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Mechanical Evidence of the Orbital Angular Momentum to Energy Ratio of Vortex Beams
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We measure, in a single experiment, both the radiation pressure and the torque due to a wide variety of
propagating acoustic vortex beams. The results validate, for the first time directly, the theoretically
predicted ratio of the orbital angular momentum to linear momentum in a propagating beam. We
experimentally determine this ratio using simultaneous measurements of both the levitation force and
the torque on an acoustic absorber exerted by a broad range of helical ultrasonic beams produced by a
1000-element matrix transducer array. In general, beams with helical phase fronts have been shown to
contain orbital angular momentum as the result of the azimuthal component of the Poynting vector around
the propagation axis. Theory predicts that for both optical and acoustic helical beams the ratio of the
angular momentum current of the beam to the power should be given by the ratio of the beam’s
topological charge to its angular frequency. This direct experimental observation that the ratio of the
torque to power does convincingly match the expected value (given by the topological charge to angular
frequency ratio of the beam) is a fundamental result.
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Angular momentum in vortex beams.—That light carries
momentum is well known from the work of both Planck
and Einstein and since the 1970s this principle has been
regularly observed in the lab in optical manipulation ex-
periments [1-3]. Light has also been shown to carry angu-
lar momentum: spin angular momentum related to the
polarization state of the light and, more recently, orbital
angular momentum, as a result of helicity in the phase
fronts of the light [4-8]. The orbital angular momentum,
L., of a single photon is simply /7, such that the quantity of
orbital angular momentum carried by a beam is linearly
proportional to the topological charge, [. Transfer of this
orbital angular momentum has been observed in "optical
spanner" experiments in which a focused Laguerre-
Gaussian beam is absorbed by a microscopic particle,
leading the particle to rotate at a rate proportional to the
beam’s topological charge [9]. Although this dependence
can be observed mechanically for a continuous flux of
photons in a focused laser beam, L_ has only ever been
measured indirectly for a single photon [10].

Closely linked to the angular momentum of a photon is
its energy, E = hw. Hence the ratio L./E of a single
photon is simply //w. This ratio holds for phonons as
well because the angular momentum of a phonon is also
[h with an energy hw. However, unlike photons, phonons
cannot carry spin angular momentum in fluids because they
have no polarization. The transfer of orbital angular mo-
mentum from acoustic fields has been shown in two par-
allel studies [11-13], but both studies used coarsely
discretized sources. In the present study, we use a 1000-
element matrix array transducer to produce a range of fully
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propagating beams of different topological charge in order
to test the dependence of L, upon / and the total energy in
the beam.

When observing the transfer of angular momentum, the
key characteristic of the beam is in fact the time average of
the angular momentum current, (L .) because the transfer of
the extremely small amounts of momentum carried by a
single phonon or photon is prohibitively difficult to ob-
serve. When a vortex beam impinges upon an object, some
or all of (L,) is absorbed, leading to a rate of change of
angular momentum dL_/dt. dL_/dt is also the definition
for the torque, I', exerted upon an object. It has been
predicted [13—16] that

Ly _ L
P wp

where P is the total power in the beam and wp is the
angular frequency of the beam. P can be measured from
the levitation force exerted upon an object in a fluid-filled
chamber open to the atmosphere, multiplied by the speed
of sound in the fluid (1482 m/s for water at room tem-
perature), such a force balance being the standard method
to accurately measure the power in a beam [17,18]. Hence,
by measuring the ratio of the torque exerted by a beam on
an object to its levitation force, we can directly measure the
ratio of orbital angular momentum to energy of a helical
beam.

