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We present a comprehensive model for the nucleation of domains in membrane adhesion. We determine

the critical number of bonds in a nucleus and calculate the probability distribution of nucleation time from

a discrete master equation. The latter is characterized by only four effective rates, which account for

cooperative effects between bonds. We validate our model by finding excellent agreement with extensive

Langevin simulations. In the range of parameters typical for cell adhesion, we find the critical number of

bonds to be small. Furthermore, we find a characteristic separation between the bonds at which nucleation

is particularly fast, pointing to potential regulatory mechanisms that could be used to control the cell

recognition processes.
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Cell adhesion is mediated by domains consisting of
ligand-receptor bonds connecting either two cells or a
cell with the extracellular environment. As key elements
in the machinery of the cell recognition and mechanosens-
ing [1], domains are implicated in up and down regulation
of a number of processes [2] including determining the
morphology [3] and protein expression [4] of stem cells,
immunological response [5], cell differentiation [6], or the
control of homeostatic pressure in tissues [7,8].

Adhesion domains are commonly studied on relatively
long time and length scales, whereby the overall adhesion
is sensitive to the density of immobilized binders and to the
stiffness of the substrate [9,10]. This sensitivity was also
reflected in the structure of the actin cortex [11] and the
ability of cells to generate forces [12]. These forces were
found to act on adhesion domains, rendering them unstable
in all but a narrow range of sizes [10,13].

Much of the current understanding of the formation of
domains arises from studies of vesicles specifically binding
to a substrate (for reviews, see Refs. [14,15]). Thereby,
domains form spontaneously, with densely packed ligand-
receptor bonds [16,17]. However, the stability of bonds at
the edge of the domain, as well as the number and the
morphology of domains, were found to vary most with the
density of binders on the substrate [18,19], reminiscent of
observations in the cellular context. These results could be
explained by extensive simulations [19–21] and by theo-
retical modeling of both the adhesion equilibrium [21,22]
and the dynamics of growth, typically long after the stable
seed of the domain was formed [16,17,23–27].

On the other hand, very little is known about the
nucleation stage of domain formation. The related debate
has focused upon establishing the size of a stable nucleus,
where the seed of a domain was typically predicted to
contain a large number of bonds [25,28,29]. However, the
resolution of optical microscopes has recently become

such that early stages of the domain formation could be
studied [13,30]. Consequently, it was suggested that
membrane fluctuations play an important role, and that
already a few bonds may be sufficient to form a stable
seed [31].
The difficulty in modeling the nucleation [32] arises

from the coupling of the deformations of the fluctuating
membrane and bond association and dissociation rates
[19,33]. This coupling induces density dependent correla-
tions [21,34], promotes the formation of bonds, and enhan-
ces the stability of already formed bonds [35]. Here, we
elucidate the importance of these correlations for the
nucleation and arrive at a theoretical prediction for the
number of bonds in a stable seed, as well as the character-
istic nucleation time. We demonstrate the validity of
our approach by achieving a favorable comparison with
relevant simulations and available experimental data
[18,31]. The related technical formalism is presented in
the Supplemental Material [36].
The model.—The membrane is assumed to contain freely

diffusing ligands with a concentration of �l. The ligands
occasionally form bonds with receptors. The latter are
immobilized on the substrate in the concentration �r and
modeled as thermalized harmonic springs of stiffness �
and rest length l0. A bond is created when the distance
between the ligand and the receptor is in the range � of a
steplike interaction potential, the depth of which is given
by the binding affinity of the pair �b. By considering the
entropy cost associated with the change in receptor fluctu-
ations upon bond formation, an effective affinity ��b ¼
�b þ kBT ln½��2=ð2�Þ�=2 is deduced.
TheHamiltonian of the system (Fig. 1) explicitly accounts

for the deformation of the fluctuating membrane [34,37] and
the bonds [19]. They are both parametrized by the space and
time dependent height hðr; tÞ of the membrane above the
substrate. Hence,
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The Helfrich energy (first term) term describes the
bending of the membrane in a harmonic potential (second
term) of a strength � with a minimum at h0 [38]. The latter
accounts for the glycocalyx and other implicit potentials
(van der Waals, Coulomb, hydration. . .), whose role is to
prevent unspecific contacts and keep the unboundmembrane
at a relatively large separation from the substrate [39]. The
last term sums over the enthalpy of a total of NtðtÞ bonds
formed at the set of positions frig. The entropy change
associated with ligand diffusion during nucleation can be
neglected.

