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Only Above Barrier Energy Components Contribute to Barrier Traversal Time
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A time of arrival operator across a square potential barrier is constructed. The expectation value of the
barrier time of arrival operator for a sufficiently localized incident wave packet is compared with the
expectation value of the free particle time of arrival operator for the same wave packet. The comparison

yields an expression for the expected traversal time across the barrier. It is shown that only the above

barrier components of the momentum distribution of the incident wave packet contribute to the barrier
traversal time, implying that below the barrier components are transmitted without delay. This is
consistent with the recent experiment in attosecond ionization in helium indicating that there is no real
tunneling delay time [P. Eckle et al., Science 322, 1525 (2008)].
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Diverse contrasting theories have been offered to com-
pute tunneling traversal time [1,2] since the problem was
raised in the early days of quantum mechanics [3]. This
diversity has instigated endless controversy on the nature
of quantum tunneling time [1,4]. But amidst the contro-
versy is the consensus that tunneling does not occur in-
stantaneously, so that there is presumably a measurable
delay in the transmission of the tunneling particle.
However, a recent landmark experiment by Keller’s group
in attosecond ionization in helium ““give[s] a strong indi-
cation that there is no real tunneling delay time’’ [5], ruling
out in the process the predicted tunneling time due to
Keldysh [6]. The experiment then posits a challenge to
the presumed nonzero tunneling traversal time, imploring
for a new theoretical treatment consistent with zero delay
time. This Letter offers such a treatment.

In this Letter, we investigate quantum traversal time
across arbitrary continuous potential barriers under the
hypothesis that we can meaningfully construct a time of
arrival operator T corresponding to an arrival at some point
x in the configuration space for a given interaction potential
V(g). Our theory models the situation where at time t = 0 a
wave packet i/(g) is launched in the presence of V(q)
toward a detector located at x to indicate arrival of the
particle there. We hypothesize that the average time elapsed
between the launching of the wave packet and a successful
registration of the particle at the detector is given by the
expectation value (/| T| ), where T is the time of arrival
(TOA) operator corresponding to V(g). We will show that
only the above barrier components of the momentum dis-
tribution of the incident wave packet contribute to any
measurable barrier traversal time and that below the barrier
components are transmitted without delay.

Foremost, let us exemplify the measurements that serve
to define the barrier traversal time: A detector Dy to
announce the arrival of a particle is located at the origin.
(The nature of the detector will generally depend on the
projectile; for example, for neutrons, the detector must
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provide the necessary nuclear reaction to “turn” the neu-
tron into charge particles that will be detected directly by
means, say, of a scintillation detector.) A similar detector
Dy, is located at the far left of Dy. A potential barrier V(g)
with length L is placed between Dy and Dg. A localized
wave packet ¥ (g) is prepared between Dy and V(g) and
launched at # = 0 towards the barrier. The time of arrival is
recorded when Dy clicks; otherwise, no data are collected
when Dy, clicks. This is repeated a large number of times,
with (q) as the initial state for every repeat, and the
average time of arrival 75 at D7 is computed. The same
experiment is performed without the barrier, and the aver-
age free time of arrival 7 at D7 is computed from the new
time of arrival data. The expected traversal time across the
barrier is deduced from the difference A7 = 7 — 75.

It is the objective of this Letter to obtain a theoretical
prediction for A7 and from this quantity obtain the tunnel-
ing traversal time. The treatment starts from constructing
the TOA operator in the presence of the barrier, Ty, and the
time of arrival operator in the absence of the barrier, Tg.
The operator T is the free TOA operator, which is the
quantization of the classical time of arrival [7-9]; the
operator Ty is to be constructed here for the first time by
quantization, using the theory of quantum time of arrival in
the presence of an interaction potential we have developed
elsewhere [10,11]. We then make the identifications 75 =
(p|Tgly) and 7 = (Y|Tp|f). These identifications are
justified on the grounds that the above described experi-
ments reduce to simple classical time of flight measure-
ments when the wave packet is replaced by a classical
particle and that the expectation values {(¢|Tg|¢) and
(| Tplp) give the correct classical values (where the
classical TOA exists) in the limit as 7 approaches zero.
For the free particle case, this has been established in
Ref. [12], and, for the barrier case, it will be established
in the development to follow.

