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We show that the� flux and the dislocation represent topological observables that probe two-dimensional

topological order through binding of the zero-energymodes.We analytically demonstrate that� flux hosts a

Kramers pair of zero modes in the topological � (Berry phase Skyrmion at the zero momentum) and M

(Berry phase Skyrmion at a finite momentum) phases of theM-B model introduced for the HgTe quantum

spin Hall insulator. Furthermore, we analytically show that the dislocation acts as a� flux, but only so in the

M phase. Our numerical analysis confirms this through a Kramers pair of zero modes bound to a dislocation

appearing in the M phase only, and further demonstrates the robustness of the modes to disorder and the

Rashba coupling. Finally, we conjecture that by studying the zero modes bound to dislocations all

translationally distinguishable two-dimensional topological band insulators can be classified.
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The topological band insulators (TBIs) in two and three
dimensions have attracted a great deal of interest in both
theoretical and experimental condensed matter physics
[1,2]. An extensive classification of topological phases in
free fermion systems with a bulk gap, based on time-
reversal symmetry (TRS) and particle-hole symmetry
(PHS), has been provided [3], and it defines the so-called
tenfold way. This however relies on the spatial continuum
limit while TBIs actually need a crystal lattice which, in
turn, breaks the translational symmetry. Therefore, the
question arises whether the crystal lattice may give rise
to an additional subclass of topological phases. The simple
M-Bmodel introduced for the two-dimensional (2D) HgTe
quantum spin Hall insulator [4] gives away a generic
wisdom in this regard. Depending on its parameters, this
model describes topological phases which are in a thermo-
dynamic sense distinguishable: their topological nature is
characterized by a Berry phase Skyrmion lattice in the
extended Brillouin zone (BZ), where the sites of this lattice
coincide with the reciprocal lattice vectors (‘‘� phase’’) or
with the TRS points (�, �) (‘‘M phase’’).

The question arises how to distinguish these phases by a
topological observable. Early on it was observed in nu-
merical calculations that a TRS localized magnetic � flux
binds zero-modes in the � phase [5–7]. It was also discov-
ered that screw dislocation lines in three-dimensional TBIs
carry zero mode structure [8]. Here we will demonstrate
the special status of such topological defects as the univer-
sal bulk probes of the electronic topological order. We will
present an analytical description of the zero modes bound
to � flux, demonstrating that these are closely related, but
yet different from the well-known Jackiw-Rossi (JR) solu-
tions [9]. These modes also generalize to two dimensions
the effect of one-dimensional spin-charge separation [10].
By performing numerical computations, we will show that
the dislocation binds zero modes only in the topologically

nontrivial M phase. Subsequently, we will demonstrate
that, modulo a change of basis, these dislocation zero
modes are of the same kind as the � flux ones, but appear
only in the case of non-�-type TBIs. We conjecture that by
studying the presence of zero modes associated with dis-
locations all possible ‘‘translationally distinguishable’’
TBIs can be classified at least in the 2D case.
Consider a tight-binding model proposed to describe

HgTe quantum wells [4]

H ¼ X
k

�yðkÞ HðkÞ 0

0 HðkÞ

 !
�ðkÞ (1)

where�> ¼ ðu"; v"; u#; v#Þ � ð�";�#Þ, while u and v rep-

resent two low-energy orbitals, E1 and H1 in the case of
the HgTe system. The upper and the lower blocks in the
Hamiltonian are related by the time-reversal symmetry,
and HðkÞ acting in the orbital space has the form

HðkÞ ¼ ��d�ðkÞ; (2)

where ��, � ¼ 1, 2, 3, are the Pauli matrices, d1;2ðkÞ ¼
sinkx;y, and d3 ¼ M� 2Bð2� coskx � coskyÞ, while lat-

tice constant a ¼ 1, @ ¼ c ¼ e ¼ 1, and summation over
the repeated indices are assumed hereafter. The Dirac mass
M and the Schrödinger mass B are related to the material
parameters, while the form of the Hamiltonian (1) is set by
the symmetries of the system [11]. Since the above

