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We show that monoenergetic ion beams can be accelerated by moderate Mach number collisionless,

electrostatic shocks propagating in a long scale-length exponentially decaying plasma profile. Strong

plasma heating and density steepening produced by an intense laser pulse near the critical density can

launch such shocks that propagate in the extended plasma at high velocities. The generation of a

monoenergetic ion beam is possible due to the small and constant sheath electric field associated with

the slowly decreasing density profile. The conditions for the acceleration of high-quality, energetic ion

beams are identified through theory and multidimensional particle-in-cell simulations. The scaling of

the ion energy with laser intensity shows that it is possible to generate �200 MeV proton beams with

state-of-the-art 100 TW class laser systems.
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The electric and magnetic fields excited in a plasma by
laser pulses allow for the acceleration of ions to high
energies over short distances [1]. Such accelerated beams
are of interest for a broad range of potential applications:
cancer therapy [2,3], isotope generation [4], proton
radiography [5], and fast ignition [6]. Many applications
require low energy spread (1%–10% FWHM) and
low emittance ion beams. Radiotherapy applications
require a relatively high beam energy, in the range of
100–300 MeV=a:m:u: [7].

A significant effort has been devoted in recent years to
determining the optimal parameters for ion acceleration.
The two most studied mechanisms are target normal sheath
acceleration (TNSA) [8] and radiation pressure accelera-
tion [9]. However, the production of high-energy and high-
quality ion beams remains a challenge. A third mechanism
for accelerating ions to high energies in a laser-produced
plasma is shockwave acceleration (SWA) [10–14]. Here, a
shock propagates in the plasma with a velocity vsh which
can reflect ions from the background plasma to a velocity
vions � 2vsh. Previous theoretical and numerical studies
focused on the conditions under which shocks are formed
in solid targets using extremely high laser intensities and
the accelerated ion spectrum was broad [11,12]. Motivated
by recent experimental results on monoenergetic accelera-
tion of protons [15], we consider SWA in near critical
plasma density targets at modest laser intensities.

We first derive the conditions for ion reflection from an
electrostatic collisionless shock as a function of the initial
density and temperature profile, and for relativistic tem-
peratures. We characterize and optimize a new acceleration
regime which combines SWA with a special regime of
TNSA. In this regime, the shock propagates through an
extended exponentially decreasing density profile, where

the sheath fields are small and constant [16], and the
shock-accelerated ions maintain a narrow energy spread.
We show, through multi-dimensional particle-in-cell simu-
lations, that shocks satisfying these conditions can be
driven in laser-plasma interactions at near critical density
and confirm our theoretical scaling of the final proton
energy with laser intensity (or normalized vector potential
a0). Our results establish the conditions to achieve the
beam energy and quality required for medical applications
in near future experiments with readily available laser
systems (a0 � 10).
To study shock formation and ion acceleration, we

consider the interaction of two plasma slabs (denoted
by plasma 1 and plasma 0) with electron temperature
ratio � ¼ Te1=Te0 and density ratio � ¼ ne1=ne0
[Fig. 1(a)]. Electrostatic shock structures can be gener-
ated as a result of the expansion of plasma 1 (down-
stream—region behind the shock) into plasma 0
(upstream—region ahead of the shock) [13,17], with the
dissipation provided by the trapped particles behind the
shock and, for strong shocks, by the ion reflection from
the shock front [18]. The nonrelativistic theory, whereby
an electrostatic shock is supported by regions or slabs
of arbitrary temperature and density ratios, has been
outlined in Ref. [13]. We have generalized this theoretical
framework for relativistic electron temperatures [19]
and use it here in order to study the optimal condi-
tions for ion reflection by the shock. The genera-
lized nonlinear Sagdeev potential is given by
�ð’Þ¼Pið’;MÞ�Pe1ð’;�;�;�e0Þ�Pe0ð’;�;�e0Þ, where
Pe1ð’;�;�;�e0Þ ¼ ��= ð1 þ �Þfð�e0=�Þ=K1½�e0=���
½R1
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pressure, Pe0ð’;�; �e0Þ ¼ 1=ð1þ �Þf½ð�e0=K1½�e0�Þ�R1
1 d�e��e0�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�þ ’=�e0Þ2 � 1
p � � 1g is the upstream

electron pressure, and Pið’;MÞ¼M2ð1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�2’=M2

p Þ
is the ion pressure for the assumption of cold ions
and relativisitic Maxwellian electrons, with �e0 ¼
mec