Despite earlier claims that the classical time of arrival
cannot be quantized in the presence of an interacting
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potential, it is shown in Ref. [10] that it can be quantized,
at least, for analytic potentials. In coordinate representa-
tion, the quantized TOA operator for arrival at the origin
is the integral operator

Tooda) = [ 27u(q. )senta — d)elaNdg', (1)

where sgn(x) is the sign function and
1 [n m
Taa) =5 [ dsfi(: 15 2V = V) @

in which ,F, is a specific hypergeometric function, { =
(g — ¢'),and n = (g + ¢')/2. Numerical simulations done
in Refs. [8,11] identify T, as a first time of arrival operator.
First time of arrival distributions can be extracted from the
operator T, by means of successive coarse grainings
[9,13]. Readers are referred to Refs. [13,14] for full ac-
counts of the theory of time of arrival operators. (See [15]
for a distinct treatment of the TOA problem in the interact-
ing case.)

Now the quantized free particle TOA operator for arrival
at the origin is obtained from Eq. (2) by substituting
V(g) = 0. We obtain Tr(q, ¢') = (¢ + ¢')/4, substitution
of which back into Eq. (1) gives the free TOA operator.
This result can be reached by a direct symmetric quantiza-
tion of the classical free time of arrival r = —uq/p.
Quantization yields Ty = —(u/2)(@p™ ' + p~!q) [7]. In
coordinate representation, T, is the integral operator
(Tr)(q) = J2{qITrlg") ¥ (q")dq', where the kernel is
given by (q|Trlg)=—(u/2)(q +a')(1/27h) [©,p~' X
el@=ar/hgp. Using the identity [, x e dx =
imsgn(o) ([16], p. 360, no. 19) leads to Eq. (1) for the
free case.

Now Egq. (1) has been derived under the assumption that
the interaction potential is analytic. We assume for the
moment that it extends to piecewise continuous potential
by appropriate subdivision of the integral and apply it to a
square potential barrier to construct the corresponding time
of arrival operator. Let us place the barrier to the left of the
arrival point, which is the origin. With a <b <0 the
potential is V(q) = V; >0 for a < g < b and zero else-
where. We change variables from (g, ¢) to (5, {), where
n=1(q+¢q)/2 and {=(q—q'), so that Ty(q q') =
To(m, {). Then we can directly use Eq. (2) to obtain
To(n, &). In the m coordinate the potential becomes
V(n) = Vy >0 for a < n < b and zero elsewhere.

We now obtain T(7, £). For 7 > b we have V() = 0,
and in the entire region of integration from 0 to n we have
V(n') = 0. Then Eq. (2) yields T, (n, {) = 2, for n > b.
For a = 1 = b we have V(n) = V,,. We have to divide the
integration in two parts: b < n' <0, where V(n') =0,
and n <n' <b, where V(n') = V,. Then T,(n, ) =
2+ 2{Iy(koll]) = 1] for a = m = b, where Iy(x) is a
modified Bessel function and «y = 2uV,/h. For n < a
we have V(g) = 0. We have to divide the integration in

three parts: b < n' <0, where V(') =0, a=n = b,
where V(n') = V,, and n <0, where V(n') = 0. Then
Tos(n. §) =2+ 2 [g(kolgl) — 1] for m < a, where
Jo(x) is a Bessel function of the first kind.

