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A suspension of bacteria in a thin channel or film subject to a gradient in the concentration of a

chemoattractant, will develop, in the absence of an imposed fluid flow, a steady bacteria concentration

field that depends exponentially on cross-stream position. Above a critical bacteria concentration, this

quiescent base state is unstable to a steady convective motion driven by the active stresses induced by the

bacteria’s swimming. Unlike previously identified long-wavelength instabilities of active fluids, this

instability results from coupling of the bacteria concentration field with the disturbance flow.
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Observations that suspensions of swimming bacteria
with no imposed stresses or chemical gradients exhibit
collective motions on length scales large compared with
an individual cell have inspired simulations of hydrody-
namically interacting Stokesian swimmers and continuum
theories for bacteria suspensions [1]. The continuum theo-
ries feature an active stress resulting from the force dipoles
the cells exert as they swim. The homogeneous, quiescent
state of an unbounded suspension governed by these equa-
tions has been shown to be unstable to perturbations in
bacteria orientation distribution that couple with the fluid
shearing induced by the active stresses [1–4]. Since the
purpose of bacterial motility is to allow cells to respond to
chemical cues in their environment, it is of interest to
explore how bacterial collective motion may be altered
by chemical gradients. In this Letter, we show that bacteria
suspensions exhibit a new type of instability (illustrated in
Fig. 1) when the cells’ swimming motion is biased due to a
gradient of a chemical attractant in a confined channel or
liquid film. The new instability involves coupling of active
stress induced fluid convection with the bacteria concen-
tration field.

Two recent experimental studies suggest that bacteria do
exhibit enhanced convection in the presence of chemo-
attractant gradients. Kim and Breuer [5] observed a sig-
nificant increase in the hydrodynamically induced diffu-
sivity of a fluorescent molecule in a suspension of wild
type E. Coli as the concentration gradient of an attractant
was increased. Sokolov et al. [6] studied the dynamics of
thin films of aqueous suspensions of aerobic B. Subtilis
cells. As they increased the thickness of these films, they
observed a transition from spatially homogeneous, coher-
ent motion in the plane of the film to a strongly convective,
spatially inhomogeneous three-dimensional motion. The
onset of convective motion coincided with the develop-
ment of cross-film gradients of oxygen, which acts as an
attractant for the cells. While gravitational forces due to
cell concentration variations can lead to ‘‘bioconvection’’
[7], the film thickness and associated Rayleigh number in
Sokolov et al.’s experiment [6] was too small to admit such

an instability. We suggest instead that the motion was
induced by an instability associated with the active stress
of chemotactic bacteria.
While chemical attractants are often consumed or pro-

duced by bacteria, the simplest setting in which to explore
chemical effects on the motion of a bacteria suspension is
that illustrated in Fig. 1, where a linear gradient is imposed
across a channel of thickness H in the z direction and
infinite extent in the x direction with no-slip walls.
Cheng et al. [8] have designed an apparatus where a linear
gradient of an attractant, such as Me-Asp (�-methyl-DL-
aspartate) that is not consumed by bacteria [9] and has a
diffusivity large compared with that of the cells, can be
established by the attractant diffusing across a sealed mi-
crochannel sandwiched between source and sink channels.
In the absence of velocity and chemical gradients, bac-

teria such as E. Coli or B. Subtilis perform an unbiased
random walk composed of intervals of persistent swim-
ming lasting about �0 � 1 s punctuated by short intervals

FIG. 1 (color online). Mechanism of the chemotaxis driven
instability. Individual bacteria align in the direction of the
chemical gradient leading to dipolar fluid velocity disturbances.
At the continuum level, the instability manifests itself through
the perturbed number density field represented by color contours
and the streamline pattern illustrated within the channel.
Brighter regions indicate higher bacteria concentrations. The
fluid motion acting on the base state number density profile
sweeps bacteria toward the region of high perturbed bacteria
concentration leading to growth of the perturbation.
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of ‘‘tumbling’’ [10]. The state of a dilute bacterial suspen-
sion can be specified by the singlet probability density
�ðx;p; tÞ where p and x are the orientation and the posi-
tion of a bacterium [1,3,4]. �ðx;p; tÞ satisfies a
Boltzmann-like equation with the tumbling of the bacte-
rium being modeled as a Markov process [4]. On length
scales much larger than the persistence length U�0 where
U is the swimming speed of the bacteria, �ðx;p; tÞ can be
decomposed into a number density field nðx; tÞ and an
orientation field fðp; tÞ. In the absence of fluid flow, the
steady-state orientation distribution fðpÞ can be obtained
by equating the rate fðpÞ=� at which cells tumble away
from orientations near pwith the rate at which cells tumble
into the region near p. Assuming for simplicity that pre-
and post-tumble orientations are uncorrelated, the latter
rate is 1

