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Based on a phenomenological model and the Kubo formula, we investigate the superfluid density p(T)
and then the penetration depth A(T) of the iron-based superconductors in the coexistence region of the
spin-density wave and superconductivity, and also in the overdoped region. Our calculations show a
dramatic increase of A(0) with the decrease of the doping concentration x below x = 0.1. This result is
consistent with the experimental observations. At low temperatures, p,(7) shows an exponential-law
behavior, while at higher temperatures, the linear-in-7" behavior is dominant before it trends to vanish. It is
in qualitative agreement with the direct measurement of superfluid density in films of Fe-pnictide
superconductor at x = 0.08. The evolution of AA(T) can be roughly fitted by a power-law function
with the exponent depending on the doping concentration. We show that the Uemura relation holds for the
iron-based superconductors only at very low doping levels.
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In addition to zero resistance, the Meissner effect is
another hallmark of superconductivity. The directly mea-
sured penetration depth (A) in a weak magnetic field pro-
vides information of the gap structure, and is a characteristic
length scale of a bulk superconductor. In general, p, «
1/A%. The number of electrons in the superconducting
phase, p,, characterizes the phase rigidity of a superconduc-
tor. In conventional Bardeen-Cooper-Schrieffer supercon-
ductors, the penetration depth exhibits an exponential
behavior at low temperatures, and the power-law behavior
in AMT) = A(T) — A(0) has been considered as evidence
for unconventional pairing symmetry in the high-
temperature superconductors [1]. Compare to cuprates, the
remarkable features of iron pnictides are the nature of
magnetism and the multiband character. They have triggered
massive studies since their discovery [2,3]. In this Letter we
focus on its response to a weak external magnetic field.

There are several ways to measure magnetic penetration
depth [4-6]. In the 1111 systems, at low temperatures,
some experiments [7] found a power-law behavior A(T),
while others [8,9] have found an exponential temperature
dependence of A(T). The situation in the 122 system is also
unclear: The superfluid density p,(T) exhibits an exponen-
tial behavior in the cleanest Ba;_, K Fe,As, [10], while
measurements on Ba(Fe,_,Co,),As, have shown a power-
law behavior of A(T) [11-16] with the exponent varying
from 1.6 to 2.8, and a two-gap scenario is suggested for
Ba(Fe,_,Co,),As, and Ba;_,Rb,Fe,As, [17,18]. And
there are also some theoretical works [19-22].

In this Letter, we carry out systematic calculations
of p,(T) based on a two-orbital phenomenological model
[23]. Within this model, each unit cell accommodates two
inequivalent Fe ions and results based on this model
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on various properties of Fe-pnictide superconductors
[23-31] are in reasonable agreement with experimental
measurements. When we normalize the energy parameters
of the Fe-Fe nearest and next-nearest neighbors, the hop-
ping integrals defined below are chosen as t;_, = 1, 0.4,
—2.0,0.04 [23], respectively. In the momentum k space, the
single-particle Hamiltonian matrix can be written as [26,27]

a,— pm as ay 0
H,, = as a — M 0 ay L
' ay 0 a, — | as
0 ay as a — M

with a; = —2t,cos(k, + k,) — 2t5cos(k, — k,), a,=
—2tycos(k, — ky) —2t,cos(k, + k), a3 = —2t,(cos(k, +
ky) + cos(k, — k), ay = —2t,(cosk, + cosk,), where u
is the chemical potential. Here we have chosen the x axis
along the link connecting nearest neighbor Fe ions, and the
distance between nearest neighbor Fe is taken as the unit of
length. The pairing term Hy ; = Y,k (Ap clychlWH +
H.c.) has only next-nearest-neighbor intra-orbital pairing,
where a denotes Fe A or Fe B in the unit cell and v denotes
the orbitals. It will lead to the s.-wave pairing symmetry
[10,11,32]. The self-consistent conditions are A, =
227 COSkTAgiJrT and Al",yi*T =%<C?VTC?+T,V1 - C?I/lcia+r,vT> -
%Zk cosK €y Kk1Car—k1)» With 7 = X £ y and the pairing
strength V = 1.2. The interaction term includes the Hund’s
coupling Jy = 1.3 and the on-site Coulomb interaction U,
in which we choose U = 3.4 and U = 4.0 as two different
kinds of homogenous systems. After taking the mean-field
treatment [24,25], H,,, can be expressed as
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Hint =U Z <ni;u§'>ni,uo' + (U - 3JH) z <ni,u,0'>ni110'

ino#ao intvo

+ (U - 2JH) Z <ni/.u}>nivu" (2)
inFro*a

In the presence of spin-density-wave (SDW) order, H,, in the
k space can be decoupled into a diagonal term and magnetic

