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1Department of Physics, Rzeszów University of Technology, al. Powstańców Warszawy 6, 35-959 Rzeszów, Poland
2Institut für Physik, Martin-Luther-Universität Halle-Wittenberg, Heinrich-Damerow-Straße 4, 06120 Halle, Germany

3Department of Physics and CFIF, Instituto Superior Técnico, TU Lisbon, Avenida Rovisco Pais, 1049-001 Lisbon, Portugal
4Department of Physical Chemistry, Universidad del Paı́s Vasco UPV-EHU, 48080, Bilbao, Spain

5IKERBASQUE Basque Foundation for Science, 48011 Bilbao, Spain
6Faculty of Physics, Adam Mickiewicz University, Umultowska 85, 61-614 Poznań, Poland
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We predict two spin-dependent transport phenomena in two-dimensional electron systems, which are

induced by a spatially fluctuating Rashba spin-orbit interaction. When the electron gas is magnetized, the

randomRashba interaction leads to the anomalous Hall effect. An example of such a system is a narrow-gap

magnetic semiconductor-based symmetric quantum well. We show that the anomalous Hall conductivity

reveals a strongly nonlinear dependence on the magnetization, decreasing exponentially at large spin

density. We also show that electron scattering from a fluctuating Rashba field in a two-dimensional

nonmagnetic electron system leads to a negative magnetoresistance arising solely due to spin-dependent

effects.
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Introduction.—The effects of electron spin on charge
transport, being the basic idea of spintronics, have attracted
a great deal of interest in fundamental and applied physics
as well as in materials science. There are several origins
of the spin dependence of charge transport; one of them is
the spin-orbit (SO) interaction. This interaction also plays
an important role in spin manipulation in spintronics
devices [1–4]. Of particular importance is the Rashba SO
coupling, usually attributed to quasi two-dimensional (2D)
electron systems in metallic or semiconductor nanolayers
on a substrate, 2D semiconductor heterostructures with no
z ! �z symmetry (with the axis z normal to the layer),
or to surface states [5–7]. This interaction enables an
electrical control of spin precession of 2D electrons—the
phenomenon used in the still hypothetical Datta-Das tran-
sistor [8], where the current depends on the angle of spin
precession when carriers pass through the device.

Important manifestations of the SO coupling are the
anomalous Hall effect (AHE) and spin Hall effect (SHE)
[9–11]. In the case of the AHE, a charge current perpen-
dicular to the electric field appears without an external
magnetic field when the system has a nonzero spontaneous
magnetization [12]. In the SHE, in turn, a static electric
field generates a spin current perpendicular to the field
orientation. Both effects, however, can be completely sup-
pressed by disorder [13–15].

In symmetrical semiconductor quantum wells, the
Rashba SO interaction vanishes on average. However,
spatial fluctuations of the Rashba coupling may still appear
in the system and can play a qualitatively important role
[16–18]. Surprisingly, in the case of spatially fluctuating

Rashba field, the SHE in 2D electron gas becomes robust to
the effect of impurities; i.e., there is no complete suppres-
sion of the spin-Hall conductivity by disorder [19].
In this Letter we further predict two manifestations

of spin-dependent transport in 2D electron systems with
random Rashba interaction. First, we show that systems
with homogeneous magnetization display an AHE. More
specifically, we calculate the off-diagonal conductivity of
a 2D magnetized electron gas in a symmetric quantum
well with spatially correlated fluctuations of SO interac-
tion. We show that the anomalous Hall conductivity reveals
a very unusual dependence on the magnetization: it reaches
a maximum followed by a fast decrease to zero for mag-
netization increasing further. Second, we calculate the
magnetoresistivity of a nonmagnetic electron gas for a
magnetic field parallel to the quantum well and show that
the magnetoresistance is negative. This negative magneto-
resistance (NMR) is a purely classical effect, unrelated to
quantum localization corrections to the conductivity. In
both the above mentioned phenomena, the random spin-
orbit coupling is crucial and either generates a macroscopic
electric current or modifies the macroscopic conductivity.
Model.—The generic model of a 2D electron gas with

randomRashba interaction is described by the Hamiltonian

Ĥ ¼ Ĥ0 þ ĤðsoÞ, where (we use the units with @ � 1)

Ĥ0 ¼ �r2

2m
þUrnd �M�z þ �x�B; (1)

