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We study transport through a Coulomb blockaded topologically nontrivial superconducting wire (with
Majorana end states) contacted by metallic leads. An exact formula for the current through this interacting
Majorana single-charge transistor is derived in terms of wire spectral functions. A comprehensive picture
follows from three different approaches. We find Coulomb oscillations with universal halving of the finite-
temperature peak conductance under strong blockade conditions, where the valley conductance mainly
comes from elastic cotunneling. The nonlinear conductance exhibits finite-voltage sidebands due to

anomalous tunneling involving Cooper pair splitting.
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Introduction.—Topologically nontrivial insulators and
superconductors exhibit many remarkable nonlocal fea-
tures such as teleportation or non-Abelian statistics [1,2].
For a one-dimensional topological superconductor (TS)
wire, such effects can be traced back to the existence of a
zero-energy Majorana bound state (MBS) localized at each
end [3-7]. When a grounded TS is weakly contacted by a
normal metal, the MBS is expected to produce a character-
istic zero-bias anomaly peak in the tunnel conductance
[8—12]. Very recently, such a feature has been experimen-
tally observed in tunnel spectroscopy using InSb or InAs
nanowires [13-16], where Majorana fermions are theoreti-
cally expected due to the interplay of strong spin-orbit
coupling, Zeeman field, and proximity-induced supercon-
ducting pairing [17-19]. Recent reviews [1,2,6,7,19] have
also summarized alternative MBS proposals. Here we dis-
cuss an interacting variant of previously studied Majorana
wire setups, the floating “Majorana single-charge transis-
tor” (MSCT) schematically shown in Fig. 1. A compre-
hensive picture of its transport properties in the presence of
interactions emerges from our analysis below. Noting that
the experimentally observed peak features could be related
to a disorder-induced spectral peak [20,21], our results
should help to distinguish the Majorana state from alter-
native explanations in future experiments.

Previous works [22-24] have studied electron-electron
interactions in an isolated TS wire and found that
Majoranas still exist under rather general conditions. As
sketched in Fig. 1, we instead study a generalization of the
setup in Ref. [13], where source and drain metallic elec-
trodes contact the TS wire. We stress that the MSCT could
be realized not only with nanowires but using most other
Majorana proposals as well. In such a geometry, Coulomb
blockade effects due to the finite charging energy E, of the
TS can play a decisive role. For instance, one expects
Coulomb oscillations of the conductance as a function of
a gate voltage parameter n,, with peaks (valleys) near
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half-integer (integer) n,, while in the noninteracting
(E, = 0) limit, the MBSs pinned to zero energy cause
resonant Andreev reflection (AR) [8-11], with
n,-independent linear conductance G = 2¢?/h at tempera-
ture 7 = 0. Resonant AR also survives for E.<I'=
I') +T'g, albeit with reduced conductance [25]. For
E. > T, the Coulomb blockade is firmly established, and
the peak conductance approaches the (spinless) resonant
tunneling value G = e?/h, which has been pointed out as a
signature of electron teleportation [26].

In this Letter, we consider Coulomb blockaded charge
transport through the MSCT; for a variant with one super-
conducting and one metallic lead, see Ref. [27]. We
provide an exact expression for the current in this interact-
ing system, and develop three different approximation
schemes to study Coulomb oscillations in the MSCT,
both for T = 0 and finite 7. We quantitatively describe
the 7 = 0 crossover of the peak conductance from G =
2¢?/h to e*/h as E_/T increases, which constitutes a
characteristic signature of Majoranas. Remarkably, this
“halving” of the peak conductance is universal and found
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FIG. 1 (color online). Majorana single-charge transistor

(MSCT): The TS wire with Majorana end states is tunnel
coupled (I';, I'g) to normal metal electrodes and Josephson
coupled (E;) to another bulk superconductor. Capacitive charg-
ing effects are encoded by E, and can be tuned by a gate voltage
parameter n, « V,.
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to hold for arbitrary 7. For the valley conductance, we find
that elastic cotunneling dominates while AR is subleading.
We predict finite-voltage sidebands in the nonlinear differ-
ential conductance which are directly related to anomalous
tunneling processes where the Majorana state and the
Cooper pair number change simultaneously. The presence
of Majoranas can be unambiguously identified in experi-
ments by the magnetic field dependence of the sideband
location.