P S R S | t
term. Define g, = (cagxp Carnp Croxp ikt Pk —
(lﬁlT, ¢lt+QT’ ¥ _x, ¥ —k+qy), the Hamiltonian without ex-
ternal field in k space can be written as goltHO @y [26,27], with

Hz/,k R TH  x 0
wo| BoHke 0 Mo
O | IHy, 0 -H, R [
0 IHA,k+Q R _H;,k+Q
where I is a 4 X 4 unit matrix, R = —%(U + Jy)Hy,

and the corresponding H}, = H, + 53U — 5Jy)I, with
n = 2 + x. R relates to the magnetic order [26,27] with

o 1 0 @
M 0 JTexpiQ-Ry/

in Eq. (4) I is a 2 X 2 unit matrix. Due to SDW order, the
wave vector Kk is restricted in the magnetic Brillouin zone
(BZ). The self-consistent condition is M = %Zy(n Anl
Nay) = %MZV,k oct kCavok+q» Ryp is the distance of Fe
B to the origin sited by Fe A. N, is the number of unit cells. We
take Ny = 512 to obtain self-consistent parameters and
N, =768 in the calculation of p,. After diagonalizing
S ot Hoor = YimErm yi¥yX by a 16 X 16 canonical
transformation matrix T, we can obtain all properties of the
system without the external field.

Our investigation of the superfluid density p, follows the
linear response approach described by Refs. [1,33-35]. In
the presence of a slowly varying vector potential A,(r, t) =
A(g, ®)e'%"i~19" along the x direction, the hopping term is
modified by a phase factor, c;r[,c i c:rl,c o €Xpige X

f 7 A(r, 7) - dr. Throughout the Letter we set 7 = ¢ = 1.

By expanding the factors to the order of A%, we obtained
the total Hamiltonian H,,, = H, + H' with

H' = =Y A, t)[le(ri) + %ezAx(ri, I)Kx(ri)]- )

JE(r;) is the particle current density along the x axis, K, (r;)
is the kinetic energy density along the x axis. Their ex-
pressions are

K.(r;) = — Z ti,i+8x,2,[+5(cltjg-ci+6,y’(r +Hc), (6)

vv'od

JE(r) = —i Z tivoXiivs(ChyCivs vy — He), (7)

vv'ad

only 6§ = x, x = y have contributions to the x component
and x;;;5 =1 in our coordination. The charge current
density along the x axis is defined as

C O i)+ @R A D). (8)
5Ax(ri’[) eJx r,- e xri xri, .

JxQ (r;) =
The kinetic energy is calculated to zeroth order of A,(r;),
corresponding to the diamagnetic part, and that of the
paramagnetic part JZ(r;) is calculated to the first order of
A, (r;). In the interaction representation we have

U2 = =i [ W0 @)Lt

_eA(n 1)
N

HXX (q’ w)! (9)

where () represents the expectation value based on
the wave function of H,, while (), corresponds to the
wave function of H,. In the Matsubara formalism
we have the current-current correlation II, . (q,iw) =
Jhdré*™ I (q.7), and Il.(q 7) = —(T,J0(q 7)X
J2(=q,00) =X, ., 117" (q, 7) where T, is the time
ordering operator, J(q, 7) = e™JP(q)e ™0, JP(q) =
Y Il (r) =3, T m,(Q) is a summation over k.
Calculation of IT,,(q, iw) is in the framework of equations
of motion of Green’s function,

dIli™(q,7) _

pm =[5, (@, T (—@)]-

—(T,e™[Hy, I}, ., (@)]-e™ 7T (—q,0)).

A lengthy but straightforward algebra leads to

Hoqio = 3 T Vot U En) =/ Eugn,)
i iw + (Ek,m] - Ek+q,mz) '

km;m,

(10)

where f is the Fermi distribution function. Through ana-
lytic continuation, I, (q, @) is obtained. When w = 0, the
derivative of f has an important contribution to I, (g, iw).
The quantity Y,],Z’]lintq can be expressed as
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2 . . . .
Y,lfgllfntq = ﬁ[t4(§4(s1nkx,y + sink,1,) + §Q(smk9_y + sink% )

A

x+y

+ 13(&; sink,—, + &, sink,y, + &) sinkd, + & sinkd, )

+ 1)(&; sink, sy + & sink,—, + &b sink?

