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Synchronization in large laser networks with both homogeneous and heterogeneous coupling delay

times is examined. The number of synchronized clusters of lasers is established to equal the greatest

common divisor of network loops. We experimentally demonstrate up to 16 multicluster phase synchro-

nization scenarios within unidirectional coupled laser networks, whereby synchronization in heteroge-

neous networks is deduced by mapping to an equivalent homogeneous network. The synchronization in

large laser networks is controlled by means of tunable coupling and self-coupling.
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Synchronization in networks with delayed coupling is
ubiquitous in nature and plays a key role in almost all fields
of science, including physics, biology, ecology, climatol-
ogy, and sociology [1–7]. In general, the published works
on network synchronization are based on data analysis and
simulations, with little experimental verification [8–10].
Theoretical investigations suggest that the underlying prop-
erties that govern network dynamics can be attributed to
either the statistical properties, such as the average number
of connections between nodes [11,12], or the detailed dis-
tribution of the network connectivity [13,14]. Experi-
mental investigations showed that the symmetry of small
networks is related to their synchronization state [7–9].
Recent experimental investigations on small laser net-
works with homogeneous delay times showed that up to
two synchronized clusters can emerge [10]. The number of
clusters was limited to two as a result of the bidirectional
coupling of light between the lasers. Such a coupling arises
from bidirectional propagation of light along the paths that
couple the lasers, which is a direct consequence of the time
reversal symmetry of light.

Here we develop an approach for multicluster synchro-
nization of larger networks of lasers with homogeneous
as well as heterogeneous coupling delay times. In this
approach the coupling between lasers is unidirectional,
whereby the light propagates only in a single direction
along the paths that couple light between the lasers. Such
unidirectional coupling is achieved by exploiting the
Faraday effect to control the polarization of the lasers’
light in order to break the time reversal symmetry of light,
and it is essential for obtaining the multicluster synchroni-
zation as demonstrated here with up to 16 clusters. We first
establish the relationship between the number of the syn-
chronized clusters and the greatest common divisor (GCD)
of the number of lasers in different unidirectional network
loops. Then, we determine the phase dynamics of hetero-
geneous networks with commensurate time delays by ex-
ploiting a transformation to an equivalent homogenous
network that obeys the GCD rules. We also demonstrate

how a single connectivity adjustment can affect synchro-
nization throughout the network.
The experimental arrangements are presented in Fig. 1.

These include a degenerate laser cavity, a coupling ar-
rangement for controlling the connectivities and obtaining
unidirectional couplings between lasers, as well as delayed
self-feedback, and a detection arrangement for detecting
the far-field (FF) intensity interference pattern from the
lasers. The degenerate cavity is comprised of a 10-mm
wide Nd:YAG crystal gain medium that can support
many independent laser channels [10,15], front and rear
output couplers (OC), a mask of an array of apertures of
0.2 mm diameters and 0.3 mm spacing that forms the
different laser channels, and two lenses in a 4f telescope
arrangement. The telescope images the mask plane to the

FIG. 1 (color online). A schematic sketch of the experimental
arrangements include a degenerate laser cavity, a coupling
arrangement and a detection arrangement for detecting the phase
synchronization between any desired set of lasers with a CCD
camera. The degenerate laser cavity, that supports many inde-
pendent uncoupled lasers, includes a calcite crystal that displaces
each beam into two parallel beams of orthogonal polarization so
that a mask with eight apertures leads to 16 lasers, as shown in
the insets. The coupling arrangement, with its four coupling
mirrors R1, R2, R3, and R4 that control a variety of different
unidirectional homogeneous and heterogenous coupling connec-
tivities, also includes delayed self-feedback coupling controlled
by mirror R5.
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front OC plane, thereby eliminating the diffraction of light
from one laser to another; this ensures that different lasers
do not interact and thus remain uncoupled [10]. Phase
independence among the uncoupled lasers is experimen-
tally verified by comparing the FF intensity distributions
of a single laser and 16 lasers, shown in the top insets.
The lack of interference fringes and the essentially identi-
cal distributions indicate that there is no phase synchroni-
zation among the 16 lasers. A calcite crystal placed inside
the cavity displaces each beam to form two parallel

beams with ordinary Ô and extraordinary Ê polarization
states, so that a mask with N apertures would lead to 2N
lasers. From the front of the cavity these 2N beams emerge
spatially separated, while from the rear they emerge folded
onto each other, as shown in the insets for a mask of eight
apertures corresponding to 16 independent lasers.

