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Lee-Yang Zeros and Critical Times in Decoherence of a Probe Spin Coupled to a Bath
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Phase transitions are not usually seen in the time domain. Here, we report on the finding of critical times
at which a physical observable, in the thermodynamic limit, becomes nonanalytic as a function of time.
We find that the coherence of a probe spin coupled to a many-body system vanishes at times in one-to-one
correspondence to the Lee-Yang zeros of the partition function of the many-body system. In the
thermodynamic limit, the Lee-Yang zeros form a continuum cut in the complex plane of fugacity and
the probe spin coherence presents sudden death and birth at the critical times corresponding to the Yang-
Lee singularities. These results provide new experimental possibilities in many-body physics.

DOI: 10.1103/PhysRevLett.109.185701

In 1952, Lee and Yang laid a cornerstone of statistical
mechanics by showing that the partition functions of ther-
mal systems vanish at certain points, termed Lee-Yang
zeros, on the complex plane of fugacity or a magnetic field
[1,2]. They proved the famous unit-circle theorem [2],
which states that all the Lee-Yang zeros of a general
Ising ferromagnet are located on the unit circle in the
complex fugacity plane. In the thermodynamic limit, the
Lee-Yang zeros form a continuum cut in the complex plane
[1]. Above the critical temperature, the continuum cut has a
gap within which the partition function is free of zeros [1].
Kortman and Griffiths [3] pointed out that the two edge
points of the continuum cut are singularity points, called
Yang-Lee singularities [4]. The Yang-Lee singularities
approach the real axis at the critical temperature [1]. The
Lee-Yang theorem applies to general ferromagnetic Ising
models and has later been generalized to ferromagnetic
Ising models of arbitrarily high spin [5-7] as well as other
interesting types of interactions [8—10].

The imaginary Lee-Yang zeros have not been regarded
as observable since they occur only at an imaginary mag-
netic field or an imaginary temperature [11], neither of
which are physical. High field magnetization data have
previously been used to extract densities of Lee-Yang zeros
and Yang-Lee singularities in the thermodynamic limit
[12,13]. Direct observation of the Lee-Yang zeros and
singularities, however, has been elusive. In theoretical
physics, a mathematical technique called Wick rotation
has been employed to relate the imaginary inverse tem-
perature to time. Therefore, it is conceivable that the
imaginary Lee-Yang zeros may be observed in the time
domain.

In this Letter, we show that the Lee-Yang zeros can be
mapped to zeros in the coherence [14,15] of a probe spin
coupled to the many-body system. Moreover, in the ther-
modynamic limit, the coherence presents sudden death
and birth at critical times corresponding to the Yang-Lee
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singularities if the temperature is above the critical point.
While it has been known that nonequilibrium systems can
present abrupt changes in their evolutions, the time-domain
phase transitions reported in this Letter are essentially an
equilibrium-state phenomenon since the probe-bath cou-
pling in principle can be made arbitrarily small.

Let us consider a general Ising model with ferromag-
netic interactions under a magnetic field h. The
Hamiltonian is

H(h) = _zJijsiSj - hZSj, (1)
Lj J

where the spins s; take values *1 and J;; = 0. The parti-
tion function of N spins at temperature 7 can be written as
an Nth order polynomial of z = exp(—28h) as

N
Z(B. h) = Ti[e PH] = ePNE Y p o1,
n=0

2

where 8 = 1/T is the inverse temperature (Boltzmann and
Planck constants taken as unity) and p, is the partition
function with zero magnetic field under the constraint that
n spins are in the state —1. The variable z can be regarded
as the scaled field and has the physical meaning of fugacity
for a lattice gas described by the Ising model [2]. The N
zeros of the partition function, lying on the unit circle in the
complex plane of z (corresponding to a complex external
field) [2], can be written as z, = ¢/ withn =1,2,..., N.
If the Lee-Yang zeros are determined, the partition func-
tion can be readily reconstructed as

N
Z(B, h) = poePN" [1(z — z).

n=1

3)