The critical size of the stable nucleation seed.—In our
variant of the capillarity approximation (see Supplemental
Material [36]), we calculate the critical number of bonds
Nc in the seed by balancing the increase in the free energy
due to the membrane deformation and the decrease in
binding enthalpy

Nc ¼ 1þ 4d4�r�
ffiffiffiffiffiffiffi
��

p
�ð�d2 � 2 ��b�rÞ2

: (2)

Thereby, d is the change in height experienced by the
membrane (see Fig. 1). Furthermore, we assume that all
receptors within the seed are bonded [25,26] and recognize
that the membrane profile (Fig. 1) associated with the
formation of one bond [34,37] characterizes the shape of
the moving edge in a small seed (deformation energy is
proportional to the seed circumference).

Notably, Nc diverges when �d
2 ¼ 2 ��b�r, beyond which

specific adhesion is unstable. Because the receptors are
immobile and ligands mobile, Nc explicitly depends on �r

but not on �l. In the context of cell adhesion, in which
active regulation can modify the local binder density, the
membrane stiffness, or the glycocalyx, this result points to
possible regulatory mechanisms. Under the conditions
used in experiments on vesicles [18,31], Eq. (2) correctly

predicts stable seeds of 2–4 bonds, depending on the
affinity of the ligand-receptor pair in question (Fig. 2).
Nucleation dynamics.—The dynamics of nucleation is

often addressed through the concept of the mean first
passage time [40]. Thereby, one calculates the time 	 for
the system to evolve from the state A (no bonds), to the
state B (Nc bonds). Depending on the path (the sequence of
binding and unbinding events prior to the establishment of
the Ncth bond), a distribution P ð	Þ of first passage times
emerges, the first moment of which is the mean first
passage time or, in our case, the characteristic nucleation
time �	. The corresponding master equation couples the
time variation of all probabilities Pn for finding seeds with
n�Nc�1 bonds (see Supplemental Material [36]). These
probabilities are primarily dependent on rates at which the
bonds form and break.
The confinement of the receptors and ligands to opposing

surfaces makes the association and dissociation rates, konðhÞ
and koffðhÞ, dependent on the local instantaneous distance h
between the two membrane [41]. By postulating local ther-
modynamic equilibrium for each receptor, these so-called
Dembo’s rates satisfy the detailed balance condition

koffðhÞ
konðhÞ ¼ exp

��
�

2
ðh� l0Þ2 � ��b

��
; (3)

where we set 
 � ðkBTÞ�1 � 1. In the spirit of previous
works [19,42,43], we relate kon to the probability of finding a
ligand and a receptor within the range of the interaction
potential �, averaged over all receptor conformations

konðhÞ ¼ k0

ffiffiffiffiffiffiffiffiffi
��2

2�

s
exp

�
��

2
fðh� l0Þ � �g2

�
: (4)

Thereby, k0 is the intrinsic reaction rate (the inverse of the
attempt frequency). The local unbinding rate koff follows
from the detailed balance equation (3) and is explicitly
dependent on the effective binding affinity ��b.
The time scale k�1

0 typical for binding and unbinding of

a bond sets the time scale at which a membrane shape-
profile associated with a particular configuration of n bond
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FIG. 2 (color online). Phase diagrams showing regions of
unstable adhesion (Nc ¼ 1) and regions with a particular num-
ber of bonds forming a stable seed (Nc ¼ 1; 2; 3; . . . ) for � ¼
10kBT (kB being the Boltzmann constant and T temperature),
� ¼ 3:125� 10�7kBT nm�4, h0 ¼ 80 nm, and l0 ¼ 40 nm,
�b ¼ 6:97kBT, �l ¼ 1:5625� 10�4 nm�2, and � ¼ 1. These
parameters are used throughout unless otherwise indicated.

FIG. 1 (color online). Left: Snapshot of a nucleation site from
a simulation. Right: Explicitly calculated membrane profiles for
a seed with zero (black), one (green), and five (blue) bonds, the
shapes of the latter two being nearly identical. Effective rates for
the association (Kon

n ) and the dissociation (Koff
n ) of bonds in a

growing seed are displayed.
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is stable. However, membrane fluctuations occur on time
scales much shorter than k�1

0 . Consequently, the membrane

samples the entire height probability distribution pn,
before an existing bond dissociates and a new one asso-
ciates. The ligands also sample all available heights while
attempting to form or break a bond. Simultaneously, rapid
changes of konðhÞ and koffðhÞ with fluctuations of the
membrane take place. Such time-scale separation allows
us to perform the key step in the development of our model,
namely to define a set of effective rates Koff

n and Kon
n to

break the nth or form the (nþ 1)th bond. These emerge by
averaging the local rates konðhÞ and koffðhÞ by means of the
characteristic distribution pn

Koff
n �

Z
dhbpnðhbÞkoffðhbÞ

Kon
n � �l

Z
dhrpnðhrÞkonðhrÞ:

(5)

Thereby, hb and hr signify the height of the membrane at
the position of a bond at the edge of a seed, and above the
neighboring free receptor, respectively. The set fpng can be
calculated analytically and thus, one obtains effective rates

that depend on the median �hb;rn and the variance �b;r
n of the

relevant height distribution (see Supplemental Material
[36] for details).

