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In disordered colloidal systems, we experimentally measure the normal modes with the covariance

matrix method and clarify the origin of low-frequency quasilocalization at the single-particle level. We

observe important features from both jamming and glass simulations: There is a plateau in the density of

states [Dð!Þ] which is suppressed upon compression, as predicted by jamming; within the same systems,

we also find that the low-frequency quasilocalization originates from the large vibrations of defective

structures coupled with transverse excitations, consistent with a recent glass simulation. The coexistence

of these features demonstrates an experimental link between jamming and glass. Extensive simulations

further show that such a structural origin of quasilocalization is universally valid for various temperatures

and volume fractions.
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One important unsolved problem in condensed matter
physics is the existence and properties of anomalous
low-frequency modes in disordered systems, which often
form the broad boson peak in the Dð!Þ=!d�1 spectrum
(d is the dimension of space). A number of models have
attributed the anomalies to a soft potential [1], evolution
from a van Hove singularity [2], transition from a
minima-dominated phase to a saddle-point-dominated
phase [3], and the Ioffe-Regel limit [4]. Although these
modes are generally accepted to be quasilocalized [5–8],
their origin remains open to debate. In simulations of
jammed packings of frictionless spheres, the jamming
transition produces a plateau in Dð!Þ, which is sup-
pressed by compression and leads to quasilocalized
modes [9–15]. A recent simulation in model glasses
demonstrates that the low-frequency quasilocalized
modes come from the coupling between large vibrations
of defective soft regions and transverse excitations [16].
Despite these important results, however, experimental
test is lacking, and a possible connection between differ-
ent models is also missing. Using colloidal systems, we
directly probe the low-frequency quasilocalized modes at
the single-particle level. The origin observed in our
experiment is consistent with both jamming and glass
simulations, demonstrating a direct link between the two
important models. Extensive simulations further show
that our result is universally valid for various tempera-
tures and volume fractions.

We prepare 2D samples by suspending a single layer of
poly(methyl methacrylate) particles with diameter a ¼
2:0 �m (polydispersity <3%) between two glass sub-
strates. The particles are suspended in the mixture of
iododecane and iodododecane (volume ratio 1:4), forming
density and refractive-index matched systems. The

particles and glass substrates are both coated with polyhy-
droxystearic acid polymers and carry the same type of
charges in the weakly polar solvent. They interact with
the long-range repulsive Yukawa potential (the screening
length is 0:975 �m in the low-concentration limit). Since
there is no particle-particle and particle-wall contact, we
completely eliminate the effect from contact frictions [17].
Using confocal microscopy, we track every particle’s mo-
tion with a spatial resolution of 15 nm, at the frame rate of
30 s�1. In each sample, we track all particles within the
field of view for 2000 frames and calculate the normal
modes by diagonalizing the covariance matrix: Ci;j ¼
h½riðtÞ � hriðtÞi�½rjðtÞ � hrjðtÞi�i (i; j ¼ 1; . . . ; 2N run

over the x and y coordinates of N particles, and h i means
time average over all frames). The eigenvectors give the
polarization vectors of the normal modes; and the eigen-
values � ¼ kBT=m!2 yield the angular frequencies
! [6–8]. This method is valid for stable and metastable
systems, in which no particle should rearrange; we there-
fore check every frame to make sure no rearrangement
occurs during the entire process. Within the measurement
time, every particle moves around its equilibrium position
and the system is metastable, while for longer times,
thermal motions cause rearrangements and the system
relaxes, which may introduce anomalies for low-frequency
mode calculation. Thus, the relaxation limits our measure-
ment time to 2000 frames.
To quantitatively describe the individual particle’s local

environment, we directly measure each particle’s local
bond orientational order parameter �6i¼ 1

ni
j�ni

m¼1e
j6�mi j ,

determined by the particle’s nearest-neighbor arrangement.
Here ni is the number of nearest neighbors around particle
i, and �mi is the angle between rm � ri and the x axis.
�6i ¼ 1 means perfect hexagonal arrangement of six
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nearest neighbors, and �6i ¼ 0 means totally random
arrangement. We use different colors to represent different
�6i values in Fig. 1(a). Possibly due to nonuniform
charges, all samples are heterogeneous, with �6i ranging

from 0 to 1. We can also systematically decrease the over-
all amount of disorder by increasing the number density, as
shown by the evolution from amorphous to polycrystalline
samples in Fig. 1(a).