We use a probe spin-1/2 coupled to the Ising system
(bath), with the probe-bath interaction
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H =—\o,® Zsj =)o, ®H, = (1/2)0,B, (4

where A is a coupling constant, o, = | /(T | — | I)| | is the
Pauli matrix of the probe spin, and B = 2AH, acts as the
random field for the probe spin. The probe spin is equally
coupled to all the N spins in the bath. We note that the
quantum coherence of a spin has previously been used to
probe quantum criticality [16—-18]. We assume that the
probe spin is initially prepared in a superposition state as
| 1) + | 1) and the bath is at temperature 7. The thermal
fluctuation of the field B induces a random phase Bt in the
probe spin and, in turn, induces probe spin decoherence.
The probe spin coherence, given by the ensemble average
of the random phase factor, is

L(r) = (exp(iB1)) = Tr[e™PHW MY/ Z(B, h), (5)
which can be written in an intriguing form as

Z(B, h — 2itA/B)
Z(B, h)

—2iNAt TIN —2Bh+4iAt
€ l_[n:l(e P

L(t) =

B Zn)

(6)

N G )

The denominator in the above equation is nonzero for a
real magnetic field and temperature. The numerator resem-
bles the form of a partition function but with a complex
magnetic field 2 — 2itA/B. The probe spin coherence in a
finite system vanishes whenever z' = exp(4iAr — 2Bh)
reaches a Lee-Yang zero. Particularly, for Ising ferromag-
nets, the Lee-Yang zeros all lie on the unit circle and
therefore are mapped to the probe spin coherence zeros
(¢,) for the vanishing external field (k2 = 0), with the
correspondence relation exp(4iAf) = z,, or 1, = 6,/(4A).
Therefore, in a ferromagnetic Ising bath under zero field,

N
L(Z) = p~2iNAt l_l(e4i)u _ em")/(l — pith). (7)
n=1

For a bath of a finite number (N) of spins, the probe spin
coherence will vanish for N times before the coherence
revival at r = 277/(4A). In the thermodynamic limit (N —
), the Lee-Yang zeros form a continuum cut in the
complex plane; the probe spin coherence would be con-
stant at zero between the edge singularities =6, and
present a sudden death feature at the critical time ¢, =
0./(4A) and a sudden birth feature at the critical time
te = Q2m = 0.)/(4M).

To illustrate the above idea, we use the one-dimensional
(1D) Ising model with nearest-neighbor ferromagnetic
coupling J = 1 and the periodic boundary condition. The
1D Ising model can be exactly solved through the transfer
matrix method [19,20]. There is no finite-temperature
phase transition in the 1D Ising model. The Lee-Yang zeros
of the 1D Ising model with N spins have been exactly
calculated [2].

Figure 1 shows the Lee-Yang zeros and the probe spin
coherence for the 1D Ising model with N = 10 spins at
various temperatures. At infinite temperature (8 = 0), all
the Lee-Yang zeros are degenerate at z, = —1 [Fig. 1(a)].
Correspondingly, the probe spin coherence has one zero at
t = 0,/(4A) [Fig. 1(b)]. As a finite-size effect, the probe
spin coherence presents periodic revivals at integer multi-
ples of 277/(4A), as can be seen from Eq. (7). With de-
creasing temperature, the Lee-Yang zeros disperse on the
unit circle [Fig. 1(c)]. As shown in Fig. 1(d), the probe spin
coherence has 10 zeros corresponding to the Lee-Yang
zeros. As the temperature approaches zero, the Lee-Yang
zeros tend to be uniformly distributed on the unit circle
[Fig. 1(e)]. From Eq. (7), we see that, if the Lee-Yang zeros
are uniformly distributed [6, — (2n — 1)7/N], the probe
spin coherence is fully recovered whenever the time is such
that 4Ar = n27r/N, and therefore the probe spin coherence
oscillates periodically [Fig. 1(f)].