To prove that Eq. (1) gives a quantization of the classical
time of arrival across the barrier, we now show that the
constructed TOA operator in the presence of the barrier
gives the correct classical limit. The limit is obtained by
taking the inverse Weyl-Wigner transform of the kernel
(q|Tolg"), and it is given by 1= [ {qo +%|Tolgo —%)X
eirov/hdy, where g, and p, are now the respective
classical position and momentum at ¢ = 0. With the
kernel (q|Tolq’) = 5 To(q, ¢')sgn(g — ¢'), we have 1) =
[ T(qo, v)sgn(v)e Po?/"dy,  where the integral is
understood in the distributional sense. We will need the
identity  [®, v Isgn(v)e "Vdv = 2(m — 1)li "x "
(the inverse Fourier transform of Ref. [16], p. 360,
no. 18) to obtain the classical limit.

For ¢go>b the limit is obtained by substituting
To,1(qo, v) for To(qo, v) in to; the result is ty = — qo/ po-
For a < gy < b we use T,(qo, v) and expand I;(kv) in
power series. Integrating the resulting expression term by
term and simplifying yields 7y = —u(qo—b)/po— ub/

poyl1 +2u1V,/p} provided 2uV,/p3 < 1; the first term

is the traversal time from the b edge of the barrier to the
origin, and the second term is the traversal time on top of
the barrier. For ¢y <a we use T(3(go, v) and expand
Jo(kv) in power series. The same procedure leads to the

limit 1y = — (g, + L)/ po + pL/poy1 = 2uVy/ p pro-

vided 2uV,/p3 < 1; the first term is the traversal time
across the interaction free region, and the second term is
the traversal time across the barrier. Then T reduces to the
correct classical TOA expression in the classical limit,
hence, a quantization of the classical TOA.

Another important property of Ty is its conjugacy with
the free Hamiltonian Hy inside and outside of the barrier.
That is, (p|[Tr, Helle) = in{¢|e) for all ¢(g) and ¢(q)
with compact supports to the left of the barrier, similarly
to the right and inside of the barrier. This follows from
the fact that the Ty, (g, ¢)’s satisfy the required partial
differential equation for a TOA operator to be conjugate
with its Hamiltonian [10]; that is, —a7T,(q,q") +
afl,TO,k(q, q') = 0 forall k = 1,2,3. Then Ty5(q, q') gives
the TOA operator for a wave packet incident from the left
of the barrier.

Now the expected time of arrival for an initial incident
wave packet ¢ (g) for a TOA operator T is given by

wimn=[" [ i@u@) 1.t~ 9)dq'da

3)

Let the initial wave packet #(g) be incident with the
momentum expectation value %k, or with the group velocity
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hko/m. Such a wave packet can be written in the form

¥(q) = @(q)e™, where ¢(q) satisfies [2,, (q)¢'(q)X
dq=0. By changing variables to { = (¢ — ¢') and 1 =

(g +¢')/2, the expectation value assumes the form
(|Tl) = Im7*, where
y 2 00 o _ é’ { ;
7 =——’u/ / T(n,f)qo(n——)¢(n+—)e§"°dnd§
nJo J-w 2 2
4)

It will be convenient for us to work with the complex-
expected TOA 7* and related complex valued quantities
introduced below (indicated by an asterisk *), their imagi-
nary parts yielding their corresponding physical quantities.

We now assume that our incident wave packet is infi-
nitely differentiable and with support to the left of the
barrier. In the absence of the barrier, the complex-expected
TOA is given by

7-;_ _ _% j;)oo [_‘x’oo eikg{@(»n — g)go(”r] + g)ndndf, (5)

where we substituted the free kernel Tx(7, £) = n/2 back
into Eq. (4) to obtain this expression. In the presence of the
barrier, the complex-expected TOA is given by

_%fo‘” [_""weih,;@(n _ g)¢<77 + g)(n +L)dnd{
" [O o [:’; e,»ko;g—p(n - g)ga(n " g)JO(Kg)dndZ,
(6)

where the contribution comes from T0,3(17, ) only because
the support of ¢(g) does not extend inside and to the right
of the barrier.

