PRL 109, 151101 (2012)

PHYSICAL REVIEW LETTERS

Exploring the Nuclear Pasta Phase in Core-Collapse Supernova Matter

Helena Pais' and Jirina R. Stone'*?
lDepartment of Physics and Astronomy, University of Tennessee, Knoxville, Tennessee 37996, USA
“Department of Physics, University of Oxford, Oxford OX1 3PU, United Kingdom

3Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA
(Received 9 April 2012; published 11 October 2012)

The core-collapse supernova phenomenon, one of the most explosive events in the Universe, presents a
challenge to theoretical astrophysics. Of the large variety of forms of matter present in core-collapse
supernova, we focus on the transitional region between homogeneous (uniform) and inhomogeneous
(pasta) phases. A three-dimensional, finite temperature Skyrme-Hartree-Fock (3D-SHF) + BCS calcu-
lation yields, for the first time fully self-consistently, the critical density and temperature of both the onset
of the pasta in inhomogeneous matter, consisting of neutron-rich heavy nuclei and a free neutron and
electron gas, and its dissolution to a homogeneous neutron, proton, and electron liquid. We also identify
density regions for different pasta formations between the two limits. We employ four different forms of
the Skyrme interaction, SkM*, SLy4, NRAPR, and SQMC700 and find subtle variations in the low density
and high density transitions into and out of the pasta phase. One new stable pasta shape has been
identified, in addition to the classic ones, on the grid of densities and temperatures used in this work. Our
results are critically compared to recent calculations of pasta formation in the quantum molecular
dynamics approach and Thomas-Fermi and coexisting phase approximations to relativistic mean-field
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The complex structure of nuclear matter in the density
region below p, ~ 0.16 fm ™3 (the central density in heavy
nuclei) at finite temperature (7 <20 MeV) critically af-
fects many astrophysical and nuclear physics phenomena.
These include the physics of neutron stars (NS), the mecha-
nism of core-collapse supernovae (CCSN) and the nucleo-
synthesis of heavy chemical elements in the Universe.
Some nuclear physics properties of nuclear matter can be
studied in terrestrial laboratories with new neutron-rich
radioactive beams, and in relativistic heavy-ion collisions,
in which similar densities and temperatures can be pro-
duced, but many aspects have to rely on theoretical models.

In this Letter, we concentrate on CCSN, a process which
includes a large range of physical phenomena, from gravity
to microscopic properties of atomic and subatomic
particles. The key microscopic input into CCSN model
simulations is the equation of state (EOS), connecting the
pressure of stellar matter to its energy density and tem-
perature, which are, in turn, determined by its composition
and interactions between its components. The composition
of CCSN matter changes with increasing density and tem-
perature. Initially an inhomogeneous phase exists, made up
of discrete heavy nuclei immersed in a sea of single
nucleons (predominantly neutrons), light nuclei (deuter-
ons, tritons, helions, « particles), and electrons. At higher
density and temperature a homogeneous phase evolves,
consisting of nucleons, strange baryons, mesons, and
possibly quarks.

One of the most intriguing phases of CCSN matter is
the transitional region between the inhomogeneous and
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homogeneous phases. Initially increasing density (and a
corresponding increase in neutronization driven by elec-
tron capture) drives the composition to heavier spherical or
near spherical nuclei. As the density and temperature in-
crease, further heavy quasinuclear structures are formed,
which undergo a series of changes from spherical to exotic
forms: rods, slabs, cylindrical holes, and spherical holes
(bubbles), termed nuclear pasta [1]. This process is caused
primarily by the competition between surface tension and
the Coulomb repulsion of closely packed heavy nuclei and
occurs not only in CCSN matter (where compression was
also suggested as a possible mechanism of pasta creation
[2]) but also at the transitional region between the crust and
core of cold NS. Although there are obvious similarities in
these two cases, the differences in temperature (CCSN
high, NS low) and isospin (CCSN low, NS high) regimes
require specific treatment of each of them. This work
focuses on the CCSN case, leaving the NS matter for future
investigations.