ĤðsoÞ ¼ � i

2
�xfry; �ðrÞg þ i

2
�yfrx; �ðrÞg: (2)
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Here M is half of the spin splitting corresponding to the
homogeneous magnetization along the axis z, having
purely spin character and not related to any conventional
macroscopic magnetic field [15]. The random Rashba cou-
pling parameter �ðrÞ [for r ¼ ðx; yÞ] has zero average,
h�ðrÞi ¼ 0, and a Gaussian correlator h�ðrÞ�ðr0Þi, while
�iði ¼ x; y; zÞ are the spin Pauli matrices and m is the
electron effective mass. The term Urnd describes the spin-
independent disorder assumed to be of the white-noise
type, B is the in-plane magnetic field along the axis x,
and � ¼ g�B=2, where g is the electron Landé factor.
Assuming an in-plane magnetic field, we avoid the dia-
magnetic orbital effects, and therefore, we take into
account only the Zeeman term in Eq. (1). The magnetiza-
tion leads to splitting of the Fermi surface, and in the limit
of small magnetization �K � kF" � kF# ¼ 2Mm=kF, as
shown in Fig. 1, where kF is the Fermi wave vector in the
corresponding nonmagnetic state.

In the momentum representation Eq. (2) can be
rewritten as

HðsoÞ
kk0 ¼ �kk0

2
½�xðky þ k0yÞ � �yðkx þ k0xÞ�; (3)

where kiðk0iÞ are the in-plane momentum components
(i ¼ x; y). For an external electromagnetic field, AðtÞ ¼
A0e

�i!t, one has to make the following replacement in
Eqs. (1) and (2): r ! r� ieA=c. Thus, the matrix ele-
ments of the coupling to the electromagnetic field take
the form

HðAÞ
kk0 ¼

�
� e

mc
ðk �AÞ þ e2

2mc2
A2

�
�kk0

� e

c
�kk0ð�xAy � �yAxÞ; (4)

and include the term following from the random Rashba
interaction. Correspondingly, the matrix elements of the

charge current operator ĵ ¼ �c@ĤðAÞ=@A are

ðjx;yÞkk0 ¼ e

m

�
kx;y � e

c
Ax;y

�
�kk0 � e�kk0�y;x: (5)

The random spin-orbit coupling leads to spin-flip scatter-
ing between states with opposite spin orientations. This, in
turn, results in two effects to be analyzed below: the AHE
and the NMR.
Anomalous Hall effect.—Let us begin with the AHE

induced by a fluctuating Rashba field. Hence, we put
here B ¼ 0, assume an electric field E along the axis y,
and consider charge current normal to the field. Upon
calculating the off-diagonal linear conductivity [20], we
find that it can be written as the difference of the contri-
butions from two different spin channels,

�xy ¼ �xy" � �xy#: (6)

In the approximation corresponding to the loop diagrams
shown in Fig. 2 one finds (s � s0)

�xy;s ¼ e2

m

X
kq

j�qj2kyð2ky � qyÞ�ð�� "k�q;s0 ÞGR
k;sG

A
k;s;

(7)

where GR
k;s and GA

k;s (s ¼" , # ) are the retarded and

advanced Green functions, respectively. Due to scattering
from the fluctuating SO field, electrons with opposite spins
are turned to the opposite transverse directions, so �xy" and
�xy# enter Eq. (6) with opposite signs (they are added in the
case of the spin Hall effect). The resulting AHE forM � 0
is nonzero due to the spin polarization (magnetization) of
the electron gas.
Upon calculating the sum over k in Eq. (7) one obtains

�xy";# ¼ 2e2m��";#
�kF";#

Z 1

0
dq

�
�� q2

8m
� 3M

2

�
j�qj2

�
Z �

0
d’�

�
cos’� q

2kF";#
� 2mM

kF";#q

�
; (8)

where �";# is the spin-dependent relaxation time, � is the

density of states per spin, and the upper (lower) sign
corresponds to spin-up (spin-down) electrons. The spin-
dependence of the relaxation time �";# can result from the

spin dependence of the corresponding Fermi momentum.
In the case of white-noise short range disorder, � is

FIG. 1 (color online). Spin-split Fermi surface. 1=R is the
possible range of momentum change, jqj ¼ jk0 � kj in the
spin-flip scattering process between two Fermi surfaces.
The dashed circle corresponds to the Fermi momentum kF. In
the limit of small Fermi surface splitting, �K ¼ 2Mm=kF for
B ¼ 0 (spin orientation is taken with respect to the z axis), or
j�Kj ¼ 2�Bm=kF for M ¼ 0 (spin orientation is taken with
respect to the x axis).

FIG. 2 (color online). Feynman graph for the anomalous Hall
current. Matrix elements in the vertices are determined by
Eqs. (3)–(5).
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determined solely by the density of states at the Fermi level,
and, therefore, does not depend on the spin orientation.