+ & sink2 )

x+y
+ 1,(£, sink, + & sink®)], (11)
|

with &, = a‘}‘é‘”‘l + a‘;lﬂlvk + a‘g‘;rl‘l'k + a‘l‘ik;‘l, &= the plot of D because in almost all the doping levels
ak,k+q+ak,k+£; 3 :a’k,k+q+ai<,k+q ¢ _ B ST D, = D as long as A has finite value; Fig. 1(a) shows
L1 99 > 520 "33 i e 4 1.2 that in the overdoped regime, the superconducting gap

k+q,k+ k+q,k+ k k+q and k. k :-l]'>~ (k)‘l]' (k/)+ . . . . .
@1 %910 %109 a;j im Jma disappears and D drops to zero, while D is finite just

T34 1, (K)T 4 1,m, (k). The corresponding &} is connected
to &; by changing a;; into @; 4 ;+4. ky+, denotes k, * k,
and k2

v+y = kyxy + Q. The superfluid weight measures the
ratio of the superfluid density to the mass D,/me? =
p,/m* = —(J2(r;, 1))/e*A,(r;), and the Drude weight is
a measurement of the ratio of density of mobile charges to
their mass [1,33-35],

D, 1
‘2 = _HXX(QX = 0’ q}' - O’ w = O) o <Kx>0’ (12)
e N

D 1

W = Nnxx(q,r = 0, (’Iy = Or w — O) - <Kx>0' (13)
Figure 1 shows the variation of Dy, D, M and super-

conducting order A = 3 ¥, (A%, (1 + Af, (1), as func-

tions of x at different temperatures. D does not change

much as the temperature varies and we plot it clearly in

Figs. 1(c) and 1(d). At zero temperature, we do not show

0.3 T=0 2 T=0
pS=DS (a) %
3
02M >~
1k
0.1 s
8
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=D @
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1 1
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FIG. 1 (color online). Panels (a), (c), and (d) plot D, (black
solid line), D (orange dashed line ), A (red dotted line), and M
(blue dash-dot-dotted line) as functions of x at different tem-
peratures. The right scale is for D; and D while the left scale is
for A and M. Panel (b) plots A(0) as a function of x. The inset of
panel (b) is the phase diagram of temperature 7 and x.

like the plot in panels (c) and (d); hence, in the overdoped
levels when A = 0 the system corresponds to metal. We
can see from Fig. 1(a) that at T = 0, D, increases with the
increase of x until it reaches the SDW boundary. In the
underdoped region x < 0.05, most of the Fermi surfaces
are gapped by SDW [24,29], doping is the major source of
charge carrier; hence, the superfluid density as well as
mobile charge density increase linearly with the increase
of x. While at larger doping 0.5 <x < 0.1, SDW is sup-
pressed, the gapped surfaces shrinks significantly, and
more intrinsic charge carriers are released to the system
in addition to the doping carriers. This is the reason why
the increase of Dg = D with doping becomes more dra-
matic than the linear dependence in this region. After SDW
disappears, A dominates the behavior of D, and shows a
flat behavior in a considerably large doping range. In panel
(b) we show the variation of A(0) as a function of x for
x = 0.3. We define p,(T) = D,(T) = A(T)~? with arbi-
trary units. Compared to the phase diagram in the inset,
we find that in the SDW + SC coexisting regime, A(0)
shows a sharp increase with the decrease of x, which is
in good agreement with experiments [12,13].

An external magnetic field can couple relevant correla-
tion functions; hence, p; is a nonlocal quantity, describing
the stiffness of the system. Figures 1(c) and 1(d) show that
at finite 7, D, deviates from D, the suppression of Dy is
stronger than that of A. For the U = 4 case, the results (not
shown here) are very similar to the results presented here.

Temperature dependence of superfluid density is a quan-
tity reflecting the low-energy residual density of states
inside the superconducting gap. Equation (10) indicates

T=0.02 x=0.05 T=0.02 x=0.1 T=0.02 x=0.2
(a) (b) (c)

p(®) (arbitrary units)

-00.3 0.0 0.3 -0.3 0.0 0.3 .0.3 0.0 0.3
(O] (O] (O]

FIG. 2 (color online). Density of states at 7 = 0.02 for differ-
ent x. All those calculations are for the U = 3.4 case.
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FIG. 3 (color online). Panels (a), (b), and (c) plot the renor-
malized superfluid density p,(T)/p,(0) and superconducting
order parameter A(T)/A(0) as functions of the temperature
T/T, at different doping levels for U = 3.4. T, is the transition
temperature for SDW. The green dotted lines are linear-in-T
fitting functions. Panels (a’), (b'), and (¢’) are similar but for
U = 4.0. Panel (d),(d’) show the comparison of our results with
experiment data at x = 0.08. Blue solid line in the inset of panel
(d") plots p,(T)/p(T,) as a function of 7/T, at x = 0.08 and the
red dashed line is the aid for the eyes.

that the difference between D and D, is related to
the derivation of f near the Fermi surface, and can be
understood as excitation of quasiparticles p,. Figure 2
shows the density of states at 7 = 0.02. For x = 0.05
and 0.1 the gap is considerably larger, hence D, is equal
or almost equal to D. Although there is a gap at x = 0.2
[see Fig. 2(c)], it is small; therefore, f'(E,;) has its contri-
bution to Dg, and therefore D, deviates from D.

