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The electron mass shift in a laser field has long remained an elusive concept. We show that the mass

shift can exist in pulses but that it is neither unique nor universal: it can be reduced by pulse shaping. We

show also that the detection of mass shift effects in laser-particle scattering experiments is feasible with

current technology, even allowing for the transverse structure of realistic beams.

DOI: 10.1103/PhysRevLett.109.100402 PACS numbers: 12.20.Ds, 11.15.Tk, 42.65.Re

The frequency shift of radiation emitted by a particle
passing through an oscillatory electromagnetic field can be
attributed to an effective increase in the particle’s mass
[1–3]. This effect is seen daily in undulators, where elec-
trons pass through spatially varying magnetic fields [4];
this is the basis of x-ray free electron lasers [5]. An
unambiguous signature of the analogous mass shift in
laser-particle scattering, which also lies behind many phe-
nomena in laser-plasma interactions [6], has so far not been
obtained [7,8] (unlike effects due to the relativistic ‘mass
increase’, i.e., the electron gamma factor [9]).

In both cases, the theory behind the mass shift is based
on the assumption of periodic, essentially univariate fields
[10,11]. This is a good description of the regular, well
understood magnetic fields of an undulator [12]. For laser
fields, the mass shift was originally described using a
monochromatic plane wave model [13,14], and one reason
for the lack of an observation in this case is transverse size
effects. These are known to overwhelm mass shift signals
at low intensity [15] and will also be important at high
intensities, which are obtained by tightly focussing the
laser. Nevertheless, multiphoton effects predicted by plane
wave models have been observed in a moderate intensity
regime, including higher harmonic generation [16] and
nonlinearly scattered electron yields [17].

Despite both classical and quantum theories permitting
an exact treatment of plane wave background fields, the
mass shift has also remained theoretically elusive. The
‘‘lore’’ of strong-field QED is based on Refs. [18,19],
which almost exclusively dealt with the idealized case of
monochromatic waves (zero bandwidth) and which, there-
fore, pushed the mass shift to the forefront. However, when
one considers scattering in pulses (nonzero bandwidth)
[20–26], there has been confusion over whether the mass
mass shift of the monochromatic case, and its effects, are
always present or not [27]. The following questions, there-
fore, remain unsettled. What are the circumstances leading
to a mass shift? When a mass shift emerges, how universal
is it? Is it possible to observe mass shift effects in laser-
particle scattering?

We answer these questions below. We first review the
emergence of the mass shift and its impact on photon
emission spectra. We then construct examples of fields
which yield a lower mass shift due to pulse shaping [28].
This new mass shift is shown explicitly to control the
emission spectra. Finally, we identify the moderate inten-
sity regime in which transverse size and short pulse effects
can be counterbalanced, allowing a measurement of mass
shift effects in laser-particle scattering. This regime is al-
ready accessible to experiment.
Conventions.—A plane wave travelling in the negative

z-direction is characterized by a null wave vector k� ¼
!ð1; 0; 0; 1Þ, with central frequency !. The field strength
of the wave can depend arbitrarily on �: ¼ k � x. Experi-
mentally, one begins with a finite amount of energy which
can be formed, at least in principle, into different pulse
shapes. It is, therefore, energy which should be fixed in
order to study the effects of pulse-shaping. The energy in a
plane wave (per unit transverse area) is proportional to
E :¼ R

d�E2ð�Þ since E2 ¼ B2. In light of this, a useful
parameter is a0, the root-mean-square (r.m.s.) (rather than
peak) intensity of the pulse [29,30]. For an N-cycle pulse
(duration 2�N in �), a20 is

a20 :¼
e2

m2!2

E
2�N

� e2E2
rms

m2!2
; (1)

and for periodic fields, a0 coincides with the cycle r.m.s.
Our plane wave may then be written (we take linear
polarization from here on) F��ð�Þ ¼ ða0m=eÞf0ð�Þ�
ðk�l� � l�k�Þ, with polarization vector l� ¼ �1

�. The pro-

file function f0 must be normalized so that its r.m.s. over
the pulse is unity, in order to respect Eq. (1). Let the pulse
turn on at� ¼ 0; we choose the gauge potential eA�ð�Þ ¼
a0mfð�Þl� with f ¼ 0 for � � 0.

