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Mode Grüneisen parameters were estimated for �-ZrW2O8 zone-center modes by means of density

functional theory calculations and the temperature dependence of the coefficient of thermal expansion was

obtained according to the Debye-Einstein model of the quasiharmonic approximation. The lowest energy

optic modes were identified at 45 and 46 cm�1, and were shown to be the main modes responsible for

negative thermal expansion at low temperature. Experimental evidence of the lowest energy, triply

degenerated infrared active optic mode, was also found in the far infrared spectrum of �-ZrW2O8.

Upon increasing temperature, other optic modes with E< 25 meV (particularly at 96, 100, 133, 161, and

164 cm�1) also contribute significantly to the coefficient of thermal expansion near room temperature. An

analysis was made of selected zone-center modes in light of previously proposed models for explaining

negative thermal expansion in open framework materials.
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Negative thermal expanssion (NTE) in zirconium tung-
state was first reported by Martinek and Hummel in 1968
[1], almost ten years after this compound was synthesized
by Graham et al. [2]. However, it was only after the
discovery that �-ZrW2O8 exhibits NTE over a wide tem-
perature range (0.3 to 1050 K) that interest in this com-
pound resurged in 1996 [3]. At ambient conditions,
�-ZrW2O8 exhibits a metastable cubic structure (space
group P213), which can be described as a tridimensional
arrangement of corner-sharing ZrO6 octahedra and WO4

tetrahedra. Of the four O atoms in the first coordination
polyhedra around tungsten, only three are shared with
neighbor Zr atoms. The fourth oxygen, bonded only to
W, is termed the terminal oxygen. The terminal oxygen
confers great flexibility to the �-ZrW2O8 framework.
Indeed, the standard mechanism proposed for explaining
NTE in �-ZrW2O8 is based on rigid unit modes (RUMs)
involving the coordinate rotation of ZrO6 and WO4 poly-
hedra [4,5]. Evidence for this low-energy lattice dynamics
has been found in inelastic neutron scattering experiments,
low-temperature specific heat measurements, and in the
temperature dependence of the �-ZrW2O8 lattice parame-
ter [6–8]. However, despite the success of this simple
model in capturing the essential features behind NTE in
�-ZrW2O8, the precise nature of the vibrational modes
responsible for NTE in �-ZrW2O8 remains controversial.

Previous studies based on the analysis of low tempera-
ture heat capacity measurements have suggested that a
weakly dispersive optic mode with energy around 5 meV
(40 cm�1), possibly associated with the large-amplitude
motion of terminal oxygens, is responsible for NTE in
�-ZrW2O8 [7]. This conclusion received further support
from the analysis of the dependence on temperature of the
�-ZrW2O8 lattice parameter, which suggested that NTE in
�-ZrW2O8 is caused by RUMs with energies between 3
and 8 meV, with a significant contribution peaking at

4.7 meV (38 cm�1) [8]. Accordingly, a Raman peak ob-
served at 40 cm�1 was attributed as being mainly respon-
sible for NTE in �-ZrW2O8 [9,10]. On the other hand, the
analysis of infrared reflectivity results [11] pointed to a
lowest energy optic mode at 28 cm�1, which presumably
should contribute significantly to NTE in zirconium
tungstate.
Later on, inelastic neutron scattering measurements led

to the observation of an unusual phonon softening upon
pressure increase and, thus, large negative Gruneisen pa-
rameters for phonons with E< 8 meV (65 cm�1) [12].
This observation also received support from lattice dy-
namical calculations based on empirical interatomic po-
tentials [13]. However, a controversy arose after high
pressure Raman spectroscopy results showed evidence of
several modes with E< 50 meV (400 cm�1) exhibiting
negative Gruneisen parameters [14–16].
Further experimental evidence on the microscopic

