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The transition temperature T~ of a superconduc-
tor depends upon the average atomic mass 34 of
its constituents:

Although the existence of this isotope effect has
played an important role in the development of the
theory of superconductivity, the experimentally
observed values of g have never been properly ex-

plained. Here we present calculated values of g
in agreement with experiment and show the ob-
served qualitative difference between the reduced
isotope effect (g ~ 0.3) of the transition metals and
the nearly complete isotope effect (g-0. 1) of the
simple~ metals to follow from elementary ideas
of band structure.

%e have assumed an isotropic free-electron
model for the simple metals and a two-band mod-
el consisting of nearly free electronic states or-
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where g is measured relative to the Fermi level
and where

Z = Re([g"+ ~'(~')]v') (3)

is the superconducting quasi-particle energy. ~ We
assume the existence of only two contributions to
the kernel of Eq. (2), a Coulomb contribution EC
and a contribution Kph arising from the virtual
exchange of phonons':

thogonalized to tightly bound d states for the tran-
sition metals. ~ We have already shown' that the
experimentally observed properties of the transi-
tion metals must be described within the frame-
work of the Anderson theory of dirty supercon-
ductors. Thus, we describe the superconductivity
of both the transition metals and the simple metals
in terms of a single gap A(g) which is a function
only of the renormalized normal-state energy,

&(g) =-j~ d$'Re[A($')]K($, $') tanh, B, (2)

ation & from the ideal isotope effect in the sim-
ple metals.

In order to obtain simple quantitative formulas
for &, we must investigate the approximate form
of the kernel K(g, $'). We find that Kph(x, x') de-
pends strongly on x -x' and approaches zero for
)x -x')»1, but that the explicit dependence on
x+x' is weak. We also find that KC($, &') is «ry
nearly constant over any range in energy of order
kII8D (at least for the simple metals). We are
thus led to assume the existence of a phonon cut-
off parameter x &1 such that K h(x -x') may be
neglected whenever )x -x' j &x and such that both
the explicit $+ $' dependence of K h(x, x') and the
g and $' dependence of KC($, $') over any range
in energy less than xckg&D may be neglected.

We consider as a zero-order approximation the
simple two-square-well model of Tolmachevo and
of Morel and Anderson

K (x, x') =K (0, 0) for both {xi and ix'I &x =1,
ph

'
ph c

K($, $', M) =K (], $')+K „(x,x'),
ph

(4) = 0 otherwise;

where x = $/kfI8D is measured in units of the M-
dependent Debye energy.

We first discuss the general properties of the
gap solutions A($) in order to understand quali-
tatively the difference between the observed iso-
tope effect in the simple metals and in the transi-
tion metals. As the isotope effect arises solely
from Kph through the M "' dependence of 6[D, we
clearly expect a significant deviation g from the
ideal isotope effect if T depends strongly on the
average magnitude of K ((, ]'). In all supercon-
ductors, the real part o b, changes sign at an
energy very nearly equal to any energy at which
the kernel K(0, () changes sign. ' Thus, the prod-
uct Re[A(()]E(0, () is negative for essentially all
energies $ {assuming Re[A(0)]K(0, 0) &0], so that
the contribution of KC(0, t&) in the region $» kB8D
reduces the effect of EC(0, g&) in the region $&
& kg8D.

We find that in the simple metals KC(0, g) re-
mains large up to energies $ &10 eV. On the
other hand, we expect KC(0, g)/KC(0, 0) to be
very small for f ( f greater than haU a d-band
width (-1 eV) for the case of the transition met-
als. Our explicit calculations have shown the ef-
fective cutoff energy ] for KC(0, g) actually to be
of the order of half a d-subband width —,'Ed &1 eY
for this case. y Therefore, we expect the con-
tribution of KC(0, $ ) more nearly to cancel the
effect of KC(0, g&) in the simple metals than in
the transition metals, leading to a smaller devi-

E ((, $') =K (0, 0) for both i $ i and i g' i & ],c
= 0 otherwise.