4�

R
fðpÞ=�dp [4]. In the presence of a chemo-

attractant gradient, the bacteria bias their random walk
by reducing ��1 when moving up the gradient and leaving
it unaltered when swimming down the gradient [10], so
that ��1 has been described by [11]

��1 ¼
8<
:
��1
0 expð��p � gÞ if p � g> 0;

��1
0 if p � g � 0;

(1)

where g ¼ �ez is the unit vector parallel to the chemical
gradient, � ¼ �UG, G is the magnitude of the gradient,
and � is the sensitivity of bacteria to the attractant. Using
the linearized form of Eq. (1) for weak chemotaxis, � � 1,
the orientation field obtained by equating the rates of direct
and inverse events [12] is

fðpÞ ¼
8<
:

1
4� ½1þ ðp � g� 1=4Þ�� þOð�2Þ if p � g> 0;

1
4� ½1� �=4� þOð�2Þ if p � g � 0:

(2)

The resulting mean orientation hpi ¼ ð1=6Þ�g leads to a
mean bacterial velocity U0 ¼ Uhpi parallel to the
chemoattractant gradient. Typically, the magnitude of che-
motactic drift velocity U0 ¼ jU0j is about 10% of the
swimming speed [13], so that the theory with weak chemo-
taxis (� � 1) will be reasonably accurate. On time and
length scales larger than �0 and U�0, the number density
satisfies a conservation equation with a chemotactic
convective flux and a diffusive flux with the diffusivity
D ¼ U2�0=3 arising from the unbiased part of the run-and-
tumble motion [14]:

@n

@t
þr � ½ðU0 þ uÞn�Drn� ¼ 0: (3)

The fluid velocity uðx; tÞ and pressure pðx; tÞ fields
satisfy Stokes equations [1–4]

r � u ¼ 0; (4)

�rpþ�r2uþr � �B ¼ 0; (5)

where the bacterial stress is given by �B ¼
�C�UL2

R
�½pp� 1

3 I�dp. Here � is the viscosity of

the suspending fluid, L is the combined length of the
bacterial cell and propulsive flagellar bundle, and C is
the force-dipole a bacterium exerts nondimensionalized
by �UL2. C is positive for swimmers whose propulsive
mechanisms push the cells and negative for pullers. The
common bacterial species E. Coli and B. Subtilis are
pushers with C ¼ 0:57 [4]. The anisotropic orientation
distribution in Eq. (2) leads to an anisotropic bacterial
stress tensor �Bðx; tÞ ¼ nðx; tÞS where the stresslet S ¼
�ðC=16Þ�UL2�½gg� 1

3 I�. Being a pusher, the bacterium
exerts a pressure in the z direction (negative normal stress)
and tension (positive normal stress) in the x and y direc-
tions. Although the orientation field in Eq. (2) changes
after the onset of the instability due to rotation of bacteria
by fluid velocity gradients, one can model the effects of
this change on the bacterial stress in terms of a modified
viscosity for disturbances with wavelengths larger than
ðnL2Þ�1 [4,12]. This viscosity is nearly isotropic when
� � 1 [12]. Since the effects of such a modified viscosity
on the stability of the suspension have been analyzed
previously, we focus instead on the active normal stress
difference induced directly by the chemical gradient. In
addition, we neglect the Oð�2Þ change in U0 due to shear
induced cell rotation.
Equations (3)–(5) admit a stationary base state solution

with no fluid flow and an exponential number density

profile n0ðzÞ ¼ hn0iPe expð�Pez=HÞ
1�expð�PeÞ determined by the balance

of cross-channel chemotaxis and diffusion. Here the angle
brackets indicate an average over the channel cross-section
and Pe ¼ U0H=D ¼ 3ð H