Hamiltonian has the spectrum EðkÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
d�d�

p
doubly de-

generate in the spin space, the band gap opens at the �
point for 0<M=B < 4 and the system is in a topologically
nontrivial � phase. For 4<M=B < 8, the system is still
topologically nontrivial, but with the band gap opening at
k ¼ ð�; 0Þ and (0, �) (M phase). On the other hand, for
M=B< 0 and M=B> 8 the system is topologically trivial
with the band gap located at the � and the M point,
respectively.
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In the topologically nontrivial � phase, the band-

structure vector field d̂ðkÞ � dðkÞ=jdðkÞj [Eq. (2)] forms
a Skyrmion centered at the � point in the BZ, Fig. 1(a) for
M=B ¼ 1, with the corresponding Skyrmion density

sðkÞ � d̂ðkÞ � ½@kx d̂ðkÞ � @ky d̂ðkÞ� shown in Fig. 1(b)

[sðkÞ tracks the position of minimal band gap in the BZ,

coinciding with it where d̂ðkÞjj@kx d̂ðkÞ � @ky d̂ðkÞ]. In the

2D extended BZ, this Skyrmion structure forms a lattice
which respects point group symmetry of the original square
lattice. Furthermore, in the M phase, the Skyrmion is
centered at the M point in the BZ, Fig. 1(a) for M=B ¼
5. The position of the corresponding Skyrmion lattice
relative to the extended BZ is therefore different than in
the � phase, but the Skyrmion lattice still respects the point
group symmetry of the square lattice. On the other hand, in
the topologically trivial phase, the vector field d forms no
Skyrmion in the BZ, as shown in Fig. 1(a) for M=B ¼ �1
and M=B ¼ 9, consistent with the vanishing of
topologically invariant spin Hall conductance �S

xy ¼
ð4�Þ�1

R
BZ d

2ksðkÞ. The position of the Skyrmion lattice

relative to the extended BZ thus encodes translationally
active topological order which, as we show below, is
probed by the lattice dislocations.

Let us first numerically demonstrate that lattice disloca-
tions bind zero modes as robust topological phenomena in
the M phase of the M-B model. Analysis in Ref. [12]
predicts that PHS (which our model respects), topologi-
cally protects localized zero modes on dislocations when
the system hasKedge ¼ � edge modes which our model has

only in the M phase. We indeed find in the M phase a

Kramers pair of zero modes bound to a dislocation which
results from the fact that, as we show below, the dislocation
acts as a � flux in this phase. However, we here show the
robustness of these modes in the bulk gap when we in-
troduce the random chemical potential, and thus break
PHS. To this end we performed numerical analysis of the
tight-binding M-B model in the real space

HTB ¼ X
R;�

�
�y

R

�
T� þ i

R0

2
ð1þ �3Þez � ð� � �Þ

�
�Rþ�

þ�y
R

�

2
�R þ H:c:

�
; (3)

where �R ¼ ðs"ðRÞ; p"ðRÞ; s#ðRÞ; p�
# ðRÞÞ annihilates the

jE1; 12i � jsi type, and jH1; 32i � jpx þ ipyi type orbitals

at siteR and nearest neighbors � 2 fex; eyg; Pauli matrices

� mix spin. We set

T�;"" ¼
�s t�=2

t0�=2 �p

 !
;

T�;## ¼ T�
�;"", with tx ¼ t0x ¼ �i, ty ¼ �t0y ¼ �1,

�s=p ¼ �BþD, and on-site energies �¼½ðC�4DÞ�0þ
ðM�4BÞ�3�	�0. This reproduces Eq. (2) when C ¼
D ¼ 0, implying vanishing chemical potential. The R0

term is the nearest neighbor Rashba spin-orbit coupling
[13] which is induced by broken z ! �z reflection sym-
metry of the quantum well, and should be relevant in case
of tunneling measurements on thin wells.
Our numerical analysis of HTB pertains to various sys-

tem shapes and sizes, with varying disorder strengths given
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FIG. 1 (color online). Model of Eq. (1) in the BZ: (a) Band-structure d̂ðkÞ. (b) Skyrmion density sðkÞ. Mid–bulk gap localized
dislocation states in 33� 30 unit-cell M-B tight-binding lattice with disorder. The Kramers degenerate pair states are omitted.
(c) Dislocation in the center. Offset disks represent the amplitude of s " , p " states, and the color their phase. (d) Total wave function
amplitude in a periodic system (necessitating two dislocations), with Rashba coupling (R0) mixing spins.
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by multiplication of the parameters for each R, � by
Gaussian random variables of width w, while preserving
TRS. Figure 1(c) demonstrates the spectrum and wave
function at w ¼ 10% disorder. Localization (even by
weak disorder) decouples dislocation states from edges
and possible edge roughness effects.