Figure 2 shows the Lee-Yang zeros and the probe
spin coherence with the bath size increasing toward the
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FIG. 1 (color online). Correspondence between the Lee-Yang
zeros and the coherence zeros of a probe spin. (a),(c),(e) The
Lee-Yang zeros (red circles) for a 1D Ising model of 10 spins at
inverse temperatures 8 = 0, 0.5, and 10, correspondingly. The
black dashed lines are the unit circles. (b),(d),(f) Probe spin
coherence as a function of time corresponding to (a), (c), and (e).
The inset in (b) zooms into the coherence zero. The small blue
circles in (b), (d), and (f) mark the coherence zeros. The probe-
bath coupling is A = 0.01.
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FIG. 2 (color online). Yang-Lee singularities and critical times
in probe spin decoherence. (a),(c),(e) The Lee-Yang zeros for a
1D Ising model with the numbers of spins N = 20, 50, and 500,
correspondingly. As the thermodynamic limit is approached, the
zeros form a continuum cut in the complex plane ended by two
singularity points. (b),(d),(f) Probe spin coherence as a function
of time corresponding to (a), (c), and (e). The insets zoom into
the sudden death point. The parameters are such that 8 = 0.5
and A = 0.01.

thermodynamic limit (N — o0). With increasing N, the
Lee-Yang zeros become denser and denser between the
two edge singularities. The probe spin coherence becomes
almost constant at zero after the critical time corresponding
to the first edge singularity [¢, = 6,./(4A)], until a sudden
birth at . = (27 — 6,.)/(4)) corresponding to the second
edge singularity. For a large bath size (N = 500) that
approximates the thermodynamic limit, the coherence
presents nearly sudden death and birth at the critical times.
The probe spin coherence does not appear smooth at these
singularity points, although it is an analytic function, by
definition, for any finite-size system. Note that such coher-
ence sudden death, being a phase transition in the time
domain, is fundamentally different from the previously
discovered entanglement sudden death [21,22], which is
instead caused by the nonanalyticity in the definition of
entanglement.

We now study how the coherence sudden death changes
with decreasing temperature, in particular, toward the criti-
cal temperature (which is zero in the 1D Ising model). As
shown in Fig. 3 for an Ising model of 500 spins at various
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FIG. 3 (color online). Temperature dependence of Yang-Lee
singularities and probe spin coherence sudden death. (a),(c),
(e) Lee-Yang zeros for a 1D Ising model of 500 spins at inverse
temperatures 8 = 1, 2, and 5, correspondingly. (b),(d),(f) Probe
spin coherence as a function of time corresponding to (a), (c),
and (e). The insets of (b) and (d) zoom into the sudden death
point. The probe-bath coupling is A = 0.01.

temperatures, the gap between the Yang-Lee singularities
tends to close as temperature decreases toward zero. At
high temperatures, the probe spin coherence displays a
sudden death, as expected. The sudden death occurs at
earlier times as the temperature decreases, which is con-
sistent with the narrowing gap between the Yang-Lee
singularities. When the temperature is close to the critical
point [Figs. 3(e) and 3(f)], the Lee-Yang zeros become
almost uniformly distributed [as is more clearly seen in
Fig. 1(e) for a smaller Ising bath] and the probe spin
coherence displays pronounced oscillations. For larger
baths, the oscillation features would appear for a tempera-
ture closer to the critical point (figure not shown). In the
thermodynamic limit, only at the critical temperature
would the sudden death change to the oscillation feature.

We further study how the Lee-Yang zeros appear in the
probe spin coherence below the critical temperature by
considering the two-dimensional (2D) Ising model, which
has a finite-temperature phase transition. We consider a 2D
Ising model on a square lattice with nearest-neighbor
coupling J =1 and periodic boundary conditions. This
model under zero field is exactly solvable [23] and has a
finite-temperature phase transition at 8 = 0.44. For a finite
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field and finite-time evolution, we use the transfer matrix
approach to map the 2D model to a 1D Ising model with
both longitudinal and transverse fields [20] and then em-
ploy exact numerical diagonalization. Figure 4 plots the
Lee-Yang zeros and the probe spin coherence in a 2D Ising
model of 8 X 50 spins for various temperatures. Above the
critical temperature (8 = 0.2 and 0.4), the Lee-Yang zeros
have a gap across the positive real axis. The corresponding
probe spin coherence shows a well-developed sudden
death feature (though not strictly nonanalytic due to the
finite size of the bath). The sudden death appears at earlier
times for lower temperatures since the gap between the
Yang-Lee edge singularities is smaller. Below the critical
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FIG. 4 (color online). Lee-Yang zeros and probe spin coher-
ence in a 2D Ising model at various temperatures. (a),(c),(e),
(g) Lee-Yang zeros for a 2D Ising model in an 8 X 50 lattice at
inverse temperatures 8 = 0.2, 0.4, 0.5, and 0.8, correspondingly.
(b),(d),(f),(h) Probe spin coherence as a function of time ¢
corresponding to (a), (¢), (e), and (g). The insets of (b) and (d)
zoom into the sudden death region. The probe-bath coupling is
A =0.01.