Monochromatic plane waves.—Consider photon emis-
sion by an electron, eðpÞ ! eðp0Þ þ �ðk0Þ, in a monochro-
matic, and therefore periodic, plane wave. One finds
that emission rates are built from a sum over subprocesses
governed by the conservation of quasimomentum,
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q� :¼ p� þ ða20m2=2k � pÞk� (p ! p0 for the outgoing

e�) according to [19]

q�þnk�¼q0�þk0�; n¼1;2;3; . . . ; (2)

with the appearance of n laser photons. Squaring the
quasimomentum yields the shifted mass squared

q2 ¼ m2� :¼ m2ð1þ a20Þ: (3)

Being averaged quantities, neither quasimomenta nor the
mass shift can be observed directly. However, their effects
can be seen in the photon emission spectra. Due to the
perfect periodicity of the monochromatic wave, the spec-
tral density is an (unphysical) delta comb of infinitely sharp
and strong peaks supported on a discrete set of frequencies
determined by Eq. (2): this is made explicit by squaring
and rearranging Eq. (2) to obtain a modified Compton
formula for the frequencies !0

n in terms of the asymptotic
momenta p and p0. A particularly simple example, which
makes the mass shift’s role clear, is obtained for initial
conditions such that q ¼ 0, for then the spectral peak
positions or frequencies !0

n become [31]

1

!0
n

¼ 1

n!
þ 1

m�
ð1� cos�Þ; (4)

with � the scattering angle between k and k0: this is the
standard Compton formula with m ! m� and an incoming
photon frequency n!. In this case, the Compton red shift is
reduced as the laser photons transfer less energy to the
heavier electron. In general, the lab frame spectra depend
sensitively on the relative strengths of a0 and electron �,
see Refs. [32,33].

Flattop pulses.—Monochromatic waves are crude mod-
els of realistic laser beams, which are unavoidably pulsed,
i.e., of finite duration in �. (For undulators, finite pulse
duration is analogous to the unavoidably finite spatial
extent of the undulator itself.) This may be described by
modulating the monochromatic fields by an envelope of
finite width 2�N for a pulse of N cycles. Only mild
modifications are expected, compared to the monochro-
matic case, when N � 1 (i.e., for limited bandwidth [1]),
but if N is small (a few cycles only) then the pulse may
become strongly distorted.

We begin here with the simplest pulse, given by a finite
wave train [20], meaning a flattop (rectangular) envelope.
Such waves are ‘‘almost periodic’’ in that the single cycle
pattern is exactly repeated N times. Let us consider how
finite pulse duration affects the photon emission spectra.
While for monochromatic waves there was only a single
frequency !, and we obtained a line spectrum, a flattop
pulse has a finite bandwidth and therefore, a (small) range
of frequencies. The delta-comb spectrum is replaced by a
diffraction pattern exhibiting broadened peaks and side-
bands [33,34]. In order to obtain quantitative results for the
photon emission rates in this (slightly) more realistic
scenario, one first notes that momentum conservation is

expressed in terms of ordinary asymptotic momenta (as it
is for more general pulses) [23,24,35],

p� þ sk� ¼ k0� þ p0
�; s > 0; (5)

where s, a longitudinal momentum fraction Fourier con-
jugate to �, parameterizes the continuous frequency spec-
trum of the laser, equivalently the range of energies
absorbed in the scattering process. One finds, though,
that the emission peaks remain located, for given a0, at
precisely the frequencies !0

n which follow from the qua-
simomentum conservation law, see Eq. (2). How can this
be reconciled with Eq. (5)? Here, one must consider not
only momentum conservation but also the details of the
emission rates. It emerges that, because the field is (almost)
periodic, the peaks in the diffraction pattern correspond to
constructive interference and are associated to particular s
values which we call sn. These give scattered photon
frequencies!0ðsnÞ. The sn are determined by the dynamics
and may be calculated exactly in our simple field, as in
Ref. [26], and are

sn�nþa20m
2

2k �p�
a20m

2

2k �p0 ; n¼1;2;3; . . . : (6)