2=kBTe0 the inverse of the normalized electron tem-
perature. Here, M ¼ vsh=cs0 is the shock Mach number,

cs0 ¼ ðkBTe0=miÞ1=2 is the upstream sound speed, ’ ¼
e�=kBTe0 is the electrostatic potential energy across the
shock front normalized to the upstream thermal energy,
kB is the Boltzmann constant, mi and me are the ion
and electron mass, � ¼ 1þ ’=�e0, and K1 is the modi-
fied Bessel function of the second kind. In the
ultrarelativistic limit, �e0 � 1, Pe1ð’;�;�;�e0Þ¼
’�½�e0ð1�’=�Þþ’þ��=½ð1þ�Þ��, and Pe0ð’;�;
�; �e0Þ ¼ ’ð1��e0Þ=ð1þ �Þ. Shock solutions can be
found for �ð’Þ< 0 [20]. Ion reflection from the shock
front will occur when the electrostatic potential across
the shock exceeds the kinetic energy of the upstream
ions, i.e., ’cr ¼ M2

cr=2, which defines the critical Mach
number

Mcr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�

�
1þ�e0

�ð1��e0=�Þ þ 1

�s
: (1)

Two-dimensional (2D) particle-in-cell simulations, per-
formed with OSIRIS 2.0 [21], of the interaction of two semi-
infinite plasma slabs with different temperature and density
ratios are in good agreement with theory [Fig. 1(b)]. Ion
reflection can occur for moderate Mach number shocks
provided that � � 1 and �� 1. At high density ratios
� � 4, the expansion of the two slabs (initially at rest) is
sufficient to form the shock and reflect the ions. At lower

density ratios, the plasma slabs need to have an initial
relative drift in order to reach Mcr for ion reflection.
In more realistic configurations, where finite slabs are

considered, it is important to address the role of competing
accelerating fields. As hot electrons expand into vacuum,
TNSA fields will develop at the plasma-vacuum interface
accelerating the upstream ions to a given velocity v0. The
shock will then reflect the upstream ions to a velocity vions ’
2Mcrcs0 þ v0. This is shown in Fig. 2 by simulating the
interaction of two finite plasma slabs with � ¼ 10 and
� ¼ 1. For an abrupt plasma-vacuum transition, the electro-
static field in the sheath at the rear side of the upstream
plasma introduces a chirp in v0 [11], broadening the ion
energy spectrum as typical of TNSA [8,16] [Fig. 2(a)]. This
sheath field can be controlled by using an exponential plasma
profilewith scale lengthLg, which is characterizedby a cons-

tant electric field at early times (t � 4Lg=cs0) [22] given by

ETNSA ¼ kbTe0

eLg

; (2)

as illustrated in Fig. 2(b), where we replace the low density
slab of Fig. 2(a) with an exponentially decreasing profile.
It can be observed that the shock accelerated ions are able to
cross the sheath region while preserving their narrow energy
spread, thus indicating a configuration suitable for the gen-
eration of monoenergetic ion beams.
The conditions for shock formation and monoenergetic

ion acceleration can be obtained in practice from the
interaction of a moderate intensity laser pulse with a tai-
lored plasma density profile [see Fig. 3(a)]. For near criti-
cal density plasmas, a significant fraction (>20% [23,24])
of the laser energy can be absorbed maximizing electron
heating, and therefore ion acceleration. In the relativistic
regime, the electron temperature, 3kBTe ¼ �e, can be
estimated by equating the plasma electron energy density

b)a)

expanding
ions (v0)

expanding
ions (v0)

E-TNSA
E-TNSA

shock
shock

reflected ionsreflected ions

FIG. 2 (color online). Ion phase space at 7700!�1
p1 after the

interaction of two plasma slabs with initial temperature of
1.5 MeV, � ¼ 1, and � ¼ 10. In (a) a flat density profile is
used for the low density slab, whereas in (b) it is replaced by an
exponential profile. The black lines indicate the initial plasma
density profile and the blue lines indicate the early (t ¼ 560!�1

p1 )

longitudinal electric field. The thin black lines on the right-hand
side of the plots indicate the integrated ion spectrum ahead of
the shock.

FIG. 1 (color online). (a) Schematic representation of the
interaction between two plasma slabs with different temperature
and density (red and blue), which leads to shock formation
(black line represents the electrostatic potential) and ion reflec-
tion. (b) Critical Mach number for ion reflection as a function of
the density ratio � and temperature ratio � between the two
plasma slabs or regions, for Te0 ¼ 1 keV (dashed line [13]) and
Te0 ¼ 1:5 MeV [solid line Eq. (1)]. The symbols indicate the
simulation values for the nonrelativistic (þ ) and relativistic (�)
electron temperatures, obtained by measuring the speed of the
shock structure (density jump or electrostatic field) when ion
reflection is observed.
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to the absorbed laser energy density, 3a0ncLtargetkBTe ¼
�I�laser, where � is the absorption efficiency and the
relativistically corrected critical density a0nc has been
used, yielding

Te½MeV� ’ 0:026�a0
�laser½ps�

Ltarget½mm� : (3)

For typical picosecond scale laser pulses with relativistic
intensities, a0 > 1, and target size Ltarget < 1 mm, strong

heating to MeV temperatures can occur, leading to high
shock velocities and high reflected ion energies.