temperature (8 = 0.5 and 0.8), the Lee-Yang zeros are
almost uniformly distributed along the unit circle and the
probe spin coherence oscillates coherently with a period
27/(2N X), as a signature of the ferromagnetic phase.

To observe the effects, one can employ magnetic reso-
nance spectroscopy. The nuclear magnetic resonance tech-
nique demonstrated in [17] can be adapted to study the
Lee-Yang zeros of small-size Ising models. The detection
of dynamics in spin baths by central spin decoherence has
been experimentally demonstrated [24-30]. With certain
modifications, similar techniques may be used to study the
Lee-Yang zeros. It follows from Ref. [9] that the probe-
bath coupling need not be uniform and that the unit-circle
theorem applies to ferromagnetic Heisenberg-Ising models
(a large class of spin models). This offers some feasibility
and flexibility for experiments. To study the time-domain
phase transitions, a sufficiently large spin bath is needed to
approximate the thermodynamic limit and the bath spins
should be placed on a regular lattice. Furthermore, the bath
and the probe should be well isolated from the larger
environment. Such challenges are nontrivial. With recent
advances in the precise positioning and coupling of single
spins in solids [31-33], observation of the critical phe-
nomena in probe spin decoherence is not inconceivable.
There also exist alternative methods to the spin resonance
technique. For example, a linearly polarized light can act as
a probe. If the photons have long wavelength compared
with the size of the sample (bath), the probe-bath coupling
can be taken as uniform. Magneto-optical Faraday rotation
has been used to detect magnetization fluctuations in equi-
librium spin systems [30,34,35]. The coherence function in
Eq. (5) is related to the Faraday rotation measurement by

L) = <e2i/\le> — <eZiAMz> — <ei¢>pr>’ )

where M is the random magnetization of the bath, ¢ is the
Faraday rotation, and ¢ is the interaction time between the
photons and bath spins.

In summary, the coherence of a probe spin coupled to a
many-body system presents zeros at times in one-to-one
correspondence to the Lee-Yang zeros of the many-body
system. In the thermodynamic limit, the probe spin coher-
ence presents sudden death and birth at critical times
corresponding to the Yang-Lee edge singularities. The
Lee-Yang theorem, and hence the discoveries presented
here, apply to a large class of spin systems, including the
ferromagnetic Ising and Heisenberg-Ising models, regard-
less of the interaction range, geometry configurations, dis-
orders, and dimensionality [9]. For other systems (e.g.,
antiferromagnetic Ising models), the Lee-Yang zeros may
not lie on a unit circle. However, one can apply an external
field A and get all the zeros of modulus exp(—2B8h),
according to Eq. (6). The time-domain phase transitions
associated with the Yang-Lee edge singularities in such
systems, however, are not as straightforward as for the
ferromagnetic Ising models and need further investigation.
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With the Lee-Yang zeros determined, the partition function
of an interacting many-body system can, in principle, be
reconstructed, from which all physical properties can be
calculated. Thus, measuring the quantum coherence of a
single probe spin provides a new approach to studying the
interacting many-body systems.

This work was supported by Hong Kong Research
Grants Council/General Research Fund CUHK402410,
The Chinese University of Hong Kong Focused
Investments Scheme, and Hong Kong Research Grants
Council/Collaborative Research Fund HKUS/CRF/11G.