Inserting this into Eq. (5), one precisely recovers Eq. (2),
with the same mass shift [Eq. (3)] and thus, !0ðsnÞ � !0

n

found from Eq. (2): being controlled by the same shifted
mass, the peak positions !0 ¼ !0

n in the radiation spectra
for monochromatic waves and flattop pulses must coincide.
The observation of the peaks, at the predicted frequencies
and angles, would confirm the presence of the mass shift,
even in a pulse.
In general, the emission rates will tell us whether a mass

shift is present or not. These rates are built from the
semiclassical Volkov wave functions which describe ex-
actly the influence of the background on the fermions [14];
the current carried by these wave functions is that of a
particle following the classical orbit determined by the
Lorentz force in a plane wave [19,31]. Extracting informa-
tion on the mass shift from the rates is, in general, difficult,
but progress can be made when we retain periodicity of the
fields (including fields which are ‘periodic for a finite
duration’ such as the flattop pulses above). In this case,
identifying the support of the strong peaks, i.e., finding
Eq. (6), corresponds to identifying the quasimomentum
with the average classical momentum over a laser cycle
[26]. This defines the quasimomentum, and thus, the mass
shift, in a periodic field. We, therefore, give the averaged
classical momentum explicitly. Let a particle of initial
momentum p� enter a plane wave at � ¼ 0. The solution

of the Lorentz force equation is a textbook result, see
Ref. [36]. Writing the cycle average as hi, the quasimo-
mentum is then

q� :¼p��ehA�iþ2ep � hAi�e2hA2i
2k �p k�; (7)
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for A�ð�Þ as above. This will be useful below. Taking

fð�Þ ¼ sinð�Þ one recovers the monochromatic results,
Eqs. (2) and (3).

Mass shift reduction.—Having addressed the cases for
which the standard mass shift [Eq. (3)] emerges, together
with its spectral consequences, let us now compare differ-
ent pulse shapes. This will allow us to assess the universal-
ity (or otherwise) of the mass shift. The existence of a mass
shift in general will be touched on below; here, we will
show explicitly that there are cases in which nonstandard
mass shifts emerge (without changing a0) leading to dis-
tinct signals in the emission spectrum. This is achieved by
pulse shaping. Consider two linearly polarized pulses of
equal energy and duration 2�N, both consisting of N
cycles of the profiles

f01ð�Þ ¼ ffiffiffi
2

p
sin�; (8)

f02ð�Þ ¼
ffiffiffiffiffiffi
32

5

s
sin2

�
�

2

�
sin�; (9)

as shown in Fig. 1. The coefficients guarantee that the two
pulses contain the same energy, so that we compare like
with like. The first profile is an ordinary sine wave, i.e., a
flattop pulse as discussed above. The second profile is a
compressed cycle with a smoother falloff. Writing f02 /
sin�� 1

2 sin2�, we see that it describes two copropagating

waves of different frequencies (a ‘‘two-color’’ laser), which
has also been explored in the context of pair production
[37]. Since both these profiles (almost) retain periodicity,
we expect both to yield a mass shift, so let us calculate it.
Employing Eq. (7) we find for the pulse Eq. (8),

q1�¼p�þ
ffiffiffi
2

p
a0m

k �p ðl �pk��k �pl�Þþ3a20m
2

2k �p k�: (10)