The directly measurable quantity of the theory is the
time of arrival difference

Ar = PITelp) — P ITsl). )

In terms of the complex quantities 75 and 77, this differ-
ence reduces to A7 =Im(A7")=Im(r} — 7j). Let
() = [, o(n — %)go(’r] + g)dn. Then we have A7* =
(L/vp)Q" — (L/v)R*, where Q" = ko [ e™¢dD()dL
and R* = ko [7 e 0¢D(0)Jy(k{)dL, or A" = (L/vg) X
(Q* — R*). To understand the underlying physical contents
of the quantities (L/vy)Q and (L/vy)R, where Q =
Im(Q*) and R = Im(R*), we investigate their respective
classical limits by taking the high energy k; — oo limit for
fixed k), followed by the substitutions k, = /2ukE,/h and
Ko = \2uVo/h.

Since Q* is a Fourier integral with respect to the asymp-
totic parameter kg, it is straightforward to establish by
integration by parts the asymptotic relation

e}

Q" ~i Z ﬁq)(n) Z k2n+1 q)(zn)’

ko — oo, (8)

where CI)(")—( 1)"®C(0) = [, le™(n)|?dn and
(I)(”) ( l)n (2n+l)(0)_ j'oooo ¢(n)(n)¢(”+])(n)dn Sub-
stituting ky = /2uEy/h and taking the imaginary part
yield the asymptotic value

00 f2n . _
0 ZO GRE) o, h— 0. )
The normalization condition [®_ &(n)¢(n)dn = 1 gives
O ~1lor(L/vy)QO ~ (L/vy) in the classical limit, which is
the classical traversal time of a free particle with velocity
v, across the barrier length L. Hence the quantity 7, =
(L/v()Q lends to the interpretation as the expected quan-
tum traversal time for the free particle across the barrier
length.
Now R* is likewise a Fourier integral with respect to k,
so that its asymptotic expansion can also be found by
repeated integration by parts. The result is

RS 2m i
m g (—m)

S 1 (2j+1\[2m -
— K2n®Y™ (10
”12022;11( om )( m) 0 2 ( )

as ky— oo. Substituting ko = 2uVy/h and k, =
V2wEy/h back into (10), collecting equal powers of #,
and taking the imaginary part give

0 K2 ) . Va\m
=3 gurye o o M&) o
= QuE)2 m m J\E,

ash— 0.
Only the j = 0 term in the first term survives in the
classical limit and is given by

R~ i 1 <2m)<V0)m: - Ey, (12)
22m EO E() - V()’

which is just the ratio of the free velocity v, and the
velocity on top of the barrier v{, ie., R~ vy/v| as
h— 0. Then (L/v)R ~ L/vj, in the classical limit, which
is the classical traversal time across the barrier. Hence the
quantity 75 = (L/vy)R lends to the interpretation as the
quantum traversal time across the barrier. In analogy with
optics, the classical limit R ~ v,/ v( identifies the quantity
R as the effective index of refraction of the barrier with
respect to the incident wave packet, R being the ratio of the
“reference speed” v, to the “phase speed” v in the
“medium.”

We now establish that the expected quantum traversal
time across the barrier comes from the above barrier com-
ponents of the momentum distribution. We rewrite the
index of refraction by introducing the Fourier transform

o(q) = @m) 12 [*_ ¢(k)eadk back into the definition

_ i 1
Sk
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of ®({). Direct substitution yields P({) =
[ |p(k)|>e'¢*dk. We substitute this expression for
®(/) back into R*, interchange the order of integrations,
and change variable to k = k — k to arrive at the expres-
sion R* = ko [§ dklp(k — ko)I* [ dZe™To(kof). One
readily identifies ¢(k — k) as the Fourier transform of
the full incident wave function (g) = e*?¢(g); that is,
Uk) = @m)™'2 [2 " " (g)dg = p(k = ko). Only
the imaginary part of the integral [ d{e™¢Jy(kol) is
relevant and is evaluated by using the integral identity
[ Jo(ax) sin(bx)dx = H(b — a)/Vb* — a* ([17], p. 718,
no. 7), where H(x) is the Heaviside step function. Then on
taking the imaginary part of R* we have