FIG. 1 (color online). The structures and MSD of four typical samples. (a) From A to D, the samples vary from amorphous to
polycrystalline with compression. The total dimensions are 146� 146 �m2. Different colors correspond to different�6i values. (b) MSD
curves for the disordered particles (open symbols) and ordered particles (solid symbols) in A and D. Higher MSD of disordered particles
demonstrates their largermotions.All curves are below thedashed lineoffreediffusion, as the result of caging.B andC are shownin the inset.
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Within each system, we divide particles into two groups:
the disordered particles with �6i less than the system

average (�6i < ��6i) and the ordered particles with �6i

larger than the system average (�6i >�6i). This helps to
identify the roles of each group, especially the disordered
group, in the formation of low-frequency quasilocalized
modes. Figure 1(b) (main panel) shows the mean square
displacement (MSD) for disordered particles (labeled as
‘‘dis’’) and ordered particles (labeled as ‘‘ord’’) in samples
A and D (B and C are shown in the inset). The MSD for
disordered particles is higher than that for ordered ones,
indicating qualitatively larger movements of disordered
particles. In addition, all MSD curves increase slower
than the dashed line of free diffusion, as the result of
caging. To make sure that the slowly rising MSD does
not affect the calculation of low-frequency normal modes,
we compare the experimental results with flat-MSD simu-
lations in Fig. 4. Their agreement confirms the reliability of
our results.

The density of states Dð!Þ is plotted in Fig. 2(a). For
each curve, we can clearly identify a plateau, which shrinks
upon the compression from A to D. This observation
agrees well with the special feature of jammed packings

of frictionless spheres: A plateau develops in Dð!Þ, which
extends to ! ¼ 0 at the unjamming transition [10]. To the
best of our knowledge, no plateau in Dð!Þ has ever been
observed in other colloidal experiments. We suspect that it
is due to the absence of contact friction in our system [17].
Other factors, such as temperature, number density, and
interaction potential, could also be relevant. In the inset, a
peak shows up in the Dð!Þ=! spectrum for samples C and
D and probably shifts to lower frequencies for A and B (not
resolved in our experiment). This is again consistent with
the jamming result: The boson peak shifts to lower fre-
quencies for less compressed systems [10]. A similar result
was also observed experimentally [7].
To verify the quasilocalization of the low-frequency

modes, we plot the participation ratio P in Fig. 2(b) and
observe the following behaviors: (i) At low frequencies,
the modes are quasilocalized with small P values increas-
ing progressively; (ii) after this low-frequency regime, the
modes become extended with large and stable P; (iii) the
transition frequency where P first becomes stable, !�,
increases with the compression. All these behaviors agree
with jammed solids at T ¼ 0 [10–12,15], demonstrating
the connection between our experiment and jamming.
For a detailed understanding of normal mode structures,

we analyze the polarization vectors at the single-particle
level. Figure 3(a) shows three typical modes, !1 <!2 <
!3, in sample A [exact location shown in Fig. 2(a)]. The
low-frequency mode !1 vibrates collectively with large-
scale correlations, while !2 and !3 look rather random.
Further inspection on !1 reveals that large-amplitude vi-
brations mostly occur at disordered sites. To quantitatively
verify this, we compute the mean square vibration ampli-

tude of disordered particles, A2
dis, and ordered particles,

A2
ord. Their ratio A2

dis=A
2
ord reflects the relative vibrational

strength between the two groups of particles, as plotted in

Fig. 3(c). In all samples, A2
dis=A

2
ord is larger than 1 at small

! but drops to unity as ! increases. This quantitatively
proves that disordered particles vibrate stronger than or-
dered ones at low frequencies, as suggested in the recent
simulation of glasses [16]. Moreover, the transition fre-

quency !y, where A2
dis=A

2
ord first systematically reaches

unity, agrees with !� in Fig. 2(b). This indicates that the
quasilocalized modes below !� come from large-
amplitude vibrations at disordered or soft sites under !y.
These large vibrations at soft sites may also explain the
recent discovery of correlations between low-frequency
modes and particle rearrangements [18,19].
While the polarization vectors in real space reveal the

locations of large vibrations, their Fourier transform in q
space brings further insights. In Fig. 3(b), we decompose
!1, !2, and !3 into transverse and longitudinal Fourier
components and illustrate them within the first Brillouin
zone. The two components are defined as

f!;trðqÞ ¼ j�iðq̂� ei;!Þ expðiq � riÞj2; (1)

FIG. 2 (color). The density of states and participation ratio of
the normal modes. (a) The density of states Dð!Þ of the four
samples. In each curve, we can identify a plateau, which shrinks
with compression from A to D, consistent with the jamming
prediction. The inset shows the Dð!Þ=! spectrum. (b) The par-
ticipation ratio P at different frequencies. The solid curves are the
smoothed results of data. At small!, themodes are quasilocalized
with smallP values, while after the characteristic frequency!�,P
reaches a stable value. !� increases with compression.
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f!;loðqÞ ¼ j�iðq̂ � ei;!Þ expðiq � riÞj2: (2)

Here ei and ri are the polarization vector and position
vector, respectively, of particle i. The summation is over
all particles.