This has both transverse and longitudinal terms (as holds
generally; monochromatic fields are a special case [38]), but
leads to the standardmass shift [Eq. (3)] upon squaring,q2 ¼
m2�. The quasimomentum in Eq. (9), on the other hand, is

q2� ¼ p� þ 3a0m

k � p ffiffiffiffiffiffi
10

p ðl � pk� � k � pl�Þ þ 7a20m
2

8k � p k�;

(11)

and differs from the monochromatic and flattop results in
both its transverse and longitudinal components. Squaring
up, one finds

q2 ¼ m2

�
1þ 17

20
a20

�
<m2�; (12)

which is a lower mass shift than in both the monochromatic
wave and its truncations to finite duration, even though the
peak field strength in Eq. (9) is higher than in Eq. (8). To
confirm that the reducedmass shift [Eq. (12)] leads to signals
distinct from Eq. (3), we consider emission spectra. The
spectral peaks implied by the mass shifts follow from insert-
ing Eqs. (10) and (11) intoEq. (2) and solving for!0; they are
quantitatively different but the explicit expressions for!0

n are
not too revealing. Instead,weplot an example of the emission
rates in Fig. 2. As we consider only moderate gamma factors
with �@!<mc2, the spectra are well approximated by the
classical limit [21,33]. We have therefore plotted, for sim-
plicity, the classical emission spectra of a particle in a plane
wave, using the textbook methods of Ref. [39], Chapter 14.
The twodifferent sets of frequencies implied byEqs. (10) and
(11) are marked by vertical lines in the figure, and the peaks
in the emission rates are clearly visible at these frequencies.
This shows, manifestly, that the monochromatic mass shift
m� [Eq. (3)] plays no role in the emission spectrum for the
field [Eq. (9)]. The new peak pattern cannot be ‘superim-
posed’ onto that predicted bym� (for all scattering angles) by
a rescaling of the energy in the pulse. Since we compare
pulses of equal energy and duration, the origin of our mass
shift reduction canonlybe the shapingof the pulse: it is easily
verified that if one replaces sin2 in Eq. (9)with sin2k (going to
a pulse consisting of a train of short, tight peaks) then the
mass shift decreases further: for k ¼ 2, the coefficient ofa20 is
131=189< 17=20.
General pulses.—We have now shown that the mass

shift m� is neither unique nor universal. The existence
and definition of a mass shift in general pulses may be
analyzed through the floating average ‘‘hhii’’ between ar-
bitrary (lightfront) times k � x and k � y [40]; the ensuing

2
3
2

2

2

FIG. 1 (color online). The profiles Eq. (8) [red (dashed)] and
Eq. (9) [blue (solid)], both normalized to contain the same
energy.

1
2

2
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d3P
d 'd
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FIG. 2 (color online). Backscattered classical spectral density
for an electron, � ¼ 10, colliding at 10� to head on with an
800 nm laser. We compare N ¼ 10 cycles of Eqs. (8) and (9) at
a0 ¼ 2. Radiation angles � ¼ �, ’ ¼ 0. Dashed and solid
vertical lines show the peaks predicted by the different mass
shifts in Eqs. (3) and (12), respectively.
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quasimomentum squared generalizes Eqs. (3) and (12) to
the floating variance of the integrated field strength,

q2 ¼ M2ðk � x; k � yÞ � m2ð1þ a20hhf2ii � a20hhfii2Þ:
(13)

This M2 appears in the gauge invariant part of the Volkov
propagator [41] and in the Wigner function [42]. We show
in Fig. 3 the function M2 for both Eqs. (8) and (9). For an
infinite number of cycles, M2 increases rapidly from m2

and then oscillates around the appropriate mass shifts
[Eqs. (3) and (12)] squared, to which it converges when
the time averaged over becomes large. It is not possible,
though, to associate the asymptotic limit of M with a mass
shift in general, as this can be shown to be zero for any field
of finite (or effectively finite) duration [42]. This is also
shown in Fig. 3 for three cycles of Eq. (9) as the dot-dashed
line: this begins by following the periodic result before
falling back to zero. Rather, it is the approximate plateau
in M2, as in Fig. 3, which, if prominent enough, implies
mass shift signals in the spectrum. This will be investigated
in Ref. [38].