U�0
ÞðU0=UÞ is a Peclet number

measuring the strength of the chemotactic drift. In the
base state, the inhomogeneous bacterial stress is balanced
by the base state pressure p0 ¼ Szzn0.
We will now study the stability of this stationary base

state to small perturbations of the bacteria number density
and pressure fields, i.e., n ¼ n0ðzÞ þ n0ðx; z; tÞ and
p ¼ p0ðzÞ þ p0ðx; z; tÞ with n0 � n0 and p0 � p0 and
fluid velocity perturbations u0ðx; z; tÞ. We adopt a
lubrication approximation in which the variations with
respect to x occur over a wavelength � which is much
larger than the channel thickness H, i.e., 	 ¼ H=� � 1.
Nondimensionalizing z with the channel thickness
H, x with wavelength �, n with the gap-averaged
number density hn0i, p with the bacterial stress
� 3

2Szzhn0i, ux with U0	 and uz with U0	
2 yields the

following linearized lubrication equations. The
x-momentum equation involves a balance between the
viscous stress, the pressure gradient, and the gradient of
the bacterial stress:

� 

@p0

@x
þ 


3

@n0

@x
þ @2u0x

@z2
¼ 0; (6)
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where 
 ¼ � 3Szzhn0iH
2�U0

¼ 3
8Chn0iL2H is a nondimensional

gap-averaged bacterial concentration that reflects the rela-
tive strength of the bacterial and viscous stresses.

The z momentum equation is a balance of the pressure
gradient and bacterial stress gradient

@p0

@z
þ 2

3

@n0

@z
¼ 0; (7)

which integrates to p0ðx; z; tÞ ¼ � 2
3n

0ðx; z; tÞ þ �pðx; tÞ
where �pðx; tÞ is a z independent pressure field that assures
that there is no net fluid flux in the x direction. The bacteria
number density equation is

@2n0

@z2
þ Pe

@n0

@z
þ 	2

�
@2n0

@x2
� @n0

@t
� Peu0z

@n0
@z

�
¼ 0: (8)

In the above equations, time has been nondimensionalized

by 	�2H2=D so that the unsteady term @n0
@t balances the fluid

convective term. It will be seen that this coupling term is
the origin of the instability. The dominant balance in the
bacteria conservation equation between chemotaxis and
diffusion in the z direction yields a quasisteady, local
perturbed number density profile that is similar to the
base state profile

n0ðx; z; tÞ ¼ hn0iðx; tÞ Pe expð�PezÞ
1� expð�PeÞ : (9)

The gap-averaged number density hn0iðx; tÞ will be deter-
mined from the Oð	2Þ gap-averaged bacteria conservation
equation. The solution of the x momentum equation with
no-slip boundary conditions is

u0x ¼ 


��
1� expð�PezÞ

Pe½1� expð�PeÞ��
z

Pe

�
@hn0i
@x

þ 1

2

@ �p

@x
ðz2 � zÞ

�
;

(10)

where the pressure gradient determined by the constraint of
no net fluid flux (hu0xi ¼ 0) is

@ �p

@x
¼6

Pe½1þexpð�PeÞ�þ2½expð�PeÞ�1�
Pe2½1�expð�PeÞ�

@hn0i
@x

: (11)

Integrating Eq. (8) over z ¼ ð0; 1Þ and using the no-flux
and no-slip boundary conditions yields the gap-averaged
bacteria concentration equation

@hn0i
@t

þ Pe
@hu0xn0i

@x
� @2hn0i

@x2
¼ 0; (12)

which shows that the gap-averaged concentration pertur-
bation evolves due to the fluid convective and run-and-
tumble diffusive fluxes in the x direction. The convective

flux will be proportional to @hn0i
@x with a sign dependent on

whether the swimmers are pushers or pullers. Using the
fluid velocity field in Eq. (10) driven by bacterial stresses to
evaluate the convective flux, Eq. (12) takes the form

@hn0i
@t

þ ðPe�
� 1Þ @
2hn0i
@x2

¼ 0; (13)

where � is a function of Peclet number given by

� ¼ 1

2Pe
þ

�
expð�PeÞð1þ PeÞ � 1

Pe2½1� expð�PeÞ�
�

� 3

�
Pe½1þ expð�PeÞ� þ 2½expð�PeÞ � 1�

Pe2½1� expð�PeÞ�
�
2
: (14)

Sinusoidal gap-averaged number density perturbations
evolve according to hn0i ¼ expði2�xþ �tÞ where the
growth rate � ¼ ð2�Þ2ðPe�
� 1Þ. Since both � and Pe
are positive, instability occurs if 
 exceeds the critical
value 
crit ¼ ð�PeÞ�1. A suspension of pushers such as
E. Coli or B. Subtilis for which 
 is positive, is unstable to
number density variations in the x direction above a critical
concentration while puller suspensions having negative 

will be unconditionally stable. Figure 2 shows that the
critical bacteria concentration 
crit decreases with increas-
ing Peclet number reaching an asymptote of 2 at high
Peclet number.
The mechanism of the instability is illustrated in Fig. 1.