If the magnetization is relatively weak,
ffiffiffiffiffiffiffiffiffiffiffi
2mM

p
< kF,

both spin subbands are occupied and the spin-projected
conductivity is

�xy";# ¼ 2e2m��";#
�kF";#

Z kF"þkF#

�K
dqj�qj2

� �� q2=8m� 3M=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðq=2kF";# � 2mM=kF";#qÞ2

q : (9)

In turn, when the magnetization is sufficiently strong,ffiffiffiffiffiffiffiffiffiffiffi
2mM

p
> kF, only one spin subband is occupied. Spin-

flip scattering is then absent and �xy vanishes. As we show

below in more detail, dependence of the AHE on the
magnetization M is rather unusual.

For further calculations we need a more specific Rashba
field correlator, and we assume it in the following generic
form: [18]

j�qj2 ¼ 2�h�2iR2e�qR: (10)

Here h�2i characterizes the field variation, and the corre-
lation length R is of the order of the distance between
the quantum well and the dopant layers since the in-plane
distribution of electric field in the well is controlled by this
parameter [21].

Using Eqs. (10) and (6), we have calculated numerically
the Hall conductivity as shown in Fig. 3. The conductivity
is presented there in the units of �0 ¼ �Dh�2ik2F=E2

F,
where �D ¼ ne2�=m is the Drude conductivity, and
EF ¼ k2F=2m. We used the parameters characteristic for
InSb: effective mass m ¼ 0:0134m0, and electron density

n ¼ 5� 1011 cm�2 related to the Fermi momentum kF ¼
ð2�nÞ1=2. We can estimate the ratio of �0=�D by using the
relation between the electric field E and the spin-orbit
coupling in the form h�2i ¼ 	2e2hE2

ri, where the variation
of the random electric field hE2

ri ¼ 2�e2nd=

2R2. For InSb

	 � 5 nm2 [22,23], and for typical parameters of quantum

wells we obtain
ffiffiffiffiffiffiffiffiffih�2ip

of the order of 10�6 meV cm and

�0=�D of the order of 10�2–10�1. Thus, the maximum
anomalous Hall conductivity can be of an order of 0.01–0.1
of the Drude conductivity.
As follows from Fig. 3, the Hall conductivity has a sharp

maximum at a certain value of the parameter M. The
physical reason for such a behavior is that the spin-flip
scattering from the fluctuating Rashba coupling is effective
only for a relatively small change in the electron momen-
tum, q < 1=R. Thus, if �K > 1=R, these elastic spin-flip
processes become suppressed and the AHE vanishes. To
have a better physical insight into the problem, we present
the Hall conductivity in an approximate form as

�xy

�0

	 k2FR
2 M

EF

exp

�
� M

EF

kFR

�
: (11)

At zero M the contributions from different spins exactly
compensate each other, while with the increase inM to the
region where �KR ¼ ðM=EFÞkFR 
 1, the spin-flip tran-
sitions are suppressed and the Hall conductivity vanishes
as well. The maximum of conductivity is achieved for
M ¼ EF=kFR. The resulting maximum anomalous Hall
conductivity is then of the order

max

�
�xy

�0

�
	 kFR=e; (12)

where e � 2:718 . . . is the base of the natural logarithm.
It is instructive to compare the anomalous and the con-

ventional Hall conductivities. Magnetization of the order
of EF=kFR for InSb with the g-factor close to 50 can be
achieved in the fields Bz of the order of 1 T. The ratio of
the Drude and Hall conductivity is !c�, where !c is the
cyclotron frequency. In the field of 1 T for a sample with
the mobility of 105 cm2=Vs, one finds !c� � 10. As a
result, the anomalous Hall conductivity can be of an order
of 0.1–1.0 of the conventional Hall conductivity. It can be
extracted from the conventional Hall measurements taking
into account an unusual dependence on the external mag-
netic field.
Negative magnetoresistance and anisotropic conductiv-

ity.—We have shown above that the spin-flip scattering
from the fluctuating spin-orbit field leads to the AHE in a
magnetized electron gas. Now we demonstrate that such
scattering also modifies the diagonal conductivity as the
electron relaxation rate includes generally, not only the
term due to scattering from impurities, but also the con-
tribution from spin-flip scattering due to the fluctuating
Rashba coupling. Since the spin-flip scattering is essential
at small spin splitting and decreases at large splitting, its
contribution to spin relaxation time strongly depends on
the spin polarization of the electron gas. This spin polar-
ization can be modified by an external magnetic field,
which in turn leads to the magnetoresistance. For this effect
it is sufficient to consider the situation when the band
splitting is not related to the homogeneous magnetization
but is due to the Zeeman field. Therefore we consider now

0 10 20 30 40
 M (meV)

0

0.5

1

1.5

2

2.5

σ 
  /

σ 0
xy
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40 nm

FIG. 3 (color online). Anomalous Hall conductivity as a func-
tion of spin splitting parameter M for indicated values of R.
Other parameters are defined in the text.
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a nonmagnetic electron gas,M ¼ 0, and assume a nonzero
magnetic field along the x axis. We show below that the
spin-orbit fluctuating Rashba field leads then to a NMR.