Beam parameters.—Finally, we turn to the parameters
required for a measurement of the mass shift. Consider
probe electrons colliding with a laser pulse. In order for
the electrons to see only the plane wave (longitudinal)
character of the laser, their transverse escape time should
be large compared to the time spent in the pulse. This
requires the laser focus to be much wider than the electron
beam. The required parameters were previously identified
in Ref. [33], and are now realized at experiments such as
REGAE at DESY [43].

The REGAE electron gun can produce a 5 MeVelectron
beam of width r0 	 8 �m. The laser system is a 200 TW
Ti:Sapphire, frequency ! ¼ 1:55 eV and focal spot radius
w0 	 40 �m. This corresponds to a peak intensity of
â0 	 2 [29], placing us at the edge of the nonperturbative
regime. We consider colliding the laser (linear polariza-
tion) and electron beams (at an angle of 10� to head on)
and measuring properties of the emitted radiation. In
Fig. 4, we compare the classical spectral density predicted

by two models of the laser pulse: a paraxial Gaussian beam
and a plane wave, both with the same super-Gaussian
[degree 12, expf�c�12g] profile in the longitudinal (i.e.,
plane wave) direction. The bulk of the electrons in the
beam, those with an impact factor below 5 �m, are com-
pletely blind to the transverse structure of the laser, since
w0 � r0. The flattop section of the super-Gaussian profile
contains 10 cycles, giving a duration of around 27 fs. For a
particle entering this section of the pulse, the peaks pre-
dicted by the flattop plane wave model and its mass shift
are shown by dashed vertical lines in Fig. 4, and match the
peaks of the spectrum. Hence, mass shift effects are clearly
visible for appropriately tuned realistic beams.
Conclusions.—We have shown explicitly that the elec-

tron mass shift in a strong laser field can be lowered by
pulse shaping. This long known ‘‘intensity-dependent
mass’’ is, therefore, also pulse-shape dependent: two
pulses with the same energy can have different mass shifts.
The mass shift in monochromatic waves is, therefore,
neither unique nor universal.
We have also identified the moderate intensity regime

for which transverse size effects become negligible. In this
regime, photon emission spectra from laser-particle colli-
sions provide unambiguous mass shift signatures. The
experimental setup required is mostly modest: there is no
need for ultra-high intensities or ultra-short pulses, the
latter since multiple cycles of the beam are required for
mass shift signals to become clear. (Previous experiments
have been successful in a similar regime [16,17]).
Beyond this, the spectra may serve to test the limitations

of the plane wave model. Precision measurements in the
above regime (were they to become feasible) could be
turned into diagnostic tools for laser pulses at higher
intensities. Sufficient knowledge of the spectra would pro-
vide a ‘dictionary’ for translating spectral features into

2 4 6 8 10 12
k x

17
20

1

M2 m2

a0
2 m2

FIG. 3 (color online). M2ð0; k:xÞ for a sinusoidal field [red
(dashed)], the periodic profile Eq. (9) [blue (solid)], and three
cycles of Eq. (9) [purple (dot-dashed)]. The monochromatic and
reduced mass shifts are shown.
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FIG. 4 (color online). Classical spectral density of radiation
emitted from electrons in the REGAE setup. The three panels
correspond to electrons at 0, 3, and 6 �m from the centre of the
REGAE beam. In each panel, the plane wave model is shown in
red, the Gaussian beam model in black.
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properties of the laser pulses (as suggested for a carrier
phase in Ref [44]). For example, and as we have seen, the
spectral peak positions implied by the mass shift contain
information on the shape of the pulse. The mass shift in
arbitrary pulses will be addressed in Ref. [38].
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