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Well-resolved direct numerical simulations of 2D Rayleigh-Bénard convection in a porous medium are

presented for Rayleigh numbers Ra � 4� 104 which reveal that, contrary to previous indications, the

linear classical scaling for the Nusselt number, Nu� Ra, is attained asymptotically. The flow dynamics

are analyzed, and the interior of the vigorously convecting system is shown to be increasingly well

described as Ra ! 1 by a simple columnar ‘‘heat-exchanger’’ model with a single horizontal wave

number k and a linear background temperature field. The numerical results are approximately fitted by

k� Ra0:4.
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The buoyancy-driven convection of a layer of
Boussinesq fluid in a Rayleigh-Bénard cell is a canonical
physical system for the study of nonlinear chaotic dynam-
ics and emergent patterns [1,2]. Characterization of the
physical control and parameter dependence of the convec-
tive buoyancy flux in such a system, as measured by the
Nusselt number Nu, is of direct applicability to an ex-
tremely wide range of convective flows in environmental
and industrial settings. In particular, the dependence of
Nu on the Rayleigh number, which is the ratio of driving
buoyancy forces to the dissipative effects of viscosity and
diffusion, remains an enduring and active subject of
fundamental interest in fluid dynamics [3–5].

The related problem of two-dimensional Rayleigh-
Bénard convection in a fluid-saturated porous medium
has received relatively little attention until recently, par-
ticularly at very large values of Ra. There is emerging
interest in this subject due to its important implications
for the long-term storage of CO2 in deep saline aquifers
[6], which is being widely considered as a means of
offsetting anthropogenic emissions of CO2 and mitigating
the effects of climate change [7]. For Ra> Rac ¼ 4�2

the system is unstable to large-scale convective rolls [8].
As Ra is increased, these convective rolls undergo a series
of ‘‘dripping’’ instabilities that perturb, but do not signifi-
cantly alter, the large-scale background flow [9]. For
Ra * 1300 this quasisteady background flow breaks down
completely [10], marking a transition to the ‘‘turbulent’’
high-Ra regime of interest here.

The ‘‘classical’’ argument [11] for the dependence Nu
(Ra) suggests that, at sufficiently large values of Ra, the
buoyancy flux should be independent of the height H of
the layer. For the high-Ra regime in a porous medium
this argument predicts a linear scaling Nu� Ra. A linear
scaling has also been shown to be a rigorous upper bound
[10,12,13]. The high-Ra scaling has been investigated
numerically by Otero et al. [10] who found a reduced

exponent Nu� Ra0:9 for 1300 & Ra � 10 000. Experi-
mental results from a one-sided system with a convecting
upper boundary and a deep or no-flux bottom boundary
have given scalings closer to Nu� Ra0:8 [14,15].
Here we consider a fluid-saturated two-dimensional po-

rous mediumwith constant permeability� and porosity�.
The domain is heated at the base and cooled at the top, and
the fluid satisfies a linear equation of state such that the
resulting density difference �� across the height of the
domain is unstable. The flow is incompressible and gov-
erned by Darcy’s law. We assume that there is negligible
heat transfer to the solid phase of the medium, and employ
a constant thermal diffusivity D. This system is therefore
analogous to purely compositionally-driven convection.
We introduce a stream function c to describe the fluid

velocity ðu;wÞ ¼ ðc z;�c xÞ, and nondimensionalize with
respect to the height of the domain H and the convective
velocity scale U ¼ �g��=�, where � is the viscosity of
the fluid, thus obtaining dimensionless equations

r2c ¼ �@T

@x
; (1)
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@t
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¼ 1

Ra
r2T: (2)

The Rayleigh number Ra is defined as Ra � UH=�D.
The dimensionless buoyancy flux is given by the Nusselt
number Nu ¼ hL�1

R
@T=@zjz¼0dxi, where L is the di-

mensionless aspect ratio and h i denotes a time average.
Nondimensionalizing in this way gives rise to Oð1Þ height,
temperature, velocity, and convective time scales, while
diffusive time and length scales are OðRa�1Þ.
Equations (1) and (2), are solved numerically, using a

spectral method for (1) and an alternating-direction im-
plicit method for (2). The diffusion and advection opera-
tors in (2) are discretized using standard second-order finite
differences and flux-conservative techniques, respectively.
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We use a vertical coordinate transformation in order to
resolve the diffusive boundary layers at z ¼ 0, 1 which
have an anticipated depth �� Ra�1 [16]. The numerical
simulations are second order in space and time, and have
been extensively benchmarked against previous numerical
results at lower values of Ra [9,10].