This model yields the simple formula

~=~'=(E */E )'.
C eff (5)

K *=E (O, o)/[1+K {0,0) In(( /k 8 )]. (6)

As Keff may be expressed as the sum of an av-
erage phonon contribution (Eph) plus the net Cou-
lomb contribution KC*, Eqs. (5)-(7) clearly sup-
port our contention that the deviation g from the
ideal isotope effect is significant only if the net
Coulomb contribution KC* is of the same order
as the phonon contribution {Kph).

An integral equation for the variation 5y(g) of
the normalized energy gap

y($) =Re lim
T ~(0)

with respect to small changes in T and 0D fol-c
iowa immediately from Eqs. (2) and (3) without
any square-mell approximations, given our as-

The experimentally determined quantity Keff = 1/
[2 In(Tc/1. 14 8D) ] corresponds to the parameter
-N(0)V of Bardeen, Cooper, and Schrieffer (BCS),'~
an KC ss given by
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sumption of a phonon cutoff parameter x .

69(~)=2[K „()-K „(0)][aln(r)-5in(e )]
ph ph c

+2[K (~)-K (0)]aln(T )
C

-( *)

where

~[K(g, (') - K(O, ~ )]5q(~ ),

g tx+x
Nx) =Re

"x -xc c

x sech'
l~

—-K(x, 0).
C

However, in order to solve Eqs. (2) and (7) nu-
merically and thus calculate g, we have employed
the square-well approximation Kph(x, x') =Kph (x,
x') which we justify after a discussion of our
treatment of the Coulomb contribution KC($, $')
to the kernel.

Our isotropic free-electron model for the sim-
ple metals yields a Coulomb contribution KC(g, $')
which may be written in the form KC(0, 0)K "(y,
y ', E ), where y = $/E is measured in units of
the Fermi energy and where the explicit depend-
ence of KC upon EF is very weak. Therefore,n

we may write g in the form given by Eqs. (5) and
(6) and calculate the ratio of the effective Cou-
lomb cutoff energy to the Fermi energy, $ /EFc
(=4 for all of the superconducting simple metals),
simply by calculating KC($, $') numericallyi and
solving Eqs. (2) and (7) for any given simple
metal.

Our lack of knowledge of the detailed band
structure of the transition metals leads us to
choose a simple two-square-well model for
KC((, g') in the transition metals:

KC($, $') =K for }t } and } (' } both & g ',
c

ss for either I ( I or I (' ) & ( '
C c

and both t ] I and I )' I & $
C

= 0 otherwise.

Here the cutoff $
' corresponds roughly to half

a d-subband width —,'Ed (&1 eV), 'I and the cutoff
gc" is of the order of j.0 eV; EC is the total Cou-

lomb contribution to K(0, 0), and KCss is the
small contribution arising from matrix elements
of the Coulomb interaction between the s-like
parts of the electronic wave functions. ' We again
write g in the form given by Eqs. (5) and (6), de-
termining the effective Coulomb cutoff energy (
numerically for each transition metal. As the
ratio KCss/KC is much less than unity, $ is
only slightly greater than ]c'. Although our lack
of knowledge of the band structure of the transi-
tion metals introduces a large probable error
into our calculation of (, the weak dependence
of KC~ upon g makes this error relatively un-
important. ' The largest error in our calcula-
tions for the transition metals arises from the
uncertainty in our calculation of KC(0, 0), which
depends both on the relative importance of um-
klapp processes and on the position of the Fermi
surface in k space.

In order to justify the use of the square-mell
approximation Kph(x, x') =Kph (x, x'), we derive
an equation for g valid for any physical K h(x, x')
and show that the ratio g/g is approximately
unity. From Eq. (7) we derive the equation

ay(x)/a in(T ) =(1+f)[K(x)-K(0)],

where 0&f&1, and see that y'(x) = asap(x)/a in(T )
+ ay(x)/a ln(8D) is very nearly zero for }x} &xc.
Then, the deviation g from the ideal isotope ef-
fect is given by