In the presence of the Rashba coupling (R0 � 0, but not
large enough to close the topological bulk gap [14]), the
spins are mixed, but the Kramers pairs remain localized
[Fig. 1(d)]. Figure 2 demonstrates the robustness of dis-
location modes within the topological bulk gap, through
the Rashba coupling perturbed and disorder averaged den-
sity of states (DOS) of HTB in a periodic lattice, contrasted
between the � and the M phase.

Let us now analytically show, using the elastic contin-
uum theory, that the effect of a lattice dislocation in the M
phase is to effectively introduce a magnetic � flux. We
consider a dislocation with Burgers vector b, and expand
the Hamiltonian (2) around the M point in the BZ. As a
next step, a dislocation introduces an elastic deformation of
the medium described by the distortion f"iðrÞg of the
(global) Cartesian basis feig, i ¼ x, y, in the tangent space
at the point r [15], the momentum in the vicinity of the M
point reads

ki ¼ Ei � ðkM � qÞ ¼ ðei þ "iÞ � ðkM � qÞ; (4)

where kM ¼ ð�;�Þ=a, q is the momentum of the low-
energy excitations, jqj 
 jkMj, and we have restored the
lattice constant a. The corresponding continuum
Hamiltonian after this coarse graining[16] is

Heffðk;AÞ ¼ �iðki þ AiÞ þ ½ ~M� ~BðkþAÞ2��3; (5)

with redefinition q ! k, ~M � M� 8B, ~B � �B,
and Ai � �"i � kM. The form of the distortion "i is
determined from the dual basis in the tangent space at
the point r which in the case of a dislocation with

b ¼ aex is Ex ¼ ð1� ay
2�r2

Þex þ ax
2�r2

ey, Ey ¼ ey [17].

Using that Ei � Ej ¼ �j
i , we obtain the distortion field to

the leading order in a=r, "x ¼ ay
2�r2

ex, "y ¼ � ax
2�r2

ey.

Finally, this form of the distortion yields the vector
potential

A ¼ �yex þ xey

2r2
(6)

in Eq. (5), and therefore the dislocation in theM phase acts
as a magnetic � flux. On the other hand, in the � phase, the
continuum Hamiltonian has the generic form (5), with
~M ¼ M and ~B ¼ B, but the action of the dislocation is
trivial, since the band gap is at zero momentum, and thus
A ¼ 0.
The last operation is to show the origin of the zero

modes bound to the � flux or dislocation. This involves a
generalization of the JR mechanism [9]. We find that
instead of the vortex in the mass required for the JR
solutions, quite similar zero modes are formed by fermions
with a momentum-dependent mass in the background of a
� flux. In the � phase, we express the Hamiltonian (5) in
polar coordinates (r, ’), with ~M ¼ M, ~B ¼ B, the vector
potential as in Eq. (6), and use the ansatz for the spin up
zero-energy state

�ðr; ’Þ ¼ eiðl�1Þ’ul�1ðrÞ
eil’vlðrÞ

 !
; (7)

with l 2 Z as the angular-momentum quantum number
and the spin index for the spinor suppressed. The function
u is then found to be the solution of the following equation:

½M2 þ ð2MB� 1ÞOl�ð1=2Þ þB2O2
l�ð1=2Þ�ul�1ðrÞ ¼ 0; (8)

where the operator Ol � @2r þ r�1@r � r�2l2. The func-
tion vlðrÞ obeys an equation of the same form as (8) with
l ! lþ 1.
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FIG. 2. Comparison of � (a)–(d) and M (e)–(h) phases. The density of states of 21� 18 lattice (100 disorder realizations averages),
with C � 0:2jtj, D � 0:3jtj setting the chemical potential, and R0 the Rashba coupling. (a) and (e) In absence of dislocation. (b),
(f) Robust midgap dislocation modes are present only inM phase; (c), (g) the same is true upon spin mixing through R0. (d), (h) Strong
Rashba coupling closes the topological bulk gap.
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This result also follows by noting that if the spinor in
Eq. (7) is an eigenstate with zero eigenvalue of Heffðk;AÞ,
then it is also an eigenstate with the same eigenvalue of the
square of Heffðk;AÞ. One then obtains