Coupling between lasers is achieved by injecting a de-
layed light from one laser into another. This is accom-
plished by means of a focusing lens placed at the focal
distance f1 away from the rear OC of the lasers, a polar-
izing beam splitter (PBS), and four mirrors that couple
light between the lasers. Three coupling mirrors (R1, R2

and R4) are placed within the Rayleigh focal range of
the focusing lens and one mirror (R3) at the image of the
focal plane. The imaging is done with a telescope between
mirrors R3 and R4 so as to further delay the light coupled
by R3. For networks with homogeneous delay time,
we resorted to a simpler configuration where R3 is adjacent
to R4.

With a reflectivity of 40% for R2 and R4, and 100% for
R1 and R3, four nearly equally intense mirror images of the
mask plane Eðx; yÞ are reflected back to the lasers to obtain
a nearly uniform coupling strength (only a 10% deviation).
The Faraday rotator, positioned along the paths of the

beams, rotates the polarization state so as to couple Ô

polarized lasers to Ê polarized lasers via mirrors R1 or

R2 and Ê polarized lasers to the Ô polarized lasers via
mirrors R3 or R4, thereby allowing for unidirectional cou-
pling to occur. Each mirror image Eð� ðx� x0Þ;
�ðy� y0ÞÞ can be reflected around a different center point
(x0, y0) that denotes a self-reflecting point whose location
is determined by the angular orientation of the mirror. By
independently controlling the angular orientations of all
four coupling mirrors, we realized a variety of connectiv-
ities between the lasers, whereby each mirror connects
pairs of lasers of orthogonal polarizations that are sym-
metric around its self-reflecting point.

Delayed self-feedback is obtained by using a partial
reflector that directs part of the light towards a fifth
self-feedback coupling mirror R5 placed at the focal plane
of a focusing lens f2. This light does not pass through the
Faraday rotator so its polarization state is maintained and
can be coupled back as delayed self-feedback. By adding
the polarizer, we can ensure that only a single laser is
self-coupled [16].

Phase synchronization between the lasers is determined
by their relative coherence and it is quantified by measur-
ing the fringe visibility of their combined FF intensity
interference pattern [17]. In our experiments, the FF inten-
sity interference pattern was detected with a CCD camera
that was positioned at the focal plane of a focusing lens, as
shown in Fig. 1. A linear polarizer oriented at an angle of
45� (not shown in Fig. 1) was placed before the CCD in
order to measure the interference of orthogonally polarized
lasers.
In general, the synchronization state of a network is

deduced by measuring the interference pattern between
all pairs of lasers in the network. In some cases, however,
a single measurement of the interference pattern between
all lasers together is sufficient to determine the synchroni-
zation state. For example, a FF intensity pattern with
fringes only along the vertical direction, indicates that
synchronization occurs only between lasers positioned
along the same vertical column of the laser array. Alter-
natively, fringes along both the horizontal and vertical
directions indicate that synchronization occurs between
the lasers that are positioned along both columns and
rows of the lasers array.
One specific coupling connectivity is illustrated for a

directed loop of 16 lasers in Fig. 2(a), that was obtained by
using three coupling mirrors R1, R2, and R4 (red, blue, and
green online). The colored arrows in the NF intensity
pattern denote which one of the three mirrors led to a
specific unidirectional coupling [16]. We found that a
directed loop of 16 coupled lasers does not lead to syn-
chronization between any pair of lasers, as verified by the
very poor fringe contrast in the FF intensity pattern of all
16 lasers, as shown in Fig. 2(b), left. This is because each
laser is synchronized to a signal from its preceding laser
along the directed loop that is delayed by �. With a focus-
ing lens of f ¼ 30 cm, the coupling delay time, given by