(K „)K(0) -(1+t)[K +/2(K „)]
K „(0)+K* K -K *[(K „)-K „(0)]

pxc dx
x —K(0, x) [K(x) —K(O)] tanhl

&2r &
C c

eff

where the average phonon contribution is given
by

x dx
(K )= -K Re~ —K (O, x)9(x)

ph eff I} x ph
Xc

(xe )}
},»

K *
eff C

l16



VOLUME 11,NUMBER 3 PHYSICAL REVIEW LETTERS 1 A.UGUST 1963

As numerical calculations indicate that the ine-
quality

[K „(0)/(K„)-I)& ]K
ph ph eff

should hold for all metals, we find that Eq. (9)
shows our square well approximation Kph(x, x')
=Kph (x,x') to lead to an error of less than or
approximately equal to 25@ in the calculation of

We estimate the over-all probable error in
our calculation of g to be less than or approxi-
mately equal to 30% for the simple metals and
40% for the transition metals.

Our calculated values of ( and our estimated
range of probable error are compared in Table I
with the results of Bardeen, Cooper, and Schrief-
fer (BCS), Swihart (Swi),"and Morel and Ander-
son (MA), as well as with experiment. "" The
great improvement embodied in our results fol-
lows from (I) the recognition of the importance
of band structure effects in the transition metals,
and (2) a more exact treatment of the Coulomb
contribution KC(t, (') than has previously been
attempted. For the simple metals, when warran-
ted by improved experimental determinations of
(, our formalism can be extended through lengthy

numerical calculations to include the effect of the
detailed structure of the kernel K($, $').

In many recent articles, ~ it has been suggested
that the superconductivity of the transition met-
als arises primarily from some interaction other
than the electron-phonon interaction. However,
the excellent agreement between our calculated
values of g and the few available experimental
values clearly demonstrates that one need not
infer this notion from the reduced isotope effect
of the transition metals. Indeed, the observed
vanishing of the isotope effect in ruthenium can
even be used as the basis for an argument against
the existence of any important attractive interac-
tion between electrons in the transition metals
other than the interaction Vph(x, x') arising from
the virtual exchange of phonons. Even if we dis-
regard our explicit numerical calculations, we
see that the large partial isotope effect observed
in molybdenum and Mo~lr (Table I) implies a ra-
tio (Kph)/(KC) nearly as great as that in the sim-
ple metals. The assumption that the supercon-
ductivity of ruthenium arises from some interac-
tion other than the electron-phonon interaction,
coupled with its observed zero isotope effect,
then implies that the ratio (Kph)/(KC) is an or-

Table I. Deviations & from the ideal isotope effect.

Material (exp) (exp)
Experiment
reference (Swi) (MA) (Present calculation)

Zn
Cd
Sn
Hg
Pb
Tl
Al
Bu
Os
Mo
Ir
Hf
V
Tl
Zr
Ta
Be
Nb&Sn

MoeIr
VSGe
V3Ga
V3Si

0.45~ 0. 05
0.50+ 0.10
0.47+ 0.02
0.50~ 0. 03
0.48+ 0. 01
0. 50+ 0. 10

0.10+ 0.10
0. 0 ~0.2

0.06+ 0. 04
0. 00 ~ 0. 06
0.04~ 0.02
0. 0 +0.2

0.08+ 0. 02 0.84+ 0.04
0.33+ 0. 03 0.34 ~ 0.06

0.00+ 0.05 1.0 + 0. 10
0. 10+ 0. 10 0. 8 + 0.2
0.37 + 0. 07 0.25+ 0. 15

17, 18, 24
19
20
20
21

20, 22

23
17
24

25
24

0.0
0.0
0.0
0.0
0.0
0.0
0. 0
0.0
0. 0
0.0
0.0
0. 0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.6
0.6
0.4
0.2
0.2
0.4
0.6
1.0
0.8a0.7

0.35
0.32
0.16
0. 08
0. 06
0. 14
0.32
0. 5
0. 5
0.4
0. 6
0.5
0. 18
0. 50
0.40
0.16
0.18
0. 10
0. 18
0.20
0. 10
0. 10