mechanism behind NTE in �-ZrW2O8 resulted from the
analysis of x-ray absorption fine structure (XAFS) data by
Cao et al. [17,18]. Based on the observation that the
Zr � � �W peaks in the Fourier transform of the zirconium
tungstate XAFS spectra have a very small temperature
dependence, Cao et al. proposed that the Zr–O–W linkage
should be stiff enough to form a quasirigid unit consisting
ofWO4 and the three nearest ZrO6 octahedra. Accordingly,
NTE in �-ZrW2O8 was attributed to the translational
motion of WO4 tetrahedra along the h111i axis and the
correlated motion of the three nearest ZrO6 octahedra (tent
model). The mixed librational and translational character
of the low-energy modes involved in the mechanism be-
hind NTE in zirconium tungstate was later also inferred
from the analysis of infrared reflectivity data [11]. In
contrast, Tucker et al. [19] concluded, on the basis of a
reverse Monte Carlo analysis of neutron total scattering
data for �-ZrW2O8, that NTE results from RUMs
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involving the correlated rotation of the metal-oxygen poly-
hedra and that a rigid Zr–O–W linkage would have the
effect of stiffening the structure, thus inhibiting NTE in
zirconium tungstate.

The disagreement about the frequency of the lowest
energy optic mode, the nature of the low-energy modes
responsible for NTE in �-ZrW2O8, and the role played by
modes with E> 10 meV in the mechanism behind this
phenomenon points to the need for a thorough lattice
dynamical study. Accordingly, in this work, density func-
tional theory (DFT) calculations were carried out to deter-
mine the mode Grüneisen parameters for all the 54
inequivalent zone-center optic modes of �-ZrW2O8.
From these, the linear coefficient of thermal expansion
(CTE) was obtained according the Debye-Einstein model
of the quasiharmonic approximation (QHA) [20–23].

All calculations were performed in the athermal limit,
with the CRYSTAL06 computer code [24]. The crystalline
orbitals were each expressed as a sum of atom-centered
Gaussian functions over all equivalent sites. Total energies
were evaluated according to density functional theory, with
the Becke three-parameter Lee-Yang-Parr hybrid func-
tional (B3LYP) gradient-corrected hybrid exchange-
correlation density functional [25]. The basis sets were
the same previously used to calculate the �-ZrW2O8 elas-
ticity tensor near 0 K [26]. Details of these calculations are
given in the Supplemental Material [27].

Calculations in the quasiharmonic approximation were
performed according to the Debye-Einstein model, where
the contribution of acoustic branches was treated according
the Debye model and the 3N � 3 optic branches were
accounted for by a sum over Einstein terms. Previously
calculated elastic constants at 0 K were used for estimating
the Poisson ratio (� ¼ 0:318). The corresponding Debye
temperature and acoustic Grüneisen parameter (�ac¼1:92)
were obtained according to Fleche [22]. The mode fre-
quencies calculated at the � point were taken as represen-
tative of the whole optic branch. However, instead of the
usual approximation of considering just a single overall
optic Grüneisen parameter, individual mode Grüneisen
parameters (�i) were used for every single optic mode in
the QHA calculations. At zero pressure, the unit cell vol-
ume as a function of temperature was found by solving

P ¼ Psta þ kBT

V

�
�ac

�
9

8

�
�D
T

�
þ 3D

�
�D
T

��

þ X3N�3

i¼1

�ixi

�
1

2
þ 1

exi � 1

��
; (1)

where Psta is the static pressure given by Murnaghan
equation, V is the unit cell volume, kB is the Boltzmann
constant, D is the Debye integral, �D is the Debye tem-
perature, and xi ¼ �Ei=T, where �Ei ¼ Ei=kB is the
Einstein temperature for the ith vibrational mode with
energy Ei. The summation extends over all the 3N � 3 ¼
129 (54 inequivalent) vibrational modes of the 44 atoms in
the �-ZrW2O8 unit cell.