For Ra * 1300 [17] the system cannot sustain the large-
scale quasiperiodic roll structure found at lower Ra, which
is broken down as unsteady plumes from the boundaries
drive vigorous columnar exchange flow across the height
of the domain. This transition in the dynamics marks the
start of the ‘‘high-Ra’’ regime. The flow can be divided into
three regions of differing dynamics, as illustrated in Fig. 1.
The interior region is dominated by predominantly vertical
exchange flow, carried in columns or ‘‘megaplumes’’ of a
fairly regular and Ra-dependent wavelength. At the very
top and bottom of the domain are thin diffusive boundary
layers, where intermittent short-wavelength instabilities
drive the growth of small ‘‘protoplumes.’’ Between the
boundary layers and the interior columnar flow is a region
where the dynamics are characterized by the rapid growth
and vigorous mixing of protoplumes. Lateral flushing by
the large-scale flow drives entrainment of the protoplumes
into the interior megaplumes.

In the high-Ra regime the local time-dependent Nusselt
number exhibits chaotic fluctuations about the long-term
time-averaged Nusselt number Nu. A numerical estimate
of Nu is obtained by time averaging until statistical uncer-
tainty in the mean is reduced to within 1%. Figure 2 shows
Nu(Ra) for Ra � 40 000. The transition to the high-Ra
regime is marked by a sharp discontinuity in Nu at
Ra � 1300; a least-squares fit of the data beyond this point
gives a scaling of Ra� Nu0:95�0:01, in approximate agree-
ment with previous results [10]. However, the inset to
Fig. 2 shows a clear trend in Nu=Ra towards a constant
as Ra increases beyond 10 000, strongly suggesting that the
classical linear scaling is attained asymptotically. Given
that the system is dominated by persistent columnar ex-
change flow across the whole domain (Fig. 1), it is surpris-
ing that the flux seems to be asymptotically independent
of the height of the domain. We find that Nu exhibits no

systematic dependence on the aspect ratio L; the slight
scatter in the measurements of Fig. 2 (inset) is the result of
extremely long-time-scale fluctuations in the number of
megaplumes in the domain.
We can model the interior megaplume flow by an exact

‘‘heat-exchanger’’ solution to (1) and (2) in an unbounded
domain. In this model, vertical advection of a background
linear temperature gradient is exactly balanced by horizon-
tal diffusion between neighboring megaplumes, giving a
steady solution

Tðx; zÞ ¼ T̂ cosðkxÞ � k2

Ra
z; (3)

u ¼ 0; wðxÞ ¼ T̂ cosðkxÞ: (4)

This solution comprises interlocking columnar flow with

amplitude T̂ and a regular horizontal wave number k.
Equation (3) shows that the horizontally averaged

temperature profile is linear. Numerical measurements of
the temporally and horizontally averaged temperature
h �TðzÞi [Fig. 3(a)] agree with this linear behavior in the
interior region. We compare the amplitude of the columnar
flow in the model with the numerical calculations by
measuring the root-mean-square (rms) temperature pertur-
bations and velocity components, Trms, urms, and wrms.

In the heat-exchanger model, Trms ¼ wrms ¼ T̂=
ffiffiffi
2

p
, and

urms ¼ 0. Numerical measurements of Trms, urms, and wrms

at z ¼ 0:5 [Fig. 3(b)] show very good agreement with
this behavior asymptotically.
These measurements, together with movies [18] of the

temperature field, indicate that the vigorously convecting
system is dominated by remarkably persistent columnar
flow, which becomes increasingly ordered and increasingly
well-described by the steady heat-exchanger solution as Ra

increases. Moreover, Fig. 3(b) suggests that T̂ is asymptoti-
cally independent of Ra. This observation agrees with the
indications in Fig. 2 that a linear scaling for Nu(Ra)
is attained asymptotically: since the heat transport is
dominated by advection in the interior, we expect that

Nu� RaðT � �TÞw� RaT̂2 � Ra, if T̂ ¼ Oð1Þ.