To form a seed with Nc bonds, one would need 2Nc

effective rates. However, within the approximation of a
moving front with a constant shape (Fig. 1), only four rates
are required fKon

0 ; Kon
1 ; Koff

1 ; Koff
2 g. Here, the rate of asso-

ciation of the first bondKon
0 may be substantial even though

the ligand is on average, out of reach of the receptor
[konðh0Þ ! 0]. Namely, fluctuations bring the binding part-
ners within the interaction range � where they may asso-
ciate with the instantaneous rate konðhÞ. Averaging over
these events yields Kon

0 .

The establishment of the first bond deforms the mem-
brane to the height hb1¼h0�ð8h0 ffiffiffiffiffiffiffi

��
p þ�l0Þ=ð8 ffiffiffiffiffiffiffi

��
p þ�Þ,

and creates the characteristic shape of the moving front.
This first bond unbinds with the rate Koff

1 or, alternatively,
the nucleation proceeds with the formation of the second
bond at the rate of Kon

1 . Because the membrane within the
moving front is on average closer to the receptor than the
free membrane (Figs. 1 and 3, inset),Kon

1 is typically larger
than Kon

0 (Fig. 3). The formation of the second bond

stabilizes the first bond, which is taken into account by
introducing the second unbinding rate Koff

2 , typically
smaller than Koff

1 . The membrane-transmitted bond corre-
lations, which promote radial growth [19], are thus
encoded in the effective rates. Since these correlations
decay on short length scales [44], and because the shape
and the fluctuations of the moving front remain practically
constant for small changes in the radius of the seed (Fig. 1),
the association and dissociation rates of the second and
every subsequent bond remain the same (Kon

n ¼ Kon
1 and

Koff
n ¼ Koff

2 for n > 2).

Interestingly, the binding rate Kon
1 changes over several

orders of magnitude compared to its asymptotic values in
the case of the biologically relevant stiff bonds, � ! 1
(Fig. 3). Thereby, in the direct vicinity of the first bond
Kon

1 � Kon
0 , despite the small ligand-receptor separation.

Under these conditions, strong suppression of fluctuations
prevents the contact between the binders. At intermediate
distances between the receptors, an optimum between
membrane-substrate separation and the intensity of fluctu-
ations is achieved (maximum in Kon

1 ), which may consid-
erably promote nucleation.
With the four effective rates discussed above, the master

equation [40] for the probability distribution of nucleation
times P ð	Þ on an a priori chosen receptor becomes

P ð	Þ ¼ �@	
XNc�1

n¼0

Pnð	Þ � NsK
on
1 PNc�1ð	Þ: (6)

Here, Ns is the number of neighboring receptors around
the seed with Nc � 1 bonds. Equation (6) is conditioned
by a set of probabilities Pn to find aggregates with n < Nc

bonds (see Supplemental Material [36]). Its numerical
solution yields the exact characteristic nucleation time �	
(Fig. 4). On the other hand, analytical analysis provides an
expression for �	 in the limit of large Kon

0

�	 ’
�
Nc þ 2

3

��1 Koff
1

Kon
0

�
Koff

2

Kon
1

�ðNc�2Þ 1

Kon
1

: (7)

The first factor on the right-hand side of Eq. (7) accounts
for the geometry of the (square) lattice. The three remaining
terms are effective reaction constants for forming the first
bond, the second and penultimate bonds, and finally the
Ncth bond, respectively. This intuitive expression performs
very well in the biologically relevant regime of relatively
low ligands density (Fig. 4). In this case, �	 is found to be
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FIG. 3 (color online). The effective binding rate Kon
1 for a

formation of a bond at the distance r from a preexisting bond
for � ¼ 1, 0.05, and 0:02kBT nm�2, shown with dashed black,
full blue, and the dotted red lines, respectively. Furthermore, we
set � ¼ 10 nm and k0 ¼ 106 s�1. Inset: Average membrane
profile in the envelop of local fluctuation amplitude �� around
a stiff bond placed at r ¼ 0.
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particularly sensitive to small variations in receptor density,
binding affinity and bond stiffness. For stiff bonds, the
signature of the Kon

1 rate is clearly observable in �	, with
the appearance of a minimum at intermediate receptor
densities. Beyond the regime of large Kon

0 , we calculated a

more general form for �	 [Eq. (SI-30) in the Supplemental
Material [36]], which predict an exponential dependence of
the nucleation time on the number of bonds in the seed, as
suggested previously by scaling arguments [45].

