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RELATION BETWEEN THE WIDTH OF THE OMEGA AND THE REACTION 7 +7 -7 +wT
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We propose a model for relating the reaction
rt+rl—nt+w (1)
to the decay of the omega into three pions,
w-nt+nrT 70, ()

Our model relies on the dominance of the p-mes-
on intermediate state; i.e., in Reaction (1), 7

+T -p-7+w; and in Reaction (2), w -7 +p fol-
lowed by p - 2r. This model arises as the result
of an S-matrix approach if one makes the usual
approximation of considering only nearby singu-
larities; it has been proposed for w decay by
Gell-Mann, Sharp, and Wagner® and by Frazer
and Wong,? and for relating Reactions (1) and (2)
by Sakurai.® The principal difference between
our model and Sakurai’s is that ours is derived
from consideration of the unitarity and analyticity
of the S matrix, and remains within the bounds
imposed by unitarity. Sakurai’s model, based on
a vector-meson field approach, neglects the
threshold singularity in Reaction (1). Consequent-
ly, it is impossible to fit the data of the preceding
Letter® with this model without violating the uni-
tarity limit around 1.5 BeV or below.

We obtain a formula for Reaction (1) by first
considering the partial-wave scattering ampli-
tudes. Conservation of isotopic spin and the ex-
clusion principle allow only 7=1 and odd total an-
gular momenta. We therefore focus our attention
on the J =I=1 state, which should be dominant
over most of the energy range of the experiment
in the preceding Letter. In order to construct a
partial-wave amplitude for Reaction (1), we must
simultaneously consider the processes

T+T —~T+T, (3)
TH+w—T+w. (4)

The amplitudes for these processes in the J=1=1
state will be designated M,,(s) and M,,(s), re-
spectively, with M ,(s) for Reaction (1). The M;;
are normalized to remove threshold factors: Mij
=s'?T;j/(giqj)*?, where g, and g, are center-of-
mass momenta in the two-pion and 7-w states,
respectively; and where the Tij are the usual T-
matrix elements, normalized such that below the
T-w threshold, T,, =e® sins.

To obtain a unitary scattering amplitude, we

use the well-known method® of setting M =ND!,
where all quantities are matrices, and where the
left-hand cut, which is determined by the nature
of the interactions which one chooses to include,
is contained in the matrix Nij(s). We shall not
attempt to calculate the interaction, but rather
to represent it in terms of a few parameters in
order to obtain an “effective-range” formula.®
We shall then use this formula to extrapolate the
amplitude M,,(s) from the neighborhood of the p-
meson pole to the physical region for Reaction
(1). Thus the present calculation is the reverse
of the Dalitz-Tuan analysis in which K-N scatter-
ing data were used to predict a resonance below
the threshold.

In a one-channel calculation if one represents
the left cut by a simple pole, one obtains the usu-
al effective-range formula. We follow the same
procedure, setting Nij(s) =nz-]-/(s +S,). The alge-
bra can now be simplified if one exploits the free
multiplicative factor in N and D; i.e., M=ND"*

=N'D'~!, where N'=NL and D’=DL, and L is an
arbitrary matrix. We choose L =n"!, so that
N.'=6.. .
ij Z.]/(s +8g) (5)
Hereafter we shall drop the primes. Then it fol-
lows in the usual manner that
= - - 2
Dij(s) < 61‘]‘(8 m, )Ki (s), (6)

where the ¢;; are arbitrary real constants, with
€y, = C, to make the T matrix symmetric. For
convenience we have made a subtraction at the
square of the p~-meson mass, so that

3
o q.%(s)
K,(s)=lf ds’ :
ik,

)

s12(s7 - s)(s’ - mpz)(s' +so)’

where sy =4m;?®and sg=(my; +my,)?. These equa-
tions determine the matrix M in terms of four
parameters. We eliminate two of these by re-
quiring a zero of the determinant of D to repre-
sent a p meson with the correct position and width.
The position is fixed at mp?® by requiring that
Re[detD (mp?)]=0, which results in the condition
€1:€5, = (c,5)?. In order to adjust the p-meson
width, we examine the form of the T matrix im-
plied by Eqs. (5) and (6) in the vicinity of mp®.
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Expanding about this point, we obtain the Breit-

Wigner form
('Y ¥ .)1/2

t )]
M..(S)= 2. o2 3/.1/2 (8)
ij mp s -1y,4, /s

where the partial widths y, and y, are given by

C22

Y17 2 A Y2=71611/C5-(9)
SO[clle(mp )+(:22K1(mp )]