In order to provide further experimental information on
the low energy modes presumably responsible for NTE in
zirconium tungstate, far infrared absorption spectroscopy
was performed using a PerkinElmer Spectrum 400 Fourier
transform spectrometer. A fine powder sample of zirco-
nium tungstate (Wah Chang Co., Albany, OR), previously
heated to 200 �C for two hours (to remove any residual
moisture and also to convert to �-ZrW2O8 a small amount
of �-ZrW2O8 present in the sample as received), was
gently pressed by hand in a steel die to form a self-
supporting disk with 70 �m thickness. A transmission
spectrum comprising 1200 scans, collected with 4 cm�1

resolution, is shown in Fig. 1.
The equilibrium lattice parameter at 0 K, 9.3525(27) Å,

and the bulk modulus and its first pressure derivative,
99.3(4) GPa and 4.2(2), respectively, agree within the un-
certainties of the fitting with previous results [26]. The
variation of total energy versus primitive cell volume for
�-ZrW2O8, and a comparison of the equilibrium lattice
parameter and optimized atomic positions with experimen-
tal data from high-resolution powder diffraction at 2 K can
be found in the Supplemental Material [27].
Factor group analysis yields the decomposition in irre-

ducible representations of the �-ZrW2O8 optic modes
according to 11Aþ 11Eþ 32F. All the optic modes are
Raman active, but only the 32F modes are also IR active.
Theoretical mode frequencies and mode Grüneisen pa-
rameters are given in Table I.
The theoretical lowest energy optic IR active mode, at

45 cm�1, is in good agreement with a strong absorption
band observed at 40 cm�1 in the room temperature far
infrared spectrum of �-ZrW2O8, and also with a peak in
the �-ZrW2O8 optic conductivity spectrum [11]. Both the
first and the second lowest energy modes, this latter at
46 cm�1, are also consistent with experimental data from
Raman scattering [9,10,14]. Our calculations give support
to the interpretation by Hancock et al. [11] that the
20 cm�1 peak in the optic conductivity spectrum of

FIG. 1. Far infrared spectrum of �-ZrW2O8 and wave numbers
of some of the more prominent absorption bands.
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zirconium tungstate does not correspond to a zone-center
optic mode. However, the DFT results show no evidence of
any vibrational mode that could be assigned to the broad
band at 28 cm�1, previously identified as the lowest optic
phonon [11]. Besides the modes at 45 and 46 cm�1, other
optic modes at 96, 100, 133, 161, and 164 cm�1 also
exhibit negative mode Grüneisen parameters. The
96 cm�1 mode can be tentatively assigned to a Raman
peak observed at 84 cm�1, which was reported as exhibit-
ing a negative mode Grüneisen parameter [11,14]. Results
from complementary plane wave pseudopotential calcula-
tions [27] suggest the existence of strong infrared bands at
43, 79, 91, and 109 cm�1, in good agreement with the
bands in the far infrared spectrum shown in Fig. 1. The
corresponding modes in the Becke three-parameter Lee-
Yang-Parr hybrid functional density functional theory cal-
culations are found at 45, 100, 111, and 133 cm�1. The
agreement between experimental and plane wave pseudo-
potential frequencies becomes worse for the high energy,
internal modes, for which frequencies originally calculated
using atom-centered basis sets compare better to experi-
mental results. The tendency to overestimate frequencies is
a known issue with DFT calculations [28]. It is expected,

on the basis of the present assignment and the data from
Table I, that the infrared bands observed at 40, 75, and
100 cm�1 will shift to lower frequencies upon pressure
increase.
In the quasiharmonic approximation, NTE arises from

vibrational modes with negative mode Grüneisen parame-
ters. Accordingly, the two lowest energy optic modes at 45
and 46 cm�1 (5.65 and 5.75 meV, respectively) contribute
the most to NTE in �-ZrW2O8 at low temperature. In fact,
within the Debye-Einstein QHA approximation, these two
modes account for about 70% of the estimated CTE at
30 K. Their contribution remains important even at 300 K,
as shown in Fig. 2. However, as temperature increases,
other modes with energies up to 25 meV begin to contrib-
ute significantly to NTE in �-ZrW2O8. Although several
modes above 25 meV exhibit negative mode Grüneisen
parameters, their overall contribution to the room tempera-
ture CTE of �-ZrW2O8 is relatively small. An animated
graphic is available in the Supplemental Material which
shows how the individual vibrational modes contribute to
the �-ZrW2O8 CTE as temperature increases [27].
To better understand the nature of the modes that most