The chemical gradient leads to a base state number density
profile n0ðzÞ that is an exponentially decreasing function of
z and causes a net alignment of the cells in the �z direc-
tion. The disturbance flow of each cell draws fluid in from
the sides and pushes it out at the front and back. A
sinusoidal perturbation in the gap-averaged number den-
sity, hn0i, leads to a number density field, n0 with alternate
peaks and valleys (brighter and darker regions, respec-
tively, in Fig. 1) at z ¼ 0 owing to the competition of
chemotaxis and diffusion in controlling the local z-num-
ber-density profile. Being pushers, the excess bacteria at
peaks draw fluid inward at small z while the fluid returns
toward valleys at larger values of z. This fluid velocity field
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FIG. 2. Critical bacteria concentration 
crit as a function of the
Peclet number (solid line). The dashed lines are the asymptotic
results: 
crit � 720=Pe3 for Pe � 1 and 
crit � 2 for Pe � 1.
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acting on the base state number density field leads to a net
gap-averaged convective flux hu0xn0i toward the region of
high hn0i, thereby reinforcing the number density perturba-
tion. In the subcritical regime, x diffusion of the bacteria
attenuates the concentration perturbations and stabilizes
the suspension. Since the hydrodynamic disturbance of a
puller is exactly opposite to that of a pusher, a suspension
of pullers is always stable. Since � is purely real, the
instability is stationary at least in the long-wavelength limit
and the streamline pattern resembles convection cells. A
result of the lubrication approximation is that the dimen-
sional growth rate increases quadratically in the wave
number k ¼ 2�=�. However, at sufficiently large wave
numbers one expects diffusion to stabilize the suspension
implying that a mode of maximum growth rate should
exist. The wavelength of the most unstable mode can
come only from a finite wavelength analysis with ��H
or smaller. This instability might be expected to lead to the
formation of periodic clusters of bacteria within the chan-
nel or film along x axis with a length scale corresponding to
the most unstable mode.

Sokolov et al. [6] observed three-dimensional convec-
tive motions in films of aerobic bacteria with half-thickness
greater than 100 �m. We refer to the half-film thickness
here since the gradient of the attractant oxygen acts from
the midplane to the interface when the film is thick enough
so that the bacteria consume oxygen before it diffuses to
the midplane. Although this experiment involves a thin
film with gas-liquid interfaces, Marangoni stresses usually
lead to a nearly inextensible nature of such interfaces
making the no-slip boundary condition appropriate. The
bacterial concentration in Sokolov et al.’s [6] experiments
is hn0i � 2	 1010 per milliliter. Using L ¼ 12 �m and
H ¼ 100 �m, the scaled bacteria concentration is
 ¼ 60.
It is clear from Fig. 2 that this value exceeds 
crit if Pe 

2:50. This corresponds to U0=U 
 0:17 for a typical bac-
terial swimming speed of 20 �m=s and a typical tumbling
frequency of 1 s�1 [10]. This value of U0=U is sufficiently
small to make the small � analysis accurate. The chemo-
tactic velocity is not known in Sokolov et al.’s [6] experi-
ments. Nevertheless, the above analysis suggests that a
moderate amount of chemotaxis can drive the instability.
The mode of instability predicted here is consistent with
Sokolov et al.’s [6] observations of convection across the
film half-thickness and plumes of bacteria concentration.

The present instability mechanism differs from previous
active-stress instabilities [1–4,12]. Since the active bacte-
rial stress depends on both the number density and orien-
tation distribution of the bacteria, instability can arise from
the coupling between either the number density field or the
orientation field and the fluid flow. Previous stability analy-
ses have focused on coupling of fluid shearing motion and
swimmer alignment in unbounded homogeneous suspen-
sions of isotropic [3,4] or aligned swimmers with [12] or
without chemotaxis [2,3]. In these cases it is found that the