The occurrence of pasta phase in CCSN and NS are two
astrophysical examples of frustrated matter. Generally,
frustration occurs when a system is forced to a self-
organized excited state by constraints on some of its
degrees of freedom and prevented from a transition to its
natural equilibrium state. The constraints are a conse-
quence of a close competition between different interac-
tions acting in the system. It turns out that under those
circumstances, a bizarre ordering is observed not only in
nuclear matter, but in a variety of amorphous solids, crys-
tals, and magnetic and biological materials [3-5].
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Earlier CCSN simulations used EOS, which did not
include the pasta phase. The most frequently used EOS
were developed by Lattimer and Swesty [6], based on
the compressible liquid drop model and the nonrelativistic
Skyrme force, and by Shen et al. [7], who used the
Thomas-Fermi (TF) approximation with a relativistic
mean-field (RMF) model. Recently published new EOS
for CCSN simulations [8,9] use the virial EOS at low
density and Hartree RMF in both the inhomogeneous and
uniform matter regions. Hempel et al. [10] reported calcu-
lations based on the nuclear statistical equilibrium model,
which includes excluded volume effects and RMF inter-
actions. In all of the above EOS the transition to homoge-
neous matter is treated empirically, as the inhomogeneous
(gas) and homogeneous (liquid) phases are described by
different EOS. The pasta phase has not been included
although, according to some estimates, it may form 10 to
20% of the core of the collapsing star [11,12].

Other models have included the pasta phase. Sonoda
et al. [12] examined the phase diagram of CCSN matter
in the quantum molecular dynamics (QMD) framework.
They identified a sequence of spherical, cylindrical, and
slab-like nuclei, followed by cylindrical and spherical
holes as canonical pasta phases and studied their develop-
ment as a function of density and temperature. Avancini
et al. [13-16] studied the pasta phase at finite temperatures
within a TF approach and the coexisting phase (CP)
method both at fixed neutron to proton ratios and in
B-equilibrium matter. They use RMF models, both with
constant and density-dependent couplings, to describe this
frustrated system and determine the density regions for
appearance of the classical pasta phases as a function of
temperature for different variants of their models.
Watanabe et al. [17] explored pasta formation in CCSN
matter in the QMD approach and demonstrated that a
lattice of rodlike nuclei can be formed from a bcc lattice
by compression. They also found that, in the transition
process, the system undergoes a zigzag configuration of
elongated nuclei, which are formed by a fusion of two
originally spherical nuclei.

The main interest in the pasta phase in CCSN is that the
neutrino opacity, which plays the main role in the develop-
ment of a shock wave during the supernova collapse, is
affected by its presence [11]. Horowitz et al. [18,19]
studied these effects using the QMD technique, but did
not get a conclusive answer because they did not reproduce
all of the classical pasta shapes in their model. Sonoda
et al. [11] showed how pasta phases affect the neutrino
transport cross section via a weak neutral current using
several nuclear models. They calculated neutrino opacity
of the phases with rodlike and slablike nuclei taking into
account finite temperature effects, using the QMD ap-
proach. They found that pasta phases affect the energy-
dependent cross sections for coherent scattering of
neutrinos in collapsing cores.

All of these existing treatments of the approach to the
homogeneous phase have involved considerable simplifi-
cations. The QMD approach is a semiclassical microscopic
treatment, in which a large number of nucleons are dynami-
cally evolved in a large cubic box with periodic boundary
conditions without assumptions on the quasinuclear struc-
ture produced. It offers a computationally manageable
model, but important details of nuclear structure physics
are cumbersome to include in such calculations. In order to
accelerate the calculations (in some cases using special
purpose computational hardware) the effective nucleon-
nucleon interaction is rather schematic and, among other
simplifications, important shell effects are missing. The TF
and CP methods represent simplifications which allow
faster calculations, but may miss some important physics.

This work offers a fundamentally improved, fully self-
consistent, treatment across the phase development with far
fewer simplifications. We have used a nonrelativistic,
Skyrme-Hartree-Fock model throughout in three dimen-
sions (3D-SHF) at finite temperature. Four different
Skyrme interactions have been employed. SkM* and
SLy4 (in order to compare the present results with those
obtained in our previous work [20]) and NRAPR and
SQMC700 (representative of the Skyrme parameter sets,
found to be consistent with a wide range of constraints on
nuclear matter properties [21]) were chosen. The model was
first used by Newton and Stone [20,22] and we refer the
reader to these references for a detailed description of all
relevant technical matters. In the calculation, it is assumed
that, at a given density and temperature, matter is arranged
in a periodic structure throughout a sufficiently large region
of space for a unit cell to be identified. Only a single unit cell
needs to be calculated to obtain the bulk properties of the
matter. Cubic cells with periodic boundary conditions are
used. In addition, reflection symmetry across the three
Cartesian axes is assumed. This assumption allows getting
the 3D-SHF solutions only in one octant of the unit cell,
which results in a considerable reduction of computer time.
The periodic boundary conditions, the choice of the form of
the initial wave function in the solution of the Hartree-Fock
equations, the effect of the cell size and both the physical
and spurious shell effects are discussed in detail in
Refs. [20,22]. BCS pairing correlation was included in the
calculation although it is less important at finite than at zero
temperature. The pairing strength decreases with increasing
temperature and the single-particle occupation probabilities
are mainly given by the Fermi-Dirac distribution.