contribute to NTE in �-ZrW2O8, the variation in metal-
metal and metal-oxygen bond lengths, inter- and intra-
polyhedral bond angles, and polyhedral distortion was
followed as each mode was scanned along its normal
coordinates, using the computer program IVTON [29]. In
these calculations, excursions along normal coordinates
were restricted to�2 units of maximum classical displace-
ment [24,30]. A detailed account of this analysis is avail-
able in the Supplemental Material [27].
The lowest energy optic modes at 45 and 46 cm�1

both exhibit some variation of intrapolyhedral
O–M–O (M ¼ Zr, W) bond angles, but only a slight varia-
tion in Zr–O1–W1 and Zr–O2–W2 interpolyhedral bond
angles. Accordingly, in these modes the Zr � � �W1 and
Zr � � �W2 distances remain almost constant, in very good
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FIG. 2. Contribution of individual modes to the �-ZrW2O8

linear coefficient of thermal expansion at 300 K, within the
Debye-Einstein model of the QHA. The inset at the top shows
the overall CTE at 300 K.

TABLE I. Mode number, calculated mode frequencies, and
mode Grüneisen parameters for �-ZrW2O8. (A), (E), and (F)
stand for singly, doubly, and triply degenerated modes,
respectively.

Mode # � (cm�1) � Mode # � (cm�1) �

1 45(F) �4:8 28 307(F) �0:3
2 46(E) �4:2 29 315(F) �0:4
3 59(A) �0:6 30 320(E) �0:5
4 75(F) �2:0 31 322(F) �0:3
5 96(F) �3:4 32 338(F) �0:4
6 97(A) 3.1 33 356(E) 0.4

7 100(F) �2:2 34 357(A) 0.1

8 111(F) 2.2 35 359(F) 0.0

9 122(E) �1:7 36 371(F) �0:3
10 133(F) �4:3 37 382(F) 0.2

11 155(A) �0:6 38 403(F) 0.2

12 161(F) �2:5 39 405(E) 0.3

13 164(E) �2:0 40 416(F) 0.3

14 172(E) 0.6 41 734(F) 1.7

15 179(F) 0.8 42 738(E) 1.7

16 191(F) 0.6 43 769(F) 1.4

17 198(F) �0:8 44 818(E) 1.3

18 210(F) �0:9 45 819(F) 1.3

19 233(F) 1.0 46 853(A) 1.0

20 246(A) �1:0 47 859(F) 1.0

21 247(E) 1.3 48 905(F) 0.6

22 256(F) 0.2 49 921(A) 0.2

23 280(A) �0:6 50 998(F) 0.7

24 281(F) 0.2 51 1016(F) 1.1

25 286(F) 0.4 52 1022(A) 0.7

26 300(A) �0:2 53 1025(F) 0.8

27 303(E) �0:6 54 1030(A) 0.9
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agreement with the conclusions drawn by Cao et al. from
the analysis of Zr � � �W peaks in the Fourier transform of
�-ZrW2O8 XAFS spectra [17,18]. Furthermore, in these
modes the variation of intrapolyhedral bond angles occurs
with minimal change of metal-oxygen bond lengths [31]
and almost no polyhedral distortion (as defined in
Ref. [32]), in a way compatible with the RUM model.
This is accomplished by a large-amplitude librational and
translational motion of the WO4 units, which is made
possible by the �-ZrW2O8 underconstrained framework
structure. In fact, in the triply degenerated lowest energy
optic mode, the bending of intrapolyhedral, transversal
O1–Zr–O2 bonds, pushes the WO4 tetrahedra back and
forth along three equivalent directions nearly parallel to the
h100i axis. As for the mode at 46 cm�1, which shows
almost no polyhedral distortion or variation in metal-
oxygen bond length, the correlated motion of the WO4