Heffðk;AÞ2 ¼ B2ð~k2Þ2 þ ð1–2MBÞ~k2 þM2; (9)

with ~k � kþA, and the operator ~k2 after acting on the
angular part of the upper component of the spinor (7)
yields Eq. (8). From Eq. (8) we conclude that the function
ul�1ðrÞ is an eigenfunction of the operator Ol�1=2 with a

positive eigenvalue

O l�ð1=2Þul�1ðrÞ ¼ �2ul�1ðrÞ; (10)

since the operator ~k2 when acting on a function with the
angular momentum l is equal to �Olþ1=2, and the eigen-

states of the operator ~k2 with a negative eigenvalue are
localized. Equations (8) and (10) then imply

�� ¼ 1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4MB

p
2B

; (11)

and the function ulðrÞ is a linear combination of the modi-
fied Bessel functions of the first and the second kind,
Il�1=2ð�rÞ and Kl�1=2ð�rÞ, respectively. Their asymptotic

behavior at the origin and at infinity then implies that the
only square-integrable solutions are in the zero angular-
momentum channel. Note that the localization lengths ��
coincide with the penetration depths associated with the
edge modes. We should now distinguish two regimes of
parameters, 0<MB< 1=4 and MB> 1=4, for which the
argument of the square root in Eq. (11) is positive and
negative, respectively.

For 0<MB< 1=4, �� are purely real, and using Eq. (8)
we obtain a zero-energy solution in the form

�ðrÞ ¼ �þðrÞ þ��ðrÞ; (12)

where

��ðrÞ � 1ffiffiffi
r

p ðC�
1 e

��þr þ C�
2 e

���rÞ e�i’

�i

� �
; (13)

with C�
1;2 complex constants. For both M and B positive

(negative), �� > 0 (�� < 0), and therefore only the solu-
tion �þ (��) is normalizable. For MB> 1=4, the exis-
tence of the zero modes can be similarly shown.

The zero-energy modes (13) form an overcomplete basis
in the zero angular-momentum channel as a consequence
of the singularity of the vortex potential. A particular
regularization provided by considering the vortex with
the flux concentrated in a thin annulus ensures
Hermitianity of the Hamiltonian [18,19]. This regulariza-
tion yields, up to normalization,

�ðrÞ ¼ e��þr � e���rffiffiffi
r

p e�i’

i

� �
: (14)

Notice that this zero-energy state is regular at the origin
which is a consequence of the regularity at the origin of the
solutions in the absence of the vortex. Other regulariza-
tions, representing different microscopic conditions at the
vortex, can lead to different behavior [20].
This result for the bound states to the vortex in the

quantum spin Hall state should be compared with the one
for a trivial insulator whenMB< 0, and to be concrete we
consider B< 0. Then, �þ < 0 and �� > 0, and normal-
izable solutions are given by Eqs. (12) and (13) with Cþ

1 ¼
C�
2 ¼ 0. However, since the upper and the lower compo-

nent of the spinor diverge at the origin with opposite signs,
the condition of regularity cannot be satisfied simulta-
neously for both, and therefore no zero-energy mode exists
in the topologically trivial phase. Notice that the condition
of regularity at the origin is analogous to the boundary
condition for a topological insulator interfaced with the
trivial vacuum[11], while the flux provides topological
frustration to the electrons in the bulk.
These results also pertain to the � flux in the topologi-

cally nontrivial M phase ~M= ~B> 0 in Eq. (5), now involv-
ing the coarse grained states around theM point, where we
also find zero modes bound to � flux. Since the dislocation
in the M phase, as we have shown, effectively acts as a �
flux, it also binds a pair of zero modes in this phase, and in
fact, this explains our numerical results. On the other hand,
in the trivial phase ~M= ~B< 0,neither the � flux nor the
dislocation binds zero modes.
Depending on their occupation, the modes bound to the

topological defects carry nontrivial charges or spin quan-
tum numbers. The spin-charge separation, characteristic
for one-dimensional systems [10], thus appears also in a
two-dimensional system, and is tied to a topologically
nontrivial nature of the quantum spin Hall state [6,7].
These findings are obviously consequential for experi-

ment. Dislocations are ubiquitous in any real crystal, for
instance in the form of small angle grain boundaries. We
predict that their cores should carry zero modes, which
should be easy to detect with scanning tunneling spectros-
copy. The experimental challenge just lies in the realiza-
tion of non-� TBIs that are also easily accessible to
spectroscopic measurements.
Based on these specific results we conjecture the follow-