FIG. 2 (color online). (a) Connectivity arrangement in a uni-
directional loop of 16 lasers. The colored arrows, added to the
near-field intensity distributions of 16 lasers, denote which pairs
of lasers are coupled by which mirrors (see mirror colors of
Fig. 1 online). (b) Three different networks of 16 lasers, all with
4 ns unidirectional time-delayed couplings. For a single directed
loop of 16 lasers, the far-field intensity distribution indicates the
lack of synchronization among all 16 lasers (left). For a network
with 16 and 12 laser loops, the FF intensity distributions of
different pairs of lasers indicates four synchronized clusters,
each including lasers marked by a specific color (center). For
a network with 16 and 14 laser loops, the FF intensity distribu-
tion indicates two separate synchronized clusters (right).
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the round trip propagation time through the coupling ar-
rangement is � ¼ 4f=c � 4 ns. Such a delay time is much
longer than the coherence time of the lasers �coh � 10 ps,
so no isochronal (simultaneous) phase synchronization
between the lasers is expected. However, by using the
fourth coupling mirror (yellow) to add a unidirectional
coupling that forms a new directed loop of 14 lasers,
clusters of alternating lasers that are synchronized emerge,
as shown in Fig. 2(b), right. The resulting FF intensity
pattern with fringes only along the vertical direction in-
dicates that synchronization now occurs only between
lasers in the same vertical column. Specifically, the
network splits into two distinct synchronized clusters of
lasers (denoted by either blue or red colors), i.e., all odd or
all even lasers are synchronized, but pairs of odd-even
lasers are not synchronized. Alternatively, the fourth cou-
pling mirror could be used to couple between other pairs of
lasers so as to form an additional loop of 12 lasers rather
than 14 lasers as shown in Fig. 2(b), center. Now, four
distinct synchronized clusters emerge, as exemplified by
the high contrast interference fringes between pairs of
lasers belonging to the same cluster.

The number of synchronized clusters can be predicted in
accordance to the network connectivity. Specifically, for
homogeneous networks, the number of synchronized clus-
ters is predicted to be equal to the greatest common divisor
of the network loops [18–20]. This is consistent with our
experimental results [Fig. 2(b)], where a network with
16 and 14 laser loops results in GCDð16; 14Þ ¼ 2 synchro-
nized clusters, a network of 16 and 12 laser loops results
in GCDð16; 12Þ ¼ 4 synchronized clusters, and a single
directed loop of 16 lasers results in GCDð16Þ ¼ 16 syn-
chronized clusters each comprised of a single laser.

The GCD rule for the number of clusters can be intui-
tively understood by the fact that each laser synchronizes
to the delayed incoming signal and relays the optical phase
information onwards in accordance to the network con-
nectivity. As a result, in a directed loop of n lasers with a
coupling delay time of �, each laser is synchronized to its
own signal delayed by n�. Consequently, the signal from
each laser has n� periodicity, but no synchronized pairs of
lasers exists, resulting in n clusters. For a network with an
additional loop of m lasers, the signals from all lasers have
to fulfil n� and m� periodicities, resulting in GCDðn;mÞ�
periodicity and GCDðn;mÞ synchronized clusters. Note
that other periodic solutions that consist of fewer numbers
of clusters also exist but are unstable due to the information
mixing mechanism [18,19].

A full quantitative experimental analysis of the multi-
cluster synchronization controlled by the GCD of homo-
geneous time-delayed networks is exemplified for various
eight-laser networks in Fig. 3. A directed loop of eight
lasers exhibits no synchronization, whereby there are
no interference fringes in the FF intensity pattern in
Fig. 3(a). A clear manifestation of the synchronization

state dependence on the detailed network connectivity is
exemplified in Fig. 3(b) where a single network connec-
tivity adjustment remotely affects the synchronization state
among all lasers. Specifically, the addition of a single self-
feedback loop is sufficient to obtain a high degree of global
synchronization among all lasers, forming a single syn-
chronized cluster GCDð8; 1Þ ¼ 1. The high contrast inter-
ference fringes, with a visibility above 0.9, appearing along
both vertical and horizontal directions in the FF intensity
pattern in Fig. 3(b), indicate that synchronization indeed
occurs among all lasers in the network. When a single
bidirectional coupling channel is added to the directed
loop, a loop of two lasers is formed resulting in
GCDð8; 2Þ ¼ 2 synchronized clusters. The high contrast
interference fringes, with a visibility of 0.88, appearing
along the vertical axis only in the FF intensity pattern in
Fig. 3(c), indicate that synchronization occurs only be-
tween lasers in the same vertical column. Alternatively,
two clusters can also be formed by adding unidirectional
coupling from laser 8 to laser 3 to obtain a six-laser loop