FIG. 1 (color online). A snapshot of the temperature field at Ra ¼ 2� 104, illustrating the different regions described in the text.
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We have adapted the unbounded heat-exchanger solution
to model the effect of circulation in a finite domain, by
including vertical variation with wave numberm. We expect
that m is related to the height of the domain, which implies
that themore rapid horizontal variationswith wave number k
dominate as Ra increases; hence the simple heat-exchanger

solution (3) and (4), is recovered asymptotically. Predictions
from the adapted model (not included here) show a good
quantitative agreement with the behavior of the rms tempera-
ture and velocity perturbations in Fig. 3(b).
The heat-exchanger model per se leaves the wave num-

ber k of the columnar flow undetermined. We measured k
using a time-average of the Fourier transform of the tem-
perature field at z ¼ 0:5, and these measurements are
presented in Fig. 4. We obtained very similar results both
by applying the same method to the vertical velocity field,
and by counting plumes directly using local velocity
maxima. The measurements of k can be fitted by an ap-
proximate scaling k� Ra0:4, though the data also hint at a
possible decrease in the exponent for Ra> 20 000 [19].
There is some variation between different calculations,
even for the same aspect ratio L, due to fluctuations in
the dominant wave number over extremely long time
scales.
A plausible hypothesis is that the horizontal wave num-

ber k and the amplitude T̂ of the interior columnar ex-
change flow are determined by the interaction between the
megaplumes and the protoplume regions at the top and
bottom of the flow. To examine the dynamics in these
regions, we constructed space-time diagrams of the tem-
perature in a slice at a fixed height just above the bottom
boundary layer, which exhibits behavior that is mirrored
at the top. Figure 5 reveals a characteristic repeating
‘‘fish-bone’’ pattern, which corresponds to persistent
megaplume roots (the ‘‘backbones’’) together with tran-
sient formation and entrainment of protoplumes on either
side (the ‘‘ribs’’).
The pattern of ribs shows bursts of protoplumes that

typically commence near a larger established plume, while
later protoplumes in the burst originate successively
further away. We interpret this as propagation of instability
along the boundary layer which drains the buoyancy
accumulated since the previous burst. Concomitantly
each new protoplume is entrained back towards the larger
established plume. This coupled mechanism of instability
and entrainment leads to episodic and highly time-
dependent patterns of plume growth and flushing.

FIG. 2 (color online). The time-averaged Nusselt number Nu,
showing the onset of convection at Ra ¼ 4�2, and the transition
to the high-Ra regime at Ra � 1300. Inset: Nu scaled by Ra in
the high-Ra regime, for different aspect ratios L, together with
the highest data from [10] for comparison. This plot shows a
clear trend in Nu=Ra towards a constant as Ra increases.

10

FIG. 3 (color online). Measurements of the interior region:
(a) temporally and horizontally averaged temperature profile h �Ti
for Ra ¼ 1; 2; 4� 104, and (b) time-averaged root-mean-square
values, Trms, urms, and wrms, of the temperature perturbations and
velocity components at z ¼ 0:5.

FIG. 4 (color online). Time-averaged horizontal wave number
k scaled by Ra0:4, measured from the Fourier spectrum at
z ¼ 0:5. We attribute the variability in these measurements to
very long-time-scale fluctuations in the dominant wave number
that are not fully time averaged.
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Comparison of plots like Fig. 5 and counts of proto-
plumes both suggest that typical time scales and lateral
length scales of the ‘‘ribs’’ in the fish-bone structures scale
approximately like Ra�1 [20]. The length scales certainly
decrease significantly more rapidly with Ra than the mega-
plume spacing k�1, as can be seen by comparing the
number of ‘‘ribs’’ in Fig. 5. The difference between the
scaling of the protoplumes and megaplumes suggests that
the horizontal wave number k of the interior flow is not
directly governed by the dynamics of protoplumes at the
top and bottom of the domain. We are currently investigat-
ing an alternative possibility that k is determined by the
stability of the interior columnar flow.

Given the increasingly vigorous nature of the dynamics
at the boundaries, it is striking that the interior columnar
flow displays such persistent regular structure as Ra in-
creases. Moreover, despite highly time-dependent forcing
from the protoplume regions, we have shown that the
steady heat-exchanger solution provides a remarkably

good description of the dynamics of the interior region.
It is intriguing that the protoplumes do not appear to govern
the interior wave number k directly. These surprising
observations, together with our measurements of the flux,
have implications for a wide range of buoyancy-driven
flows in porous media, including the long-term stabi-
lization of sequestered CO2 through dissolution-driven
convection.
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FIG. 5 (color online). Space-time plots of the temperature in
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