Model.—The MSCT Hamiltonian, H = H. + H, + H,,
contains a piece H,. describing the TS wire, a tunnel
Hamiltonian H, connecting the TS to the left (; = L) and
right (j = R) electrode, and a term H; describing the leads
(we often use units with e = h = kg = 1). Topological
arguments warrant that the TS wire holds a single unpaired
MBS near each end [6,7] described by the Majorana opera-
tor y; = y}L with anticommutator {y, y s} = ;. We intro-
duce the nonlocal fermion operator d=(y, +iyg)/~/2,
such that y, = (d + d')/+2 and yx = —i(d — d')/V/2.
With /i, = d'd and the number operator N for Cooper pairs
in the TS, the instantaneous charge state of the wire is
described by (N, n,), where the integer N and n,; = 0, 1
are eigenvalues of N and /i, respectively. With the phase y
conjugate to N, where [y, N]=i and e~X (e'X) lowers
(raises) N by one unit, we have

H.=E.QN +h,— ng)* — E;jcos(xy — ¢g). (1)

The TS wire is assumed sufficiently long to exclude a direct
tunnel coupling between y; and . However, note that E..
introduces a dynamical coupling between the Majoranas.
Proximity-induced pairing correlations are required for
MBS formation, and in Eq. (1) we include Cooper pair
exchange (with Josephson coupling E;) between the TS
condensate and another bulk superconductor (with fixed
phase ¢y) [27,28]. We focus on the most interesting case
of a large proximity gap Apg > max(E,, I, T), where
charge transport involves MBSs and the contribution of
quasi-particles above the gap can be neglected. Next, elec-
trons in lead j correspond to free fermions with chemical
potential u; and (effectively spinless [25]) fermionic
operators c;; for momentum k. H; is treated within the
usual wide-band approximation [29] and the bias voltage
is eV = u; — pg. Taking into account charge conserva-
tion and expressing the Majoranas in terms of the nonlocal d
fermion, the tunnel Hamiltonian reads [25]

NG

where ¢; = Y cjx, s, = +1 and sg = —1, and A i de-
notes the respective tunnel matrix elements [11]. Tunneling
from the TS to lead j thus proceeds either by destroying the
d state without changing N (“normal” tunneling) or by
occupying the d state and simultaneously splitting a
Cooper pair (‘““anomalous” tunneling), plus the conjugate

1 .
Ht=ZAjC;r77j+H.C., nj=_2(d+sje_’)(df)’ )
j

processes. Below we use the hybridization scales I'; =

27v;|A 1%, where v; is the density of states in lead ;.
Experimentally, the I'; (and n,) can be changed via gate
voltages [13].

Exact expression for current.—Using nonequilibrium
Green’s function (GF) techniques [30,31], the current / j
flowing from lead j to the TS can be expressed in terms of
the Keldysh GF G, (t,1') = —i(T cn;(t)n;(t')), where T ¢
denotes Keldysh time ordering and the pseudo-fermion 7;
has been defined in Eq. (2). With the Fourier-transformed
retarded, G’flj(e), and Keldysh, G’gj(e), components
of (V},]/_, we obtain ;= (el';/h) [de[F(e — ,LLj)Imeh_(e) +
(i/2)G{,§j_(e)], where F(e)=1—2f =tanh(e/2T) encodes
the Fermi function f(e€) in the leads. Next, we note that
G’;j(t, f) = 0 as a consequence of n}L n; = njn;-r =1/2.
Hence, we find the exact result

el’;
I = TJ fdeF(e — 1 )ImGY (e), 3)

stating that the current can be computed from the spectral
function = ImG’f,/_. The well-known expression for inter-
acting quantum dots [32] has thereby been extended to the
interacting Majorana wire; note that there are two spectral
functions associated with the currents /; and [. Current
conservation here implies I; + I + I¢ = 0, with the
supercurrent /¢ flowing through the interface to the bulk
superconductor. Below we define the conductance G =
dl/dV using the symmetrized current [ = (I} — Ig)/2.
For E. = 0, the pseudo-fermions 7; reduce to Majorana
fermions 7y;, and the Lorentzian spectral function,
—ImGf (e) =T/ (€ +T73), implies resonant AR with
G = 2¢?/h [8-10]. For finite E,, we shall present several
complementary approximations in order to achieve a broad
physical understanding of the MSCT transport properties.
Equation (3) should also be useful for numerically exact
calculations, e.g., using the numerical or density-matrix
renormalization group.

Equation-of-motion (EOM) approach.—We constructed
an EOM approach for G’f,j to access the linear conductance

near a peak. Within this method, we introduce the Nambu
spinors ¥, = (d, e~'Xd")" and the corresponding retarded
GF, GR, = —i®(t — t){¥,(1), P} (r)}). The EOM for
GX, generates higher-order GFs of the type I'X., =
—i0O(r — YN ()W ,4(2), \I’J(z")}), which we truncate at
the level m = 2 and solve in a self-consistent way [33].
The resulting GF Gf, then yields G§ =3 Ti(1 +
s;0,)GR ] with Pauli matrix o,. Finally, we obtain the
conductance from Eq. (3). This approximation is valid by
construction for E. = I', but the imposed self-consistency
[33] allows us to extend it to E, < I, where the resulting
conductance (being determined by truncated fluctuations)
gives a lower bound for the exact result.