unstable modes do not involve bacteria number density
variations at leading order in the long-wavelength limit.
A fluid velocity perturbation to an isotropic (or nearly
isotropic) suspension tends to align the bacteria to the
extensional axis of the fluid velocity field. The hydrody-
namic disturbance of a pusher then enhances the original
velocity perturbation resulting in an orientation-shearing
instability. It is possible that this instability accounts for the
two-dimensional motion with no apparent bacteria concen-
tration variation observed by Sokolov et al. [6] at small
film thickness. The instability mechanism described in the
present Letter relies on a base state with a stratified number
density profile. Fluid motion can then lead to a three-
dimensional number density profile and concomitant
active-stress profile that enhances the number density
variation in the case of pushers. In Sokolov et al.’s [6]
experiments, such an instability is to be expected when the
film is thick enough to allow oxygen and cell gradients to
develop across the film half-thickness. A more definitive
experimental test of the theory proposed in this Letter
could be obtained using an experimental cell [8] that
allows the cells to experience a controlled linear gradient
of a chemoattractant that is not consumed by the cells.
This work is supported by NSF Grant No. CBET-

1066193.

[1] D. L. Koch and G. Subramanian, Annu. Rev. Fluid Mech.

43, 637 (2011).
[2] R. A. Simha and S. Ramaswamy, Phys. Rev. Lett. 89,

058101 (2002).
[3] D. Saintillan and M. J. Shelley, Phys. Rev. Lett. 100,

178103 (2008); Phys. Fluids 20, 123304 (2008).
[4] G. Subramanian and D. L. Koch, J. Fluid Mech. 632, 359

(2009).
[5] M. J. Kim and K. S. Breuer, Anal. Chem. 79, 955 (2007).
[6] A. Sokolov, R. E. Goldstein, F. I. Feldchtein, and I. S.

Aranson, Phys. Rev. E 80, 031903 (2009).
[7] T. J. Pedley and J. O. Kessler, Annu. Rev. Fluid Mech. 24,

313 (1992); A. J. Hillesdon and T. J. Pedley, J. Fluid Mech.

324, 223 (1996).
[8] S. Cheng, S. Heilman, M. Wasserman, S. Archer, M.

Shuler, and M. Wu, Lab Chip 7, 763 (2007).
[9] R. Mesibov and J. Adler, J. Bacteriol. 112, 315 (1972).
[10] H. C. Berg, E. Coli in Motion (Springer Verlag, New York,

2003).
[11] D. A. Brown and H. C. Berg, Proc. Natl. Acad. Sci. U.S.A.

71, 1388 (1974); K. C. Chen, R.M. Ford, and P. T.

Cummings, J. Math. Biol. 47, 518 (2003).
[12] G. Subramanian, D. L. Koch, and S. R. Fitzgibbon, Phys.

Fluids 23, 041901 (2011).
[13] R. R. Vuppula, M. S. Tirumkudulu, and K.V. Venkatesh,

Phys. Biol. 7, 026007 (2010).
[14] E. Keller and L. Segel, J. Theor. Biol. 30, 225 (1971);

R. N. Bearon, Phys. Fluids 15, 1552 (2003).

PRL 108, 038101 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

20 JANUARY 2012

038101-4

http://dx.doi.org/10.1146/annurev-fluid-121108-145434
http://dx.doi.org/10.1146/annurev-fluid-121108-145434
http://dx.doi.org/10.1103/PhysRevLett.89.058101
http://dx.doi.org/10.1103/PhysRevLett.89.058101
http://dx.doi.org/10.1103/PhysRevLett.100.178103
http://dx.doi.org/10.1103/PhysRevLett.100.178103
http://dx.doi.org/10.1063/1.3041776
http://dx.doi.org/10.1017/S002211200900706X
http://dx.doi.org/10.1017/S002211200900706X
http://dx.doi.org/10.1021/ac0614691
http://dx.doi.org/10.1103/PhysRevE.80.031903
http://dx.doi.org/10.1146/annurev.fl.24.010192.001525
http://dx.doi.org/10.1146/annurev.fl.24.010192.001525
http://dx.doi.org/10.1017/S0022112096007902
http://dx.doi.org/10.1017/S0022112096007902
http://dx.doi.org/10.1039/b618463d
http://dx.doi.org/10.1073/pnas.71.4.1388
http://dx.doi.org/10.1073/pnas.71.4.1388
http://dx.doi.org/10.1007/s00285-003-0216-8
http://dx.doi.org/10.1063/1.3580271
http://dx.doi.org/10.1063/1.3580271
http://dx.doi.org/10.1088/1478-3975/7/2/026007
http://dx.doi.org/10.1016/0022-5193(71)90050-6
http://dx.doi.org/10.1063/1.1569482