Now v, is adjusted to give the observed p-meson
width, whereas y, is directly related to the cou-
pling constant at the p-n-w vertex.”® We have
now reduced the number of parameters in our
effective-range formula for Reaction (1) to two;
we choose these to be y, and a, where a=s,c,,.
We can now calculate the cross section for 77
+7°~7%+w via Eqs. (5) and (6) and the relation

012= 127221, . (10)

An example is shown in the solid curve in Fig. 1
for y,=2.5 and @ =5.° This curve corresponds
to a resonance, i.e., to a pole in the T matrix
close to the physical region. The parameter a
controls the position of this resonance, whereas
its width and height are controlled by v,.°

In the preceding Letter several curves were
given which fit the data on Reaction (1). All of
these implied the existence of a second resonance
with the quantum numbers of the p meson at a
mass of about 1200 MeV, with a width of 200-400
MeV, which we shall refer to as a p’. Our effec-
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FIG. 1. The cross section for 7*+n%— 1% +w for

a=5, y,=2.5. The solid curve is the J =1 state; the
dashed curve includes in addition an estimate of the
higher waves.
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FIG. 2. The pion-pion elastic cross section for the
same values of the parameters as used in Fig. 1.

tive-range formula is unable to fit the data without
such a resonance. For a given value of the pa-
rameters we can calculate the corresponding
cross section for 7 +m -7 +7. In Fig. 2 this cross
section is shown for the same values of the pa-
rameters as in Fig. 1, which correspond to one
of the fits given in the preceding Letter. There
is no experimental evidence for a p’ in double-
pion production experiments,!! but a bump as low
and broad as the second one in Fig. 2 might be
difficult to detect. It should also be present in
the /=1 KK channel, but we cannot calculate the
partial width for p’ -~ KK since we have neglected
the KK channel in our calculation. A rough esti-
mate can be made by using unitary symmetry
corrected by the ratio of 77 and KK phase spaces.
We estimate in this manner that the p’ should
appear in7m+7 - K +K, I=1, as a peak about 2 mb
high., 2

The dashed curve in Fig. 1 represents an esti-
mate of the contribution of the partial waves with
J = 3. This has been obtained by including the ef-
fect of the p-meson pole in the ¢t and « channels;
M,,(s) is replaced by

Myo(S) + My, () + M, ). (11)

The primes signify that we have first subtracted
out the pole at s =-s,, and then removed the J=1
portion in the s channel, since this is already
included in M,,(s). The dashed curve is, of
course, not to be taken seriously when it becomes
much larger than the solid one. No attempt has
been made to take account of the unitarity condi-
tion for the J=> 3 waves. However, the dashed
curve gives us an indication of the energy at which
these higher waves will make a significant correc-
tion to the model developed above, and thus gives
an upper limit on the energy at which the model
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should be used.

Let us now turn to the calculation of the width
of the omega, Reaction (2). By using crossing
symmetry we can express this width directly in
terms of the amplitude M,, for Reaction (1) in-
tegrated over the phase space of the three pions:

3 (m, - mn)2

Z Z 3
T4n ds(m >
4m,® w

1
xfld(cose) sin% |f(s, cos8) 1, (12a)

where

F(s,cos6) =M,,(s) +M,,(t) +M,, ), (12b)

and where
t=2my;%- 2w,w, +2¢,q, cOSH,

u =2my’- 2w,w, - 2¢,9,cos6,
- 2 2\)1/2
w, = (ql. tm )2,
The symbol M,, denotes that the interaction pole
at s =-s, has been subtracted out. This pole
represents the effect of the left-hand, or “inter-
action,” singularities, the nearby part of which
is given by just the last two terms in Eq. (12b).
To avoid counting these terms more than once,
we remove the interaction pole. The result of
numerical integration of Eq. (12) has been given
in the preceding Letter for the curves used.
Another method of calculating the w width would
be to take the value of fpq(, implied by a given
value of y, and insert this into the Gell-Mann,
Sharp, and Wagner (GMSW) formula.' The re-
sults are somewhat different; for example, for
y.=4.1 and a=3.6 we obtain I' ;=10.7 MeV,
whereas the GMSW formula gives 9.7 MeV. The
difference comes about because (a) we have used
the functional form of M,, derived from our S-
matrix approach, whereas GMSW have used con-
ventional perturbation-theoretic propagators, and
(b) our formula includes the effect of the p’ pole.
It is reassuring that the results of the two ap-
proaches agree as closely as they do.

We are very much indebted to Dr. Nguyen-huu
Xuong and Dr. Richard Lander for advance com-
munication of the results given in the preceding
Letter, which stimulated this investigation, and
for many helpful discussions. We also benefitted
greatly from the suggestions of Dr. James S. Ball
and Dr. David Y. Wong.
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