Though this ratio is a fundamental basis for much of
physics and is essentially taken for granted, it has never
previously been directly observed in a single experiment.
In the case of optics this is largely because it is difficult to
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be sure of the relative efficiencies of the transfer of linear
and angular momentum, as one is a result of scattering
(high efficiency) and the other absorption (lower effi-
ciency). Added to this is the fact that the beam has to be
focused very tightly for optical trapping, introducing a
wide range of incident angles and a significant subsequent
perturbation to the helical wave fronts. In acoustics, this
has also not been seen before, as existing studies used only
low order (= [ = 1, 2) helical acoustic fields and were not
able to produce a range of propagating "Laguerre-
Gaussian" (LG) acoustic beams of varying /. In this study
we use a matrix array to produce a range of fully charac-
terized acoustic vortex beams with variable topological
charges, [, and focusing regimes [19]. These beams are
used to both levitate and rotate an acoustic absorber such
that P can be measured from the levitation force and (L)
from the torque exerted upon the absorber. Since the trans-
fer of momentum is a result of absorption for both angular
and linear momentum, and highly acoustically absorbent
materials are available, we are able to use these measure-
ments to calculate the ratio of (L_) to P.
Experiment.—The setup for measuring the rotation and
levitation of a target in an acoustic vortex is shown in
Fig. 1. A high intensity focused ultrasound (HIFU) array
system (ExAblate 2100, InSightec, Israel) is used to pro-
duce the beam. The matrix array is placed underneath an
optically transparent chamber with an acoustically trans-
parent Mylar base. The chamber is filled with degassed
water to avoid cavitation during the experiments and the
transducer placed in a separate chamber, coupled to the
first chamber by a thin layer of water. The target, a 100 mm
diameter, 10 mm thick disk of acoustic absorber material
(Aptflex F28, Precision Acoustics, Dorchester, UK) with a
mass of 87 g, is attached to a 5 ml syringe to allow stable
rotation and levitation about a rod attached to the optically
transparent lid of the chamber. The rod serves only to
stabilize the rotation, and does not exert any vertical forces
on the target (except for friction, which does not affect its
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FIG. 1. Diagram of experimental setup for levitating and rotat-

ing acoustic absorber target using 550 kHz ultrasonic matrix
transducer array at the base of a chamber filled with degassed
water.

equilibrium position). With no acoustic field applied, the
absorber or syringe assembly reaches a neutrally buoyant
position approximately 35 mm above the array. Video
cameras are positioned above and at one side of the cham-
ber to capture the rotation and levitation of the acoustic
absorber target, respectively.

The array consists of a 550 kHz matrix array system,
with approximately 1000 elements in a 74 mm square
aperture, and has been designed to enable focusing and
steering of a high power continuous wave (CW) beam
within a large volume of interest. The array elements are
individually addressable, with the phase discretized to
increments of 77/4 by the control software. In the experi-
ments presented here, the phase, active aperture, and trans-
mitted acoustic power are specified directly, in close
analogy with the use of a spatial light modulator (SLM)
to produce an LG beam in optics.

Examples of phase profiles applied to the array elements
are shown in Fig. 2 (column 1). A circular subaperture of
the matrix array was used to produce cylindrically shaped
beams. For an unfocused beam, only periodic azimuthal
phases are applied, as shown in Fig. 2(a), and the absorber
is in the near field of the array. For focused beams, radial
phase profiles for focusing at a specified distance are added
to the azimuthal phases before phase discretization. The
addition of the focusing phases causes the spiral pattern
shown in Figs. 2(f), 2(k), and 2(p).

The angular spectrum method [20] can be used to cal-
culate the ultrasound field in planes transverse to the
propagation direction, given the phase and amplitude pro-
file of the transmitting array. Complex pressure profiles
predicted with this method at 60 mm from the array are
shown in Fig. 2 (columns 2, 3) for the example source
phase profiles in Fig. 2 (column 1). Complex pressure
profiles measured with a hydrophone, shown in Fig. 2
(columns 4, 5), are qualitatively very similar to the pre-
dicted profiles. The predicted and measured normalized
pressure amplitude profiles show clearly the axial null at
the phase singularity. Because of the source geometry, the
form of the pressure maximum region is not an ideal
annulus, but localized to four corners. The calculated
pressure profiles show that this squaring effect reduces,
and the diameter of the annulus increases, with higher
order beams. Focusing reduces the diameter and the width
of the pressure density annulus. Figures 2(p)-2(r) demon-
strate that despite the finite number of source elements,
high order (I = —12) helical beams can be produced with-
out evidence of aliasing.