*Corresponding author

rbliu@phy.cuhk.edu.hk
[1] C.N. Yang and T.D. Lee, Phys. Rev. 87, 404 (1952).
[2] T.D. Lee and C.N. Yang, Phys. Rev. 87, 410 (1952).
[3] P.J. Kortman and R. B. Griffiths, Phys. Rev. Lett. 27, 1439

(1971).
[4] M.E. Fisher, Phys. Rev. Lett. 40, 1610 (1978).
[5]1 T. Asano, Prog. Theor. Phys. 40, 1328 (1968).
[6] M. Suzuki, J. Math. Phys. (N.Y.) 9, 2064 (1968).
[71 R.B. Griffiths, J. Math. Phys. (N.Y.) 10, 1559 (1969).
[81 M. Suzuki, Prog. Theor. Phys. 40, 1246 (1968).
[9] M. Suzuki and M. E. Fisher, J. Math. Phys. (N.Y.) 12, 235
(1971).
D.A. Kurtze and M.E. Fisher, J. Stat. Phys. 19, 205
(1978).
M. E. Fisher, in Lectures in Theoretical Physics, edited by
W.E. Brittin (University of Colorado Press, Boulder, CO,
1965), Vol. 7c, p. 1.
C. Binek, Phys. Rev. Lett. 81, 5644 (1998).
C. Binek, W. Kleemann, and H.A. Katori, J. Phys.
Condens. Matter 13, L811 (2001).
M. Schlosshauer, Rev. Mod. Phys. 76, 1267 (2005).
R.B. Liu, W. Yao, and L.J. Sham, New J. Phys. 9, 226
(2007).
H.T. Quan, Z. Song, X. F. Liu, P. Zanardi, and C.P. Sun,
Phys. Rev. Lett. 96, 140604 (2006).
[17] J. Zhang, X. Peng, N. Rajendran, and D. Suter, Phys. Rev.

Lett. 100, 100501 (2008).

[12]
(13]

(14]
(15]

[16]

[18]
[19]

[20]
(21]
[22]
(23]
[24]
[25]

[26]

(27]

(28]

(33]

(34]

[35]

185701-5

S. W. Chen and R. B. Liu, arXiv:1202.4958.

H.A. Kramers and G.H. Wannier, Phys. Rev. 60, 252
(1941).

T.D. Schultz, D.C. Mattis, and E.H. Lieb, Rev. Mod.
Phys. 36, 856 (1964).

T. Yu and J.H. Eberly, Phys. Rev. Lett. 93, 140404
(2004).

M. P. Almeida, F. de Melo, M. Hor-Meyll, A. Salles, S.P.
Walborn, P. H. Souto Ribeiro, and L. Davidovich, Science
316, 579 (2007).

L. Onsager, Phys. Rev. 65, 117 (1944).

L. Childress, M. V. Gurudev Dutt, J.M. Taylor, A.S.
Zibrov, F. Jelezko, J. Wrachtrup, P.R. Hemmer, and
M. D. Lukin, Science 314, 281 (2006).

R. Hanson, V.V. Dobrovitski, A.E. Feiguin, O. Gywat,
and D.D. Awschalom, Science 320, 352 (2008).

N. Zhao, J. Honert, B. Schmid, J. Isoya, M. Markham, D.
Twitchen, F. Jelezko, R.B. Liu, H. Fedder, and J.
Wrachtrup, Nature Nanotech. (in press).

H. Bluhm, S. Foletti, I. Neder, M. Rudner, D. Mahalu, V.
Umansky, and A. Yacoby, Nature Phys. 7, 109 (2010).

P. Huang, X. Kong, N. Zhao, F.Z. Shi, P.F. Wang, X.
Rong, R.B. Liu, and J.F. Du, Nature Commun. 2, 570
(2011).

G.Q. Liu, X.Y. Pan, Z.F. Jiang, N. Zhao, and R. B. Liu,
Sci. Rep. 2, 432 (2012).