| g (k)I? [ (—k)I?
—k(,f de kof\/r

Clearly, Eq. (13) shows that only those components of
(k) with |k| > k, contribute to any measurable traversal
time across the barrier. When the support of the momentum
distribution of the incident wave packet has a correspond-
ing energy distribution that lies below the potential height,
the index of refraction is zero and the traversal time under
the barrier vanishes. This inevitably leads to the conclusion
that below the barrier energy components are transmitted
without delay across the barrier—that is, quantum tunnel-
ing, whenever it occurs, happens instantaneously. (This is
reminiscent of Ref. [18], where it was shown that it does
not make sense to ascribe a velocity to a tunneling
electron.)

Equation (13) delineates the contributions of the positive
and negative momentum components. For arrivals at the
transmission channel, only the positive components are
relevant. For this case the measurable traversal time is
given by

o[
Trav = —3

k2
Now 74/k? — k§/u is the velocity v(k) on top of the
barrier, so that L/v(k) is the traversal time 7(k) across
the barrier for a given k. Then Eq. (14) reduces to
[ (Bl J(k)|2dk, which means that 7., is the weighted
sum of all classical above barrier traversal times with
weights | ¢ (k)|2.

Equation (14) can be written as an expectation value of a
traversal time operator by substituting the Fourier trans-

form ¢ (k) = (2m) /2 [*_ e *1y(q)dq. Reversing the
order of integrations yields the expression

dk.  (13)

Ko > 0. (14)

Lu o [o .
Tiay = — TM » /ﬁm b (@)Yo(xolg — q'D(q')dq' dg,
(15)

where Y,(x) is a Bessel function of the second kind;
Eq. (15) is obtained by using the known Fourier trans-
form  [*_ ™7 (x> — 1)Adx=—T(A+ 1)J/mla/2|7A71/2x
Y_,—ip(lol) for A # —1,=2,... ([16], p. 363, no. 41).
By inspection of Eq. (15), we find that 7, is the expec-
tation value of the operator T, with kernel {(g|T.,1¢") =
—(Lu/2)Yo(kolg — ¢'l) in coordinate representation.
Since Eq. (14) follows from the assumption that the inci-
dent wave packet has support to the left of the barrier, the
kernel {g|T;4y|¢’) corresponds to T .

The above conclusions hold in general. Let the initial
wave packet be incident upon an arbitrary potential barrier
Vo(g) in the interval [a, b], where V,(q) is positive definite
and continuous in the entire barrier length. Again only the
piece of the kernel in the region 1 < a contributes in the
expected traversal time. Similar calculation yields
T(n, ) =4(n+L)—%J() for n<a, where J({) =

1 [2J0(1£|k(s))ds and k(s) = 42V (s)/h. The continu-
ity of V() in the interval [a, b] implies the existence of a
unique point s, in [a, b] such that J(£) = Jy(|{]x(sp)),
in accordance with the mean value theorem. Then the
barrier is equivalent to the square barrier with height «y =
K (S 0) > 0.

Finally, while Keller’s experiment involves a time-
dependent potential barrier, the character of their experi-
ment reduces to the simple model of the present Letter: A
quantum particle is prepared in one side of a potential
barrier and is detected at the other side, and the time it
takes for the particle to tunnel through the barrier is mea-
sured. Since the experiment has been controlled to ensure
that the energy of the tunneling electron is well below the
potential barrier, their result of a zero delay time within
experimental accuracy is consistent with the main result of
this Letter that below the barrier energy components are
transmitted instantaneously.
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