FIG. 3 (color online). (a) A directed loop of eight lasers, where
the lack of interference fringes in the FF intensity distribution of
all eight lasers indicates no synchronization and eight separate
clusters. (b) A directed loop of eight lasers with an additional
self-feedback loop, where high contrast interference fringes
along both horizontal and vertical directions indicate high syn-
chronization with one cluster GDCð8; 1Þ ¼ 1. (c) A directed loop
of eight lasers with an additional bidirectional loop of size 2,
where high contrast interference fringes along the vertical di-
rection only indicate two clusters, GDCð8; 2Þ ¼ 2. (d) A directed
loop of eight lasers with an additional loop of six lasers obtained
with unidirectional coupling between laser 8 and laser 3, where
high contrast interference fringes along the vertical direction
only indicate two clusters, GDCð8; 6Þ ¼ 2. (e) Phase correlation
(fringe visibility) between all pairs of lasers for a network with
directed loops of eight and four lasers, indicating four clusters
GCDð8; 4Þ ¼ 4.
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and GCDð8; 6Þ ¼ 2 clusters. Here again, the high contrast
interference fringes in Fig. 3(d), with a visibility of 0.89,
appearing only along the vertical axis indicate two syn-
chronized clusters.

A network consisting of four and eight laser loops results
in GCDð8; 4Þ ¼ 4 clusters. The synchronization state for
such a network was quantified by measuring the fringe
visibility between all possible 28 pairs of lasers, as pre-
sented in Fig. 3(e). Representative FF interference patterns
for pairs of lasers that were used to calculate the fringe
visibility are shown in the insets. The fringe visibility was
above 0.9 for all pairs of lasers that belong to the same
cluster and below 0.15 otherwise. These results clearly
indicate the existence of four distinct synchronized clusters.

The established GCD rule only applies to homogeneous
networks. Thus, we extend the GCD rule to include the
dynamics of heterogeneous networks with commensurate
ratios among the delays [21]. This extension is achieved by
resorting to equivalent homogeneous networks where
imaginary lasers are added so as to split delays to homoge-
neously shorter delay segments. Then, we apply the GCD
rule to the equivalent homogeneous network to find the
actual number of clusters in the heterogeneous network.
We experimentally examined a heterogeneous network of
six lasers with � and 2� time delays, as shown in Fig. 4(a),
upper sketch. The equivalent homogenous network con-
sists of two additional imaginary lasers so as to form eight
and six laser loops as shown in Fig. 4(a), lower sketch,
leading to two synchronized clusters GCDð8; 6Þ ¼ 2. The
experimental results indeed revealed two synchronized

clusters, lasers 1, 4, and 5, and lasers 2, 3, and 6. The
visibility of the interference fringes in the FF patterns in
Fig. 4(a) was above 0.8 for any pair of lasers that belong
to the same cluster and below 0.1 otherwise. The role of
the GCD was further examined for a more compound
heterogeneous network consisting of eight lasers and
three different time delays, �, �=2, and 3�=2, as shown in
Fig. 4(b), upper sketch. The equivalent homogenous net-
work with equal time delays of �=2 has an additional nine
imaginary lasers that form a directed loop of 17 lasers
with an additional single self-feedback loop, as shown in
Fig. 4(b), lower sketch. This equivalent homogeneous
network has one synchronized cluster GCDð17; 1Þ ¼ 1,
as confirmed by the high contrast fringes in the FF inter-
ference pattern in Fig. 4(b) of all the eight lasers.
It should be noted that the mapping of heterogeneous

networks to homogeneous networks by the addition of
imaginary lasers is valid only when they act as transparent
devices that relay the signal they receive to the next laser
along the coupling path. Our experimental results indicate
that such a mapping is sufficiently accurate for phase
synchronization. However, simulation of intensity syn-
chronization of chaotic diode lasers suggest that in some
cases, the additional lasers may not act as simple transpar-
ent devices but relay a different chaotic signal onward [18].
Consequently, further investigations are required to ascer-
tain the validity of the mapping of heterogeneous networks
to homogeneous networks for intensity synchronization of
chaotic diode lasers.
To conclude, we demonstrated multicluster synchroni-

zation of large networks of unidirectional coupled lasers
with homogeneous as well as heterogeneous delay times,
and investigated the effects of self-feedback coupling. It
should be noted that although we observed a high level of
synchronization with fringe visibility values (0.8) for net-
works of 8 and 16 lasers, we expect that level of synchro-
nization would eventually degrade as the network size
increases [23]. However, further investigations are required
to ascertain the exact nature of finite size effects in time-
delayed coupled networks.
We numerically confirmed the role of GCD for phase

synchronization of homogeneous and heterogeneous delay
networks using the Kuramoto model that describes a gen-
eral class of oscillators [16]. Accordingly, our approach
and results could be applied to a variety of coupled oscillators
in electrical, biological, chemical, and climatic phenomena.
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