unit and its three neighbor ZrO6 octahedra results in the
translation of the tungsten tetrahedra, accompanied by the
rocking motion of the terminal oxygen. The next zone-
center mode, at 59 cm�1, is very similar to the one pre-
viously described as the lowest energy mode by Hancock
et al. [11], in which the bending of O1–Zr–O2 bonds and
the rotation of ZrO6 units makes theWO4 polyhedra trans-
late along the h111i axis. Animations representing the
�-ZrW2O8 normal modes of vibration are available as a
web page [33].

Figure 3 shows a comparison between the experimental
and theoretical �-ZrW2O8 lattice parameters and the linear
coefficients of thermal expansion as a function of
temperature. The experimental CTE was obtained from
the lattice parameter data of Evans et al. [9]. The
�-ZrW2O8 lattice parameter dependence with temperature
was found to be adequately described by aðTÞ ¼
a0 þ a1T

2 þ a2T expð�a3=TÞ [34]. The comparison be-
tween the experimental CTE and the theoretical estimate

reveals that this latter accounts for about one third of the
room temperature NTE in �-ZrW2O8. In order to assess
the influence of the chosen calculation procedure on the
estimate of the CTE, complementary plane wave pseudo-
potential calculations were performed using the Quantum
Espresso suite [27,35]. The results, also shown in Fig. 3,
suggest that the difference between experimental and theo-
retical results may be at least partially attributed to an
underestimation of the mode Grüneisen parameters in the
Becke three-parameter Lee-Yang-Parr hybrid functional
calculations using atom-centered basis sets. Further inclu-
sion of the effect of phonon dispersion, calculated from the
frequencies of non-zone-center modes disposed in a uni-
form 4� 4� 4 grid of q points, leads to a theoretical
estimate for aðTÞ in very good agreement with the experi-
mental results up to about 60 K, as shown in Fig. 3. Above
this temperature, the need for a more dense sampling
of q space or, perhaps, the creation of thermal induced
defects, may be responsible for the remaining difference
between the theoretical and the experimental results.
This preliminary account of the non-zone-center phonons
also allowed the identification of several modes with very
negative mode Grüneisen parameters, particularly the low-
est acoustic modes at q ¼ ð1=4; 1=4; 1=4Þ, halfway along
the �� Rð�Þ line, and at q ¼ ð0; 0; 1=4Þ, for which
anomalous mode Grüneisen parameters around �80 were
estimated.
Recently, NTE in ScF3 has been attributed mainly to the

anharmonicity of some vibrational modes that behave like
quartic quantum oscillators [36]. Hence, a scanning of the
�-ZrW2O8 zone-center optic modes along their respective
normal coordinates was carried out to pinpoint any devia-
tion from harmonic behavior. A simple harmonic potential
fitted well the potential energy curve for the �-ZrW2O8

zone-center vibrational modes, as can be seen in the
Supplemental Material [27]. Further work should be
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devoted to scan the potential energy along the eigenvectors
of the �-ZrW2O8 non-zone-center modes, particularly
those with anomalous mode Grüneisen parameters, to
search for possible similarities between the mechanisms
behind NTE in ScF3 and zirconium tungstate.

To conclude, by means of DFT calculations and within
the Debye-Einstein model of the quasiharmonic approxi-
mation, we have identified the lowest energy optic modes
at 45 and 46 cm�1. Both of these modes have very negative
mode Grüneisen parameters and thus contribute signifi-
cantly to low temperature NTE in �-ZrW2O8. The com-
plex nature of these modes exhibits features characteristic
of both the rigid unit mode and the tent models. Other
modes, particularly between 96 and 164 cm�1, become
increasingly important to �-ZrW2O8 NTE near room tem-
perature. However, the contribution from modes with
E> 25 meV to the room temperature �-ZrW2O8 CTE
was shown to be relatively small. Further calculations are
needed to extend this work and to fully explore the nature
of the non-zone-center phonons more relevant to the NTE
in zirconium tungstate, including the search for evidence of
possible quartic oscillator behavior.
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Pesquisa do Estado do Rio Grande do Sul).