ing general principle. Besides the ‘‘translationally trivial’’
�-type TBIs, completely classified by the tenfold way,
there is a further subclassification in terms of ‘‘translation-
ally active’’ TBIs which are in 2D characterized by the
locus of the Berry phase Skyrmion lattice in the extended
BZ, involving high symmetry points respecting time-
reversal invariance and point group symmetries (like the
M phase). The � fluxes and dislocations act as the topo-
logical bulk probes and the presence or absence of zero
modes can be used as a classification tool for the transla-
tional side of topological order in TBIs. For instance, the
Haldane phase on the honeycomb lattice [21] has
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Skyrmions at the valleys and accordingly zero modes
bound to dislocations. At present we are testing this hy-
pothesis for all wallpaper groups in 2D.

The authors thank X.-L. Qi, I. Herbut, C. F. J. Flipse, and
Y. Ran for useful discussions. V. J. acknowledges the sup-
port of the Netherlands Organization for Scientific
Research (NWO).

[1] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).

[2] X.-L. Qi and S. C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).

[3] A. P. Schnyder et al., Phys. Rev. B 78, 195125 (2008);
A. Y. Kitaev, AIP Conf. Proc. 1134, 22 (2009); S. Ryu
et al., New J. Phys. 12, 065010 (2010).

[4] B. A. Bernevig, T. A. Hughes, and S. C. Zhang, Science
314, 1757 (2006).

[5] D.-H. Lee, G.-M. Zhang, and T. Xiang, Phys. Rev. Lett.
99, 196805 (2007).

[6] Y. Ran, A. Vishwanath, and D.-H. Lee, Phys. Rev. Lett.
101, 086801 (2008).

[7] X.-L. Qi and S.-C. Zhang, Phys. Rev. Lett. 101, 086802
(2008).

[8] Y. Ran, Y. Zhang, and A. Vishwanath, Nature Phys. 5, 298
(2009).

[9] R. Jackiw and P. Rossi, Nucl. Phys. B190, 681 (1981).
[10] A. J. Heeger et al., Rev. Mod. Phys. 60, 781 (1988).
[11] M. König et al., J. Phys. Soc. Jpn. 77, 031007 (2008).
[12] Y. Ran, arXiv:1006.5454v2.
[13] D. G. Rothe et al., New J. Phys. 12, 065012 (2010).
[14] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801

(2005).
[15] L. D. Landau and E.M. Lifshitz, Theory of Elasticity

(Pergamon Press, New York, 1981).
[16] R. Bausch, R. Schmitz, and L.A. Turski, Phys. Rev. Lett.

80, 2257 (1998).
[17] H. Kleinert, Gauge Fields in Condensed Matter (World

Scientific, Singapore, 1989), Vol. 2.
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100, 187006 (2008).
[20] A. Mesaros et al. (to be published).
[21] F. D.M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).

PRL 108, 106403 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

9 MARCH 2012

106403-5

http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/PhysRevB.78.195125
http://dx.doi.org/10.1063/1.3149495
http://dx.doi.org/10.1088/1367-2630/12/6/065010
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1103/PhysRevLett.99.196805
http://dx.doi.org/10.1103/PhysRevLett.99.196805
http://dx.doi.org/10.1103/PhysRevLett.101.086801
http://dx.doi.org/10.1103/PhysRevLett.101.086801
http://dx.doi.org/10.1103/PhysRevLett.101.086802
http://dx.doi.org/10.1103/PhysRevLett.101.086802
http://dx.doi.org/10.1038/nphys1220
http://dx.doi.org/10.1038/nphys1220
http://dx.doi.org/10.1016/0550-3213(81)90044-4
http://dx.doi.org/10.1103/RevModPhys.60.781
http://dx.doi.org/10.1143/JPSJ.77.031007
http://arXiv.org/abs/1006.5454v2
http://dx.doi.org/10.1088/1367-2630/12/6/065012
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.80.2257
http://dx.doi.org/10.1103/PhysRevLett.80.2257
http://dx.doi.org/10.1103/PhysRevB.76.094509
http://dx.doi.org/10.1103/PhysRevB.76.094509
http://dx.doi.org/10.1103/PhysRevLett.100.187006
http://dx.doi.org/10.1103/PhysRevLett.100.187006
http://dx.doi.org/10.1103/PhysRevLett.61.2015