Y. Li, N. Sinitsyn, D.L. Smith, D. Reuter, A.D. Wieck,
D.R. Yakovlev, M. Bayer, and S. A. Crooker, Phys. Rev.
Lett. 108, 186603 (2012).

M. Fuechsle, J. A. Miwa, S. Mahapatra, H. Ryu, S. Lee, O.
Warschkow, L. C.L. Hollenberg, G. Klimeck, and M. Y.
Simmons, Nature Nanotech. 7, 242 (2012).

T. Staudacher, F. Ziem, L. Haussler, R. Stohr, S. Steinert,
F. Reinhard, J. Scharpf, A. Denisenko, and J. Wrachtrup,
arXiv:1208.4216.

P. Maletinsky, S. Hong, M.S. Grinolds, B. Hausmann,
M. D. Lukin, R. L. Walsworth, M. Loncar, and A. Yacoby,
Nature Nanotech. 7, 320 (2012).

S.A. Crooker, D.G. Rickel, A.V. Balatsky, and D.L.
Smith, Nature (London) 431, 49 (2004).

S. A. Crooker, J. Brandt, C. Sandfort, A. Greilich, D.R.
Yakovlev, D. Reuter, A.D. Wieck, and M. Bayer, Phys.
Rev. Lett. 104, 036601 (2010).


http://dx.doi.org/10.1103/PhysRev.87.404
http://dx.doi.org/10.1103/PhysRev.87.410
http://dx.doi.org/10.1103/PhysRevLett.27.1439
http://dx.doi.org/10.1103/PhysRevLett.27.1439
http://dx.doi.org/10.1103/PhysRevLett.40.1610
http://dx.doi.org/10.1143/PTP.40.1328
http://dx.doi.org/10.1063/1.1664546
http://dx.doi.org/10.1063/1.1665005
http://dx.doi.org/10.1143/PTP.40.1246
http://dx.doi.org/10.1063/1.1665583
http://dx.doi.org/10.1063/1.1665583
http://dx.doi.org/10.1007/BF01011723
http://dx.doi.org/10.1007/BF01011723
http://dx.doi.org/10.1103/PhysRevLett.81.5644
http://dx.doi.org/10.1088/0953-8984/13/35/103
http://dx.doi.org/10.1088/0953-8984/13/35/103
http://dx.doi.org/10.1103/RevModPhys.76.1267
http://dx.doi.org/10.1088/1367-2630/9/7/226
http://dx.doi.org/10.1088/1367-2630/9/7/226
http://dx.doi.org/10.1103/PhysRevLett.96.140604
http://dx.doi.org/10.1103/PhysRevLett.100.100501
http://dx.doi.org/10.1103/PhysRevLett.100.100501
http://arXiv.org/abs/1202.4958
http://dx.doi.org/10.1103/PhysRev.60.252
http://dx.doi.org/10.1103/PhysRev.60.252
http://dx.doi.org/10.1103/RevModPhys.36.856
http://dx.doi.org/10.1103/RevModPhys.36.856
http://dx.doi.org/10.1103/PhysRevLett.93.140404
http://dx.doi.org/10.1103/PhysRevLett.93.140404
http://dx.doi.org/10.1126/science.1139892
http://dx.doi.org/10.1126/science.1139892
http://dx.doi.org/10.1103/PhysRev.65.117
http://dx.doi.org/10.1126/science.1131871
http://dx.doi.org/10.1126/science.1155400
http://dx.doi.org/10.1038/nnano.2012.152
http://dx.doi.org/10.1038/nphys1856
http://dx.doi.org/10.1038/ncomms1579
http://dx.doi.org/10.1038/ncomms1579
http://dx.doi.org/10.1038/srep00432
http://dx.doi.org/10.1103/PhysRevLett.108.186603
http://dx.doi.org/10.1103/PhysRevLett.108.186603
http://dx.doi.org/10.1038/nnano.2012.21
http://arXiv.org/abs/1208.4216
http://dx.doi.org/10.1038/nnano.2012.50
http://dx.doi.org/10.1038/nature02804
http://dx.doi.org/10.1103/PhysRevLett.104.036601
http://dx.doi.org/10.1103/PhysRevLett.104.036601