Comparison with simulations.—The validation of the
presented model emerges from comparison with extensive
Langevin simulations, based on the Hamiltonian in Eq. (1).
Thereby, the formation of bonds is explicitly coupled to the
deformation of the membrane [19,20,35], whose fluctua-
tions are set by the fluctuation-dissipation theorem, with
fully resolved hydrodynamics. Bond association and dis-
sociation are stochastic processes governed by the local
konðhÞ and koffðhÞ rates obeying detailed balance [Eqs. (3)
and (4)]. Unbound ligands are allowed to diffuse as self-
avoiding Brownian particles, with diffusion constant D.

To reflect the assumptions of the model, we initially
performed ‘‘biased’’ simulations in which the nucleation
was permitted to start from an a priori selected receptor
(see Supplemental Material [36]). Comparison with our
numerical solution of the master equation (left panel,
Fig. 5) shows extraordinary agreement (no fitting para-
meters). However, in experiments as well as in standard
simulations, nucleation may occur simultaneously on any
receptor. Under the condition that the nucleation is a rare
event, there is no interaction between different nucleation
attempts. Consequently, the probability for nucleating a
stable seed anywhere in a membrane segment arises as
a product of mutually independent probabilities for nucle-
ating on a particular receptor. We thus estimate the

probability distribution of nucleation times as PNR
ð	Þ ’

�@	ð
PNc�1

n¼0 Pnð	ÞÞNR where NR is the number of receptors

in the area of interest. This estimate is justified by an

exceedingly favorable comparison with the PNR
ð	Þ gener-

ated in a number of ‘‘unbiased’’ simulations with multiple
seeds forming simultaneously (right panel in Fig. 5). Such
agreement is expected as long as the density of free binders
is not affected by multiple nucleations.
Conclusions.—We solved the long standing problem

of domain nucleation in membrane adhesion by developing
a comprehensive theory that accounts for membrane-
mediated correlations. We use unbiased, high accuracy
simulations to confirm the numerical solutions of our
model and, furthermore, find excellent agreement with
our analytic estimates for the critical seed size and the
characteristic nucleation time.
In the context of experiments, equilibrium adhesion in

passive vesicle systems is generally associated with closely
packed domains [25,34,46]. Our model, nevertheless, sug-
gests that in such systems, sparsely distributed bonds in the
early stages of the adhesion process may precede the
formation of compact domains at longer time scales, which
was, in effect, recently reported [46]. In the biologically
relevant regime of stiff bonds, we find an optimum density
of receptors, deviations from which quickly increase the
nucleation time by up to several orders of magnitude.
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FIG. 4 (color online). Characteristic nucleation time as a func-
tion of the number density of ligands for several binding affin-
ities (left), and as a function of the distance between bonds for
different stiffness of the receptors (right). The numerical solution
of Eq. (6) is shown with the symbols while the approximate
solutions given by Eq. (7) and Eq. (SI-30) in the Supplemental
Material [36] are displayed with the dashed black and full red
lines. This short-dashed lines are guidance for the eye.

FIG. 5 (color online). Comparison of modeling (lines) and
simulations (symbols). Probability distribution of nucleation
time P ð	Þ for a single radially growing seed (up). The proba-
bility distribution of nucleation time PNR

ð	Þ generated from a

segment of a membrane nucleating on NR ¼ 1024 receptors
simultaneously (down). For curves with �b ¼ 6:97kBT, we
take k0 ’ 106 s�1, D ¼ 5� 106 nm s�2, whereas for �b ¼
8:12kBT, we use k0 ’ 7� 105 s�1, D ¼ 5� 107 nm s�2.
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Living cells may utilize this effect by actively adjusting
the separation between the receptors, which indeed seems
to be the case [10]. A considerable difference between
cellular and vesicle adhesion is that the bond formation
rates for the former are regulated by active and not only
thermal fluctuations. However, as long as these fluctuations
are fast, the concepts developed herein should successfully
provide the theoretical foundation for the processes taking
place during the nucleation of adhesion domains.
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