166403-2



PRL 109, 166403 (2012)

PHYSICAL REVIEW LETTERS

week ending
19 OCTOBER 2012

Zero-bandwidth model (ZBWM).—Next we study the
ZBWM where each lead is represented by just a single
fermion site and only a finite number of TS Cooper pairs
(N < Npg) 1s included. The Hilbert space then has the
finite dimension 8N,,,,, which allows us to numerically
calculate the spectral density o ImG’f]j(e) via its Lehmann
representation, with poles phenomenologically broadened
by I'. A similar description has been pursued before for
E. = E; =0 [34]. With this spectral function, Eq. (3)
yields the conductance within the ZBWM.

Master equation and cotunneling processes.—For T >T,
the GF formulation reduces to a master equation description
including sequential tunneling and cotunneling processes
(for simplicity, E; = 0 here). The stationary probability
distribution P for having Q = 2N + n, particles on the
TS then obeys ¥ o .o[PoWo—g — PoWo_o]=0. All
nonvanishing transition rates W,_ are specified in
terms of rates obtained under a systematic second-order
T-matrix expansion in I'; z [35]. With the electrostatic
energy Ey = E.(Q — ng)z, sequential tunneling yields
the rate FfqulQil = (T;/2)f(Eg+; — Eq + ;) for one
particle tunneling into (out of) the TS from (to) lead

J

F(AR) _ 1 + 6j,—jl F]F]/
7.J,0—0*2 2 877
1

j =L, R. Next, elastic cotunneling transfers a particle
from lead j to the opposite lead —j with virtual excitation
of the TS states Q = 1. The elastic cotunneling rate is

r.r
M9 = L2 [ def(e — u)l1 = fle— )]
1
1 2

B € — (EQ - EQ—I) —i0 ’ (4)

where the two terms come from the interference of normal
and anomalous tunneling. We note in passing that for large
Arg, inelastic cotunneling does not contribute at all, while
the conventional elastic cotunneling rate due to quasi-
particle states above the gap (and without MBSs) would be
much smaller, I o T, 'z / Ars [30]. To the same order in
I'; g, we also have local (and crossed) AR processes, where
an electron and a hole from the same (different) lead(s) are
combined to form a Cooper pair, Q — Q + 2; the reverse
process describes Cooper pair splitting, Q — Q — 2. Some
algebra yields the AR rates

[ de [[aes= e~ urCe (€ = wp)ote + € = (Eger ~ Eq)

.5 2
SJSJI

where j = j' (j # j') corresponds to local (crossed) AR.
The i0 terms indicate that regularization of the integrals in
Egs. (4) and (5) is necessary. Application of the general
regularization scheme in Refs. [36,37] then implies that the
principal value of these integrals needs to be taken. Given
these rates and the (numerical) solution P, of the master
equation, the currents /; then readily follow.

Coulomb oscillations.—Let us first address the n, de-
pendence of the linear (V — 0) conductance, see Fig. 2; we
take I', = 'y = I'/2 in all figures. Both the master equa-
tion (main panel, finite 7) and the ZBWM (inset, T = 0)
reveal clear conductance oscillations in the MSCT for
E. > T', with peaks (valleys) for half-integer (integer)
gate voltage parameter n,. The main panel shows that the
peak (valley) conductance is halved (strongly suppressed)
when going from the noninteracting to the deep Coulomb
blockade limit. For E; = 0 and (I', T) < E., the line shape
of the valley conductance is obtained in closed form,

e T, T 1
Gvalley(s) = z Z%R (1 — 452)2’ (6)
where 6 = n, — [n,] with |§| < 1 is the deviation from a
valley center. Equation (6) comes from elastic cotunneling,
with constructive interference of the normal and anoma-
lous tunneling contributions [see Eq. (4)], while AR is

E:(EQJ_rl _EQ)+lO_E/1(EQi1 _EQ)+lO ’

(&)

strongly suppressed in this limit. The inset of Fig. 2 shows
that G increases when the Josephson coupling E; grows.
One can understand this by noting that for E; > E ., one
ultimately reaches the resonant AR limit of a grounded TS,
with the n,-independent 7' = 0 conductance G = 2¢2/h.