The absolute minimum of the free energy of a cell
containing A nucleons in the pasta phase is known not to
be particularly pronounced and multiple local minima are
expected. In order to systematically survey the shape space
of all nuclear configurations of interest, the quadrupole
moment of the neutron density distributions has been
parametrized, and those parameters constrained (the proton
distribution is found to follow that of the neutrons). In all
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FIG. 1 (color online).

First row: Pasta phases calculated using the SQMC700 Skyrme interaction, 7 = 2 MeV and y, = 0.3. Rows

2, 3, 4: 2D projection of the pasta phases on the (y, x), (x, z), and (y, z) planes, respectively. The neutron density distribution is shown at
the density corresponding to the onset of each phase, known with the uncertainty given in brackets. Blue (red) color indicates the
bottom (top) of the density scale: 0.001 (dark blue)—0.02475 (light blue)—0.0485 (green)—0.07225 (light orange)—0.095 (red) fm 3.
The pasta formation shown here appears for all the Skyrme models, but the threshold density changes somewhat; see Fig. 2. For more

explanation see text.

cases studied in this Letter, we set the proton fraction equal
to 0.3, a likely value for CCSN matter. The minimum of the
free energy in a cell at a given particle number density,
temperature, and proton fraction is sought as a function of
three free parameters: the number of particles in the cell
(determining the cell size) and B, 7, the parameters of the
quadrupole moment of the neutron distribution. Each
minimization takes approximately 12 hours of CPU time
on a single core of the Cray XT5/XK6 machine and is
performed in a trivially parallel mode, typically using
45 000 processors.

We present here a complete calculation for 7 = 2 MeV
and the particle number density range 0.02—-0.12 fm™3. We
observed the onset of the pasta phase and its dissolution to
uniform matter. All classical pasta formations, starting
from spherical droplets through rods, slabs, tubes (cylin-
drical holes), and bubbles (spherical holes) were observed
fully self-consistently for all Skyrme force models. The
shapes are illustrated in Fig. 1 for the SMC700 Skyrme
force as an example at threshold densities for each shape.
We show the 3D image in the top row and the yx, xz, and yz
projections in the 2nd, 3rd, and 4th rows, respectively. In
the tube and bubble regions we found the cylindrical
(spherical) holes appearing exactly in the edges (corners)
of the unit cell and not in the center as expected in the bce
or fcc symmetries, which are in principle allowed in a
cubic box. The reason for this effect is likely to be that
in our model we calculate the density distribution only in
one octant of the cell and assemble the whole cell using
reflection symmetry. This procedure reduces the higher
order bce and fcc symmetries to a simple cubic symmetry.
The use of reflection symmetry makes the 3D-SHF model

manageable. Removal of that symmetry would increase the
demand on computational time by a factor of 8 which is not
realistic at this time.

In addition, we determined the transition densities
between individual phases as shown in Fig. 2. For com-
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FIG. 2 (color online). Comparison of phase diagrams at T =
2 MeV and y, = 0.3 as calculated for the four Skyrme inter-
actions used in the 3D-SHF model. The sequence of phases from
bottom to top is spherical droplets (magenta): no pasta, rods
(yellow), cross-rods (blue), slabs (red), cylindrical holes (tubes,
orange), and spherical holes (bubbles, green). The white gaps
between colored boxes represent transition regions in which
calculation is not available. The onset densities of each phase
can be compared with results of Sonoda et al. [12], who found
the following regions of densities (all in fm™> rounded to 3
decimal places): 0.017-0.029 (spherical droplets), 0.034 (rods),
0.059-0.063 (slabs), 0.080-0.084 (cylindrical holes), and 0.088—
0.109 (spherical holes). For more explanation see text.
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TABLE I. Total particle number onset densities of homogeneous matter for the interactions and temperatures studied. Results of a
QMD calculation (model 2) [12] (only a range can be given in this case) and of TF and CP approximations to RMF with NL3 and TW
Lagrangians [16] are added for comparison. For more discussion see text.