For the production of a monoenergetic ion beam, the
shock velocity should be uniform, which relies on uni-
form heating of the plasma electrons. That is achieved
by allowing the heated electrons to recirculate in the
target before shock formation [11,25]. From Ref. [26]
the shock formation time is �4�=!pi for M� 1. For

MeV electrons to recirculate at least once in the target,

the target size should be limited to Ltarget < ðmi=meÞ1=2	0

for critical density targets. The shock will efficiently
reflect a uniform ion population if the expanding ion
velocity, v0 ¼ ðc2s0=LgÞt, is much smaller than the

shock velocity by the time the shock is formed, i.e., if

Lg � 2ðc2s0=vshcÞðmi=meÞ1=2	0. For a symmetric target

expansion (Ltarget 	 2Lg) and low Mach number shocks

(M * 1), the optimal target scale length for uniform
electron heating and ion reflection is

Lg0 
 	0

2

�
mi

me

�
1=2

: (4)

Stable SWA requires a shock width (which is close to the
laser spot sizeW0) larger than the transverse expansion of
the plasma, at cs, during the acceleration. Assuming an
isothermal expansion, this condition yieldsW0*Lg0=Mcr.

The final ion energy is given by the combination of SWA
with the uniform expansion of the upstream plasma. The
final relativistic ion velocity is vions ¼ ðv0

sh þ v0Þ=
ð1þ v0

shv0=c
2Þ, where v0

sh ¼ ð2Mcs0Þ=ð1þM2c2s0=c
2Þ is
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FIG. 3 (color online). (a) Schematic representation of SWA driven by the interaction of a laser (green) with a near critical density
plasma (dashed line). The laser heats up the plasma electrons and steepens the density profile at the critical density (red line), driving a
shock which reflects the upstream expanding ions. (b) Transversely averaged density and field structure of the shock driven by a laser
with a0 ¼ 2:5. The density profile is shown at t ¼ 0 (solid black line), at the interaction of the peak of the laser with the critical density
(solid red line), and after shock formation (dashed red line), t ¼ 6560!�1

0 , together with the longitudinal electric field (solid blue line).

The uniform TNSA field is in good agreement with Eq. (2) for the measured Te0 ¼ 1:6 MeV (ETNSA ¼ 0:025mec!0=e). (c)–(h) Ion
phase-space evolution for a0 ¼ 2:5 (c), (d), 10 (e), (f), and 20 (g), (h). Shock position is indicated by the arrows and the black lines
indicate the final integrated spectrum of the reflected ions. (d) Momentum distribution of the accelerated ion beam for a finite laser spot
size W0 ¼ 16	0.
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the velocity of the reflected ions in the upstream frame and
v0 is the upstream velocity at the shock acceleration time
tacc. Taylor expanding vions for cs0=c � 1, the proton
energy for optimal conditions is

�ions½MeV� ’ 2M2
crTe0½MeV� þMcr

ctacc
Lg0

ð2Te0½MeV�Þ3=2
ðmi=meÞ1=2

þ
��

ctacc
Lg0

�
2 þ 4M4

cr

� ðTe0½MeV�Þ2
mi=me

: (5)

To explore the proposed generation of high-quality ion
beams to 10s–100s MeV from a laser-driven electrostatic
shock we have performed 2D OSIRIS simulations. The
simulation box size is 3840� 240ðc=!0Þ2 with 12288�
768 cells, 9–36 particles per cell per species, cubic particle
shapes, and current smoothing. We start by modeling the
interaction of a Gaussian laser pulse, duration of 1885!�1

0

(FWHM) and infinite spot size with a preformed electron-
proton plasma profile with a linear rise over 10	0, and
exponential fall with Lg ¼ 20	0 [according to Eq. (4)].

Increasing laser intensities (a0 ¼ 2:5–20) have been used
and the peak density of the plasma (np=nc ¼ 2:5–10)

changed to compensate for an increased relativistic
transparency. The laser pulse is highly absorbed as it
interacts with the near critical density plasma (�60%
absorption) and stopped at the critical density surface
causing a local steepening and leading to a density spike
with 3–4 times the background density [Fig. 3(b)].
This density spike leads to the onset of shock formation,
around t� 4500!�1

0 (530!�1
0 after the laser interaction

finished). The shock structure has a strong localized
electric field at the shock front, with a measured thickness

of Lsh � 4	D ¼ 10c=!0, where 	D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBTe=4�npe

2
q

is

the Debye length, much smaller than the mean free path
for particle collisions (Lsh�	ei�c=
ei�2�108	D,
	ii�cs0=
ii�2�102	D, for Te ¼ 1 MeV, Ti ¼ 100 eV,
and ne ¼ ni ¼ 1021 cm�3).