To calculate the diagonal component of the conductivity
tensor we can use the kinetic equation, which takes into
account spin-conserving and spin-flip transitions,

e

m
ðE �kÞ@f

0
k"

@"k
¼�X

k0
½Wkk0ðfk" �fk0"ÞþWf

kk0ðfk" �fk0#Þ�;

(13)

and a similar equation for the opposite spin orientation.
Here we introduced the notation

Wkk0 ¼ 2�½wkk0 þ j�kk0 j2ðky þ k0yÞ2��ð"k � "k0 Þ; (14)

Wf
kk0 ¼ 2�j�kk0 j2ðkx þ k0xÞ2�ð"k � "k0 � 2�BÞ; (15)

for spin-conserving and spin-flip transitions, respectively,
where wkk0 corresponds to the spin-conserving scattering
from usual disorder. If the potential of impurities is short
range, wkk0 can be taken independent of the momentum,
wkk0 ’ w0. Although the solution of Eq. (13) can in general
be presented as a spin-dependent sum of cylindrical
Fermi surface harmonics, it cannot be solved in the general
form due to anisotropy of matrix elements in Eqs. (14) and
(15) and the presence of two Fermi surfaces. However,
for kFR 
 1, where one can with a high accuracy put
kx ¼ k0x and ky ¼ k0y, they can be greatly simplified for the

electric field E parallel and perpendicular to the magnetic
field B.

Let us start with the limit of a weak magnetic field, when
the Zeeman splitting is very small, �K � 1=R. The spin-
split Fermi surfaces are then almost identical, and can be
considered as a single surface. The corresponding isotropic
conductivity, � ¼ �D þ ��so, can be also presented as
�ðB ! 0Þ ¼ ne2�tot=m, where 1=�tot ¼ 1=�þ 1=�so
includes the transport scattering rate 1=�so related to
Eqs. (15) (spin-flip processes) and (14) (spin-conserving
processes caused by spin-orbit coupling). As a result,
��so ¼ ���D=�so. The rate 1=�so can be evaluated as
1=�so 	 4h�2i=vFR and is of the order of 1011 s�1, leading
to the negative correction of the order of 0:1 �D to the
Drude conductivity at mobility 105 cm2=Vs.

When the magnetic field increases, the spin-flip pro-
cesses become suppressed, as can be qualitatively seen in
Fig. 1, while spin-conserving ones remain almost intact. In
the limit of a strong field, �BmR 
 1, the spin-flip term,
Eq. (15), vanishes and the conductivity is larger than at
B ¼ 0 for both E k B and E ? B geometries. At the same
time, as we see from (14), the remaining spin-conserving
processes include scattering from the random Rashba field
that strongly depends on the orientation of momenta k and
k0. As a result, the total scattering at large field becomes
anisotropic. Solving the kinetic equation for this case, we
find that the conductivity at large B is also anisotropic with

j�ðE k BÞ � �ðE ? BÞj ¼ j��so=2j, and the degree of
anisotropy is of the order of several percent.
Note that the NMR effect we consider here is qualita-

tively different from the one of Ref. [24] for systems with
long- and short-range disorder. The mechanism proposed
by us has a solely spin-related origin and is not related to
the orbital motion considered in Ref. [24]. Recent experi-
ments [25] showed that the NMR cannot be fully explained
in terms of the model of Ref. [24] and some spin-related
effects can be involved in the physics of this phenomenon.
Moreover, our effect is purely classical and not related to
NMR in the weak localization regime [26,27].
Summary.—We have calculated the anomalous Hall con-

ductivity and the magnetoresistance of 2D electron sys-
tems due to scattering from spatial fluctuations of Rashba
spin-orbit interaction. The materials where this interaction
can be essential are symmetric narrow-gap semiconductor
quantumwells. One of the usual characterizationmethods for
these materials is based on the measurements of AHE under
the assumption that AHE is proportional to magnetization.
This proportionality, however, is completely destroyed when
the AHE is related to the fluctuating Rashba field. It should
be stressed that the proposed mechanism of AHE can be
important when the usual impurity scattering within the
quantum well is small. In the case of nonmagnetic semi-
conductors, it can be easily realized by donor impurities
outside the quantum well. We have also demonstrated that
the scattering of electrons from the fluctuations of the Rashba
field in nonmagnetic symmetric semiconductor quantum
wells leads to a negative magnetoresistance. This effect can
be realized for example in InSb or other narrow gap semi-
conductors, in which the Zeeman splitting and spin-orbit
coupling are both very strong.
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