When beams such as those shown in Fig. 2 impinge upon
the absorber they are almost entirely absorbed (> 95%)
and the absorber is seen to levitate to a new equilibrium
position and rotate for the duration of the sonication
(see videos in supplementary material at [21]). The acous-
tic radiation force on the target because of an incident
acoustic beam is determined from the apparent change in
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Applied phase profile of transducer array, and simulated and measured pressure of helical beams with topological

charge [ at a plane approximately 60 mm above the transducer face. [(a)-(e)] / = —2, unfocused beam. (f)—(j) [ = —1, focused at
100 mm, [(k)—(0)] [ = 2, focused at 100 mm. [(p)—(r)] [ = —12, focused at 100 mm. Displayed region is 80 mm square. Pressure
amplitude threshold used in phase maps is 0.25 of peak amplitude.

the buoyancy force. The axial force, F', from the acoustic
beam is given by

F. = pgAd, (2

where p is the density of water (1000 kgm™3), g is the
acceleration due to gravity, and A is the cross-sectional
area of the syringe, which relates to the column of dis-
placed water. The target levitation distance, d, the height
difference between its position at rest and at equilibrium
during sonication, was measured from the side-view videos
using the graduated marks on the syringe. The measured
acoustic radiation force is shown in Fig. 3(a). It increases
with transmitted acoustic power, decreases with topologi-
cal charge, and does not vary significantly with focal
distance.

A decrease in radiation force with [ is expected from
simulation of the incident beam power. The measured
acoustic radiation force decreases between 20% and 40%
over the range of topological charge because the limited
number of transducer elements makes it increasingly diffi-
cult for the array to produce a smooth phase profile for
higher order beams, and any phase aberration will reduce
the levitation force [22]. Any perturbation of the phase
profile at a given location in the beam affects both the axial
and azimuthal components of the net Poynting vector, and
yet the ratio of the angular momentum current to total
power can still be measured [23],

The top view camera allowed us to observe the rotational
motion from the acceleration phase through to terminal

angular velocity. The differential equation for this rota-
tional motion is given by

Iy =16 — C, 3)
where I’ is the torque applied by the beam, equal to the
angular momentum current from the beam into the ab-
sorber, (LZ), I is the moment of inertia of the absorber
about its axis of rotation, @ is the angular displacement, and
C is the drag coefficient. Drag is assumed to be linear as
angular velocities are low. This equation of motion is the
same as that for a vertical fall through a fluid and as a result
has a similar solution:

0 = 90 + C()A(t_ to) + [1 - ei(titO)/T] + (I)A[ei(tit())/ﬁr - 1],
4)

where 6 is the initial angular position, w4 is the terminal
angular velocity, w, is the initial velocity, 7, is the time at
which sonication begins and 7 = I/C is the characteristic
time of the acceleration phase. Once the terminal velocity
is reached, such that # > 7 the applied torque is balanced
by the drag torque and, Eq. (4) reduces to a linear function
with an intercept 6, and slope w 4. Using only data taken at
equilibrium, w4 and subsequently the angular momentum
of the absorber, as seen in Fig. 3(b), can be obtained for all
data sets. The transferred angular momentum increases
with transmitted acoustic power, and, while it increases
with [, the relationship is not linear because of the lower
incident beam power at higher topological charges.
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momentum transferred to acoustic absorber from helical ultra-
sonic beams focused at f = 70 (#), 100 mm (@), or unfocused
(M), and transmitted acoustic power of 23 W (outline), 39 W
(gray), or 55 W (black), and topological charge [ = *£1 — 12.

The drag coefficient used to calculate (L) is determined
by fitting the complete form of Eq. (4) to full data sets in
which the acceleration phase is unperturbed. An example
data set for the absorber motion and the fit to Eq. (4),
using w, determined from the linear fit at equilibrium, is
shown in the inset of Fig. 4; the close fit to the data
confirms that the assumption of linear drag is valid.
This yields an average value for C of (2.9 = 0.2) X
1075 kgm?s~ 1,

The ratio of {L,)/P is shown in Fig. 4, and as predicted
by theory, all data sets lie on a straight line. The slope of the
linear fit [which according to Eq. (1) should be 1/wg] to all
the data in Fig. 4 is (2.87 = 0.05) X 1077 s. For the
550 kHz array, the 1/wg slope should be 2.89 X 1077,
confirming the validity of the predicted ratio of orbital
angular momentum to energy. As further verification of
this, if we assume the ratio in Eq. (1) to be valid and
rearrange, we can obtain C from the inverse of the slope
of the linear fit to all the data, yielding a value of (2.97 =
0.02) X 107> kgm?s~!'. Hence, it is also possible to
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