010 m~ T~~~ = e e
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FIG. 2 (color online). Coulomb oscillations in the MSCT.
Main panel: Conductance G vs n, from the master equation
for E; =0, T=2I" and several E.. Inset: Same but from
ZBWM for T = 0, E. = 5T, and several E;.
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FIG. 3 (color online). Peak conductance G vs E../I" on a semi-
logarithmic scale. Main panel: Comparison of 7 = 0 results
using perturbation theory in E./I" [25] (blue solid curve), the
EOM approach (red dotted-solid curve), and the ZBWM (black
dashed curve). The shown EOM results are quantitatively valid
only for E. = T’ (solid part) but give a lower bound when E. <T’
(dotted part). Here, E; = 0 since G only weakly depends on E,
for E; < E,. Inset: Same but from the master equation for
several temperatures 7 > I'.

We find that AR yields significant conductance contribu-
tions for E; = E., which are best detected through the
nonlocal conductance 81, /9 ug. However, we will discuss
this quantity in detail elsewhere.

Peak conductance.—Results for the peak conductance
are shown in Fig. 3. For T = 0 (main panel), we obtain
the full crossover from G = 2¢*/h to G = e?/h as E./T
increases. The known small-E,. behavior [25] is nicely
reproduced by the ZBWM calculation. In the opposite
large-E,. limit, the EOM method is very accurate and
Fig. 3 suggests that the simple ZBWM already captures
the crossover from resonant AR [8—10] to electron tele-
portation [26] surprisingly well. The inset of Fig. 3 again
demonstrates the universal halving of the finite-7" peak
conductance; see also Fig. 2. Since experiments so far
were conducted in the high-temperature regime 7 >T
[13], let us now specify the line shape near a conductance
peak for E.>>1". Using 6 = n, — [n,] — 1/2 with [§] < 1
for the deviation from a peak center, truncation of the
master equation to two charge states gives

ez 7l 1

Gpeak(8) = — —— ——5———.
pedk( ) h 16T COShz(gEc/T)

(N

We stress that the peak conductance [G ey (8 = 0)] is in-
deed halved compared to E. = 0 [8]. Moreover, it exhibits
both a thermal and an interaction-induced reduction.
Finite-voltage sidebands.—Next we discuss the differ-
ential conductance at finite bias voltage V. Master equation
results for T = 2I" are shown in Fig. 4. Starting with the
main panel, we find sideband peaks when eV is equal to an

0.16

0.12

0.04

FIG. 4 (color online). G = dI/dV vs voltage V from the
master equation for T =2I', E; =0, and several E_./T.
The main panel (inset) is for half-integer (integer) n,.

integer multiple of 4E.. For these voltages, the chemical
potentials w; g are resonant with two (almost) degenerate
higher-order charge states, implying additional sequential
tunneling contributions beyond the resonant transition de-
termining the linear conductance peak [Eq. (7)]. Note that
the fluctuations in N needed to reach higher-order charge
states can only be achieved through anomalous tunneling
processes [see Eq. (2)]. Similar sideband peaks are also
found for other n,; the integer-n, valley case is shown in
the inset of Fig. 4. In Fig. 5 we show the evolution of the
sideband peaks as E; is changed, determined from the
ZBWM at T = 0. For half-integer n,, the sideband peak
position observed in the main panel of Fig. 5 is well

described by eV ~4E_/1+ (E;/2E,)?, which comes
from Josephson coupling between the two relevant charge
states. Since E; can be tuned by applying a small magnetic
field parallel to the junction between the TS and the
bulk superconductor, an experimental observation of
the sideband peak and its shift with magnetic field

eV/T"

FIG. 5 (color online). Same as Fig. 4 but from ZBWM for
T =0, E, = 5I', and several E;.
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[cf. the expression for the peak position above] would
provide clear evidence for the anomalous tunneling mecha-
nism, and thereby for the presence of MBSs.

Conclusions.—In this Letter, we have studied the trans-
port properties of an interacting Majorana single-charge
transistor. Our results should be directly relevant for ex-
periments extending existing work, see, e.g., Ref. [13],
where conductance peaks for tunneling into Majorana
wires were reported. When a gate voltage parameter n, is
varied, we find Coulomb oscillations, where the behavior
of the peak and valley conductance has been characterized
in detail. The Majorana fermions in this system could be
identified by observing sideband peaks in the nonlinear
conductance and from the crossover behavior of the
Coulomb peak conductance.

This work was supported by the DFG (Grant No. EG-96/
9-1 and SFB TR 12), by the EU network SE2ND, and by
the Spanish MICINN under Contract FIS2008-042009.

Note added.—After submission of this work, we learned
of an unpublished study of the MSCT model by Fu and
Kane [38].
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