0.20+ 0.06
0.27+ 0. 08
0. 12~ 0. 04
0. 07+ 0. 02
0.06+ 0. 02
0.11+0.03
0.31+ 0. 09
1.0 + 0.4
0. 8 + 0.4
0.3 -0.15
1.4 +0.5
0.4 +0. 2

0. 7 = 0.3
0. 6 --0. 3
0. 3 & 0. 15
0. 3 + 0. 15
0.4 ~0.2
0.6 + 0.25
0.35*0.15
0. 7 + 0. 3
1.3 + 0. 5
1.0 + 0.4

These values are calculated from the model used by Swihart, '4 but were not published by Swihart.
These values are calculated from the formulas of Morel and Anderson, but were not published by Morel and

Anderson.
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der of magnitude smaller in ruthenium than in
molybdenum. This great fluctuation in the ratio
(Kph) j(KC) from one transition metal to another
seems unreasonable. By contrast, our calcula-
tions indicate only a small variation in the ratio
(Kph)/(Kc) as a function of position in the peri-
odic, ta,ble. 2

The pressure dependence of the transition tem-
perature T~ is also susceptible to an analysis
similar to that given above. It is found experi-
mentally2' that the pressure dependence of T
in the simple metals is an order of magnitude
greater than in the transition metals. This ex-
perimentally observed qualitative difference be-
tween the pressure dependence of T in the case
of the transition metals and in the case of the
simple metals is consistent with our calculations. ~
However, we find that in both cases the pressure
dependence arises almost entirely from the pres-
sure dependence of (K h), which is extremely
sensitive to the exact form of the pseudopotential
in the simple metals and to the effective nuclear
charge felt by a d electron at the Fermi surface
in the transition metals. This sensitivity was
too great in both cases to allow us to claim any-
thing more than a fortuitous, qualitative agree-
ment with experiment for the pressure depend-
ence of the transition temperature.
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The behavior of superconducting specimens in

a magnetic field at temperatures close to the
critical temperature has been successfully treat-
ed by means of the Ginzberg-Landau-Gorkov
(GLG) theory. ' s At lower temperatures down

to zero, on the other hand, the theory seems
to be in a confused state at present, a number
of papers claiming conflicting results. ~ 7 We
would like to consider here a thin film of super-
conductor (thickness L &10 s cm) allowing es-
sentially complete penetration of the magnetic
field which runs parallel to the film surfaces.
Adapting and extending our previous calculations5
done for bulk material to this particular con-
dition, we conclude as follows:

(a) The phase transition to the normal state due
to the magnetic field should be of the second order
at all temperatures.

(b) A simple scaling rule exists concerning the
field and temperature dependence of the energy
gap.

(c) The critical field H depends on thickness L
and reduced temperature f like H -L +2(ln1 jt)+2

C5for not too thin films (L)0. 5x10 s cm) and near
t =1 in accordance with the GLG theory, but de-
viates from this behavior for very small thick-
nesses or at moderately low temperatures. We
note in particular that the conclusion (a) is con-
trary to the calculations of Bardeen, ' which pre-
dicts a first-order transition for thin films and
t~0. 3.

The details of the calculations will be published
elsewhere. We give here an outline of the argu-
ments leading to the above results. Instead of
treating the magnetic field as a perturbation on
the standard BCS ground state, we first take the
magnetic eigenstates in) of single electrons and
perform the pairing of these eigenstates. We
may pair in) and its spin- and space-reversed
state in) as partners since our Hamiltonian in
the London gauge and the boundary conditions
are invariant under this operation. The energy
gap equation at a temperature T =1jkP takes the
form

where P„is the gap parameter, e„the single
electron energy, and V„ the matrix element
of the interaction. The result (a) follows imme-
diately from this since the free energy of the su-
perconductive state becomes always lower than
that of the normal state, except when all @„-0.

A closer examination of Eq. (1) shows that the
effect of the magnetic field on P appears mainly
through the field dependence of the matrix ele-
ment V„~. This means that the suitably defined
average y = y„depends on H only through a change
in the effective coupling parameter p(H) =NV(H)
characteristic of the BCS theory. We may thus
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