After the formation, the shock maintains a near uniform
velocity, with a Mach number in the upstream reference
frame M ¼ ðvsh � v0Þ=cs0 � 1:7, in good agreement with
the theoretical Mcr for large � and �� 1, Mcr � 1:5–1:8
[Fig. 1(b)]. The temporal ion phase-space evolution is
shown in Figs. 3(c)–3(h) for the cases of a0 ¼ 2:5, 10,
and 20, where it is possible to observe the self-similarity of
the interaction. The shock is able to reflect the cold, uni-
formly expanding ions from the back of the target gene-
rating a beam with an energy of 31, 165, and 512 MeV,
respectively. The upstream ion temperature measured
during the acceleration is relatively small (100 keV for
a0 ¼ 2:5 and 1 MeV for a0 ¼ 20). The uniform shock and
upstream velocities lead to a reflected ion beam with a low
total energy spread of�10% (FWHM) and an average slice
energy spread of 4% (FWHM). The laser to ion beam energy
conversion efficiency is measured to be 2%–3% in all simu-
lations. The fraction of upstream ions reflected by the shock
ranges between 10%–20%. Assuming cylindrical symmetry,

the total number of accelerated ions as inferred from the
simulation is given by Nions � 1010ðW0½�m�Þ2=	0½�m�,
where W0 is the laser spot size, ideal for most applications.
For instance, in radiotherapy �108 ions per bunch are used
in multishot treatment and �1011 ions per bunch in single
shot treatment [2,7].
We have confirmed that our picture for SWA is still valid

for a finite laser spot size by performing 2D simulations
under the same conditions, with a0 ¼ 2:5 and a super-
Gaussian spot size W0 ¼ 16	0. A monoenergetic ion
beam with 28 MeV and a narrow energy spread of 9%
similar to that shown in Fig. 3(d) was produced. This ion
beam has a small divergence of 4� half angle [Fig. 3(i)].
It is important to note that the acceleration of ions by the

shock occurs after the laser has fully interacted with the
plasma; the accelerated beam properties do not depend
on the exact laser pulse profile and are not significantly
affected by laser-plasma instabilities in the front of the target,
such as filamentation. The beam quality depends mainly on
the target profile. Simulations performed outside the optimal
parameter range [Eq. (4)] led to an ion bunch with a larger
energy spread and/or less energy (using Lg ¼ 40	0 resulted

in a 17 MeV ion bunch with an energy spread of �30%).
The scaling of this scheme with the laser or plasma

parameters was investigated by comparing the simulation
results with our theoretical estimates. The electron tem-
perature is observed to scale linearly with the laser ampli-
tude [Fig. 4(a)], which is consistent with Eq. (3) for a laser
to electron coupling efficiency � ¼ 0:51 (also consistent
with our measured laser absorption). For the same target
profile (with a relativistically corrected peak density), �
and � are fixed and so is Mcr; thus, the proton energy
will depend mainly on the electron temperature. This is
confirmed by the measured proton energy scaling with a0,
which is in good agreement with Eq. (5), for an accelera-
tion time of tacc ¼ 5500!�1

0 [consistent with the average

acceleration time in our simulations [Fig. 4(b)]. At low
intensities the acceleration is dominated by shock reflec-
tion [first and second terms of Eq. (5)], but at higher
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FIG. 4 (color online). Scaling of (a) electron temperature
and (b) shock accelerated proton energy with laser a0. The
electron energy distribution obtained in OSIRIS is well fitted by
a relativistic Maxwellian. The obtained scalings are consistent
with Eq. (3) for � ¼ 0:51 and Eq. (5) for tacc ¼ 5500!�1

0 ,

respectively.
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intensities the contribution from the ion expansion [third
term of Eq. (5)] also becomes important, leading to a tran-

sition from a scaling with a3=20 to a20. This favorable scaling
allows for the generation of high quality �200 MeV pro-
ton beams, required for medical applications [7], with a
100 TW class laser system (a0 ¼ 10).

In conclusion, we have presented a scheme for the gen-
eration of monoenergetic ion beams. Ions are accelerated
by an electrostatic shock driven in an exponentially decay-
ing plasma with a peak density close to critical density.
The interaction of an intense laser pulse with such plasmas
results in density steepening and strong electron heating
which facilitates the formation and stable propagation of a
moderate Mach number collisionless shockwave. The nar-
row spectrum of ions reflected from such a shock is pre-
served in this tailored plasma profile since the sheath field is
constant and small. The high-quality and favorable scaling
of the process with laser intensity pave the way for the
generation of the ion beams required for medical applica-
tions with readily available laser systems.
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