameters of which (i.e. , bk') are
determined by solving the lowest order (BCS) in-
tegral equation. The quasiparticle energies can
then be evaluated by a perturbation treatment of
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