*caperott@ucs.br
[1] C. Martinek and F. A. Hummel, J. Am. Ceram. Soc. 51,

227 (1968).
[2] J. Graham, A. D. Wadsley, J. H. Weymouth, and L. S.

Williams, J. Am. Ceram. Soc. 42, 570 (1959).
[3] T.A. Mary, J. S. O. Evans, T. Vogt, and A.W. Sleight,

Science 272, 90 (1996).
[4] A. K.A. Pryde, K. D. Hammonds, M. T. Dove, V. Heine,

J. D. Gale, and M. C. Warren, J. Phys. Condens. Matter 8,
10 973 (1996).

[5] A. K.A. Pryde, K. D. Hammonds, M. T. Dove, V. Heine,
J. D. Gale, and M.C. Warren, Phase Transit. 61, 141
(1997).

[6] G. Ernst, C. Broholm, G. R. Kowach, and A. P. Ramirez,
Nature (London) 396, 147 (1998).

[7] A. P. Ramirez and G. R. Kowach, Phys. Rev. Lett. 80, 4903
(1998).

[8] W. I. F. David, J. S. O. Evans, and A.W. Sleight, Europhys.
Lett. 46, 661 (1999).

[9] J. S. O. Evans, T. A. Mary, T. Vogt, M.A. Subramanian,
and A.W. Sleight, Chem. Mater. 8, 2809 (1996).

[10] K. Wang and R. R. Reeber, Appl. Phys. Lett. 76, 2203
(2000).

[11] J. N. Hancock, C. Turpen, Z. Schlesinger, G. R.
Kowach, and A. P. Ramirez, Phys. Rev. Lett. 93, 225501
(2004).

[12] R. Mittal, S. L. Chaplot, H. Schober, and T. A. Mary, Phys.
Rev. Lett. 86, 4692 (2001).

[13] R. Mittal and S. L. Chaplot, Phys. Rev. B 60, 7234 (1999).
[14] T. R. Ravindran, A.K. Arora, and T. A. Mary, Phys. Rev.

Lett. 84, 3879 (2000).
[15] S. L. Chaplot and R. Mittal, Phys. Rev. Lett. 86, 4976

(2001).
[16] T. R. Ravindran and A.K. Arora, Phys. Rev. Lett. 86, 4977

(2001).
[17] D. Cao, F. Bridges, G. R. Kowach, and A. P. Ramirez,

Phys. Rev. Lett. 89, 215902 (2002).
[18] D. Cao, F. Bridges, G. R. Kowach, and A. P. Ramirez,

Phys. Rev. B 68, 014303 (2003).
[19] M.G. Tucker, A. L. Goodwin, M. T. Dove, D.A. Keen,

S. A. Wells, and J. S. O. Evans, Phys. Rev. Lett. 95, 255501
(2005).

[20] B. Fultz, Prog. Mater. Sci. 55, 247 (2010).
[21] M. T. Dove, Introduction to Lattice Dynamics (Cambridge

University Press, Cambridge, England, 1993), p. 76.
[22] J. L. Fleche, Phys. Rev. B 65, 245116 (2002).
[23] A. Otero-de-la-Roza, D. Abbasi-Pérez, V. Luaña, Comput.

Phys. Commun. 182, 2232 (2011).
[24] R. Dovesi et al., CRYSTAL2006 User’s Manual

(University of Torino, Torino, Italy, 2006).
[25] A. D. Becke, J. Chem. Phys. 98, 5648 (1993).
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