We first focus on the low-frequency mode at !1: The
transverse component has much larger overall magnitude
and dominates the longitudinal one, verifying the trans-
verse nature of the low-frequency modes [16]. Moreover,
the large magnitude concentrates on small q values,
indicating long-wavelength transverse excitations. At the
intermediate frequency !2, the transverse component dis-
tributes more uniformly. At even higher frequency !3, the
transverse component decreases dramatically at small q,
making its small-q magnitude less than the high-q magni-
tude. By contrast, the longitudinal component keeps
spreading in q space as ! increases.
To illustrate the overall evolution of the transverse and

longitudinal components, we plot their average magnitude
at different frequencies in Fig. 3(d). At low frequencies, the
transverse curves dominate the longitudinal ones, consis-
tent with Fig. 3(b). More interestingly, each transverse
curve also contains a plateau with an onset frequency
!�, which matches !� and !y. Their agreement in
Fig. 3(e) indicates that multiple distinctive changes occur
around the same frequency.
Combining the measurements of local environment and

vibrational properties at the single-particle level, we find
that low-frequency quasilocalized modes are caused by
collective large vibrations at disordered sites, coupled
with long-wavelength transverse excitations. This is con-
sistent with a recent simulation of model glasses [16].
Moreover, the characteristic frequencies present in model
glasses (!y) and jammed packings of frictionless spheres
(!�) agree well with each other, providing an experimental
link between the two important models.
Some special features of jammed solids near the jamming

transition emerge in our colloidal experiment. How can the
jamming transition, defined at T ¼ 0, influence our finite
temperature experiment? To understand it, we perform
numerical simulations for both thermal (T > 0) and athe-
rmal (T ¼ 0) systems, at different volume fractions �. We
use the Yukawa potential which is consistent with experi-
ments. At T ¼ 0, we use low-memory Broyden-Fletcher-
Goldfarb-Shanno quasi-Newtonian minimizer energy
minimization to generate packings and obtain normal
modes from the Hessian matrix. At T > 0, we perform
molecular dynamics simulations and diagonalize the co-
variance matrix to get normal modes. The different con-
ditions are represented by different shapes (forT) and colors
(for �) in Fig. 4(a). The solid and open symbols represent
systemswith andwithout, respectively, the typical jamming
feature—a plateau in Dð!Þ. At T ¼ 0, the plateau shrinks
with increasing volume fraction and eventually disappears,
consistent with previous simulations [10]. Interestingly,
such a feature persists at T > 0 but moves to higher �
for higher T. We suspect that the existence of the plateau
at T > 0 is the vibrational thermal vestige of the zero
temperature jamming transition [5], which is responsible
for the experimentally observed plateau.

FIG. 3 (color online). Vibration distribution in real and Fourier
spaces. (a) The polarization vectors of three typical modes,!1 <
!2 <!3, in sample A. The low-frequency mode (!1) has large-
scale collective correlations, while the other two (!2 and!3) look
random. (b) The transverse and longitudinal Fourier components
of the three modes within the first Brillouin zone. At!1, the long-
wavelength transverse component dominates. (c) The ratio of the
mean squared vibration amplitude between disordered particles

and ordered particles, A2
dis=A

2
ord. It is initially larger than 1 but

drops to unity after the transition frequency !y. (d) The average
magnitude of transverse and longitudinal components of all
samples. The average is taken over the small q area [� �

2� <

qx; qy <
�
2� ]. The transverse curves (solid) dominate the longitu-

dinal ones (dashed) at low frequencies. Each transverse curve
contains a plateau with the onset frequency !�, as illustrated by
the arrows. (e) The agreement of !�, !y, and !�.
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Regardless of the shape of Dð!Þ, the correspondence
between the low-frequency quasilocalization and the large
vibrations at disordered sites appears in all simulations.
The agreement of !� and !y for all conditions is illus-
trated in Fig. 4(b). Therefore, the structural origin of the
quasilocalization observed experimentally may be univer-
sal for amorphous systems at different T and �.

Using colloidal systems, we experimentally demonstrate
that the low-frequency quasilocalization originates from
large vibrations of disordered structures, coupled with
long-wavelength transverse excitations. The general fea-
tures of both jamming and glass models coexist in our
experiment, suggesting possible links between the two.
Our simulation further suggests the possible existence of
a vibrational thermal vestige for the jamming transition.
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FIG. 4 (color online). Simulations at various temperatures and
volume fractions. (a) Different conditions represented by differ-
ent shapes (for T) and colors (for �). The solid and open
symbols represent systems with and without a plateau in
Dð!Þ, respectively. (b) The comparison of !y and !� deter-

mined by A2
dis=A

2
ord and P, respectively. Reasonable agreement

appears in all samples, suggesting that the correspondence
between the low-frequency quasilocalization and large vibra-
tions at disordered sites is universal.
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