We choose three typical doping levels, to show the
temperature T/T. dependence of p,(T)/p,(0) and
A(T)/A(0) for U = 3.4, as well as for U = 4.0. From
Fig. 3 we can see that the suppression of superfluid density
is stronger than that of the superconducting order parame-
ter in all cases. At low temperatures, the curve of
p(T)/ps(0) is flat, a characteristic of a nodeless super-
conducting gap.

As T increases, a linear-in-T behavior of superfluid
density is dominant in all cases. For U = 3.4 cases, linear
functions —1.55T /T, + 1.52 and —1.57T/T, + 1.49 are
used to fit this kind of behavior for x = 0.1 and x = 0.2,
respectively, which are shown in Figs. 3(b) and 3(c). It is
consistent with the power-law behavior observed in the
experiments [11-16]. Interestingly, they are in good agree-
ment with the direct measurements of superfluid density in
films of Fe-pnictide superconductors in Ref. [14]. We show
our results and the experimental data (see Fig. 1(a) in
Ref. [14]) together in Fig. 3(d) (U = 3.4 case) and 3(d’)
(U = 4.0 case), and their consistence is explicit. In order to
understand the wider linear 7T dependence of p(T), the

10 0.08
. | — 005 (a) (b)
e —
2 |—0 o
© '/
£ 3.6
g sl (TITc) © 0.04] ‘, Vo3
© 3 4 - :
S e (TITc) P =40
) I _
< ", -0 x=0.08
< P e x=0.1

0 0.00 L& ‘ ‘

0.0 0.5 1.0 00 05 10 15

T/Tc p(0) arbitrary units

FIG. 4 (color online). Panel (a) plots AA(T) as a function of
T/T, at typical selected doping for U = 4, the dashed lines are
the corresponding fitting functions. Panel (b) is the Uemura plot
of Fe-base superconductor. The x axis is p,(0) for different
doping, the y axis is the corresponding 7. for the given dopings.

inset in Fig. 3(d) plots the renormalized p,(T)/p(T,) as a
function of T/T, at x = 0.08; the red dashed line aids the
eyes. We can see that the number of excited quasiparticles
is exponentially small at low T with strong superconduc-
tivity, but it is proportional to linear 7 within a certain
temperature range before the superconductivity disappears.
The easy appearance of linear-in-7 behavior is closely
related to anisotropic S. superconducting paring, since
in-gap states (Andreev states) may be induced in this
case. The ratio 2A;(0)/kpT, at optimal doping is about
4.3 (4.5) for the U = 3.4(4.0) system.

Experiments always measure AA(T) = A(T) — A(0), so
we show the evolution of AA(T) at selected doping con-
centrations for U = 4.0 in Fig. 4(a). The results of U = 3.4
are very similar. In the low-temperature range the curve is
flat. At high temperature approaching the disappearance
of superconductivity, there is a jump for the value of
AA(T), which we show by the colored solid dots. We fit
the evolution of AA(T) to a power-law behavior. See
Fig. 4(a); the corresponding fitting function 4(T/T.)3% X
(2(T/T,)3) is for data of x = 0.05 (x = 0.1, 0.2) and it may
be the reason why the experiments give different exponents
for different samples.

Experiments have shown that the Uemura relation [36]
holds [37] for a 1111 system but does not hold for a 122
system [38]. In Fig. 4(b), we plot T, versus p,(0) based on
our model. The blue-dashed line (red-dotted line) is for the
U =34 (U=4.0) system. It shows that at very low
doping levels, about x < 0.035 (grey point), both the
U = 3.4 and U = 4 systems follow the same empirical
linear relation (grey line). As T, close to the maximum and
p,(0) saturate at x > 0.08 (0.1) for U = 3.4 (U = 4.0), and
the data significantly deviate from the linear relation. This
is because in the very underdoped region the doping is a
major source of charge carriers and the Uemura relation is
valid here.

Based on a two-orbital phenomenological model, we
have studied the stiffness of superconductivity in clean
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iron-based superconductors. At zero temperature, we find
A(0) a sharp jump as x decreases in the regime of the
coexisting SDW + SC orders; the variation of A(0) as a
function of doping is in good agreement with experiments
[12]. As far as we know this is a new theoretical result. At
low temperatures, p,(T)/p,(0) is flat, then shows a linear-
in-T behavior before the system loses its superconductiv-
ity. It is in good agreement with experiments of direct
measurement of superfluid density in films [14]. The evo-
lution of AA(T) roughly follows the power-law behavior
with different exponents corresponding to different doping
levels. Only at low doping levels, the empirical Uemura
linear relation holds for the iron-based superconductors.
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