Model NRAPR  SQMC700  SkM*  SLy4 QMD2 NL3(TF)  NL3(CP) TW(TF)  TW(CP)
T [MeV] p[ fm~]

0 0.108 0.112 0107 0109  0.118-0.122 0.099 0.097 0.109 0.100
1 >0.118

2 0.110 0.114 0109 0111  0.109-0.113

3 0.101-0.105

4 0.108 0.113 0.107 0110  0.092-0.097

5 0.084-0.088 0.092 0.091 0.103 0.094
6 0.100 0.105 0.100  0.102  0.080-0.084

7 0.063-0.067 0.084 0.084 0.096 0.087
8 0.091 0.099 0089 0094  0.050-0.055 0.078 0.079 0.091 0.082
9 0.034-0.038

10 0.075 0.079 0074 0077

parison, we give the results for QMD model 2 (QMD2)
[12] in the figure caption. Our transitions appear to be
rather sharp and occur within 0.002 fm™3 or less density
change without any obvious intermediate regions.
However, we observe a stable shape, occurring for all
four Skyrme models, between the rods and slabs (a cross-
rod) in the low density region between 0.03-0.05 fm 3.
This formation may be akin to the spongelike intermediate
phase reported in Ref. [12] and denoted (C,S). We, how-
ever, do not have an equivalent to their (S,CH) structure
between slabs and cylindrical holes. Comparison with the
most recent work of Avancini et al. [16] who used TF and
CP approximations to RMF with NL3 and TW
Lagrangians reveals more similarities in the phase dia-
grams, although the cross-rod formation has not been
reported in Ref. [16]. Unfortunately, detailed comparison
of threshold densities for individual pasta phases cannot be
made as we do not have results at temperatures used in
Ref. [16].

In Table I we compare our results for the temperature
dependence on the onset density of homogeneous matter

L than the QMD?2 and yet, both it, and the present calcu-
lation, which have the lowest L values, predict 7. well
above that of QMD?2. Thus, the proposed relation between
L and T, does not appear to hold universally.

In conclusion, we have identified, fully self-consistently,
the onset of the pasta phase in inhomogeneous CCSN
matter consisting of neutron-rich heavy nuclei and a free
neutron and electron gas and its dissolution to homoge-
neous neutron, proton, and electron liquid. The density
range of the pasta phase is temperature dependent; it
decreases with increasing temperature. On the currently
used density and temperature grid, all accepted shapes
have been identified with one new cross-rod shape. The
slab phase is found over the widest density range. Although

0.12 ¢ —
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with those obtained by Sonoda et al. [12] and Avancini — 1 1

et al. [16]. Our model and that of Avancini et al. [16] £ 0081 o Some 7
predict a slower decrease of the threshold density with =t § N .
temperature in comparison with [12] who do not observe 006 |+ _Qwp2 T |

pasta phase at all at 7 = 10 MeV. This is illustrated in
Fig. 3 where the average for the four Skyrme interactions,
the TF and CP models for NL3 and TW interaction and the
QMD2 model results are plotted against temperature.

It has been suggested on the basis of QMD models

[12,17] that the slope L(pg) = 3py 2222 |,_, of the
symmetry energy E,, calculated at nuclear saturation
density py, is inversely related to the critical temperature
T, at which pasta disappears, i.e., the higher value of L, the
lower would be the critical temperature. However, as seen

in Table II, the NL3 model has significantly higher value of

0.04 — I -

T [MeV]

FIG. 3 (color online). Temperature dependence on the onset
density of homogeneous matter, as predicted by the Skyrme,
RMF (NL3, TW), and QMD2 models. Values for the QMD?2
model are given as a range; the arrow shows that the entry is a
lower limit. The lines are added to guide the eye. For more
details see text.
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TABLE II. Symmetric nuclear matter properties at saturation
density p, (energy per particle B/A, incompressibility K, sym-
metry energy Eg,, and symmetry energy slope L) for the
models shown in Table I. All the quantities are in MeV, except
for py, given in fm 3.

Model Po B/A K Egym L

NRAPR 0.16 ~15.85 226 33 60
SQMC700  0.17 ~15.49 222 33 59
SkM* 0.16 ~15.77 217 30 46
SLy4 0.16 ~15.97 230 32 46
QMD2 0.17 -16 280 33 80
NL3 0.15 -16.3 272 37 118
TW 0.15 ~16.3 240 33 55

this is true for all four interactions used, the particular
widths of the various pasta phases show interesting varia-
tion. Consistent with the Avancini et al. result, we find that,
for temperatures higher than 2 MeV, the transition density
from the pasta phase to homogeneous matter decreases far
more slowly with increasing temperature than the QMD
result. The results of this Letter, extended to relevant
temperatures and proton to neutron ratios, will be used to
construct four EOS for supernova simulation models, aug-
mented by 1D calculation at densities below and above the
pasta region. Neutron and proton density distributions in
the unit cell, obtained in this work, will be employed in the
modeling of neutrino transport through the pasta forma-
tions. This will be the first time a continuous particle
density distribution rather than individual particles will
be used in such calculation.
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