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Rogue Waves in a Multistable System
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Clear evidence of rogue waves in a multistable system is revealed by experiments with an erbium-doped
fiber laser driven by harmonic pump modulation. The mechanism for the rogue wave formation lies in the
interplay of stochastic processes with multistable deterministic dynamics. Low-frequency noise applied to
a diode pump current induces rare jumps to coexisting subharmonic states with high-amplitude pulses
perceived as rogue waves. The probability of these events depends on the noise filtered frequency and
grows up when the noise amplitude increases. The probability distribution of spike amplitudes confirms
the rogue wave character of the observed phenomenon. The results of numerical simulations are in good

agreement with experiments.
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The term ‘“‘rogue wave” was first used to talk about giant
waves which emerge unexpectedly on a relatively calm
ocean surface. Later, this term was extended to other fields
of science, such as optics, matter physics, superfluidity, and
even to economy (see, e.g., [1] and references therein), to
describe rare large amplitude spikes. Although no strict
definition of this phenomenon does yet exist, Akhmediev
and Pelinovsky [1] suggest as many as six defining prop-
erties of rogue waves. Among them, the most significant
ones are (i) a large amplitude (more than twice that of the
average amplitude of the wave height), (ii) unpredictability
(chaoticity), and (iii) specific shape of probability distri-
bution function (PDF) of the wave amplitudes; some re-
searchers point to the L-shaped PDF in a semilog scale.

Optical counterparts of oceanic freak waves have been
found in a photonic crystal fiber [2] and in an optically
injected semiconductor laser [3]. In the former case, opti-
cal solitons, solutions of the nonlinear Schrodinger equa-
tion are interpreted as optical rogue waves propagating
along a photonic crystal fiber; rogue solitons are created
because of noise amplification inherent to modulational
instability. In the latter case, the giant laser pulses, referred
to as rogue waves originate from fully deterministic non-
linear noise-free equations in the onset of chaos.

Depending on the matter at hand, many mechanisms
have already been recognized as being responsible for
rogue wave formation; among them we can distinguish
modulational [4] and nonlinear spectral [5] instabilities,
focusing with caustic current [6], anomalous wind ex-
citation [7], etc. In this Letter, we suggest yet another
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mechanism for the rogue wave emergence, one derived
from multistability. This mechanism is oblivious of the
difference in size of the state basins of attraction, since a
particular state is determined by initial conditions and may
be changed with noise. The fact that noise induces inter-
mittent switches between coexisting states (attractor hop-
ping phenomenon) is well known [8,9]. When the noise
amplitude is increased, the probability of these switches
grows up; however, it is still unclear whether these jumps
may or may not have the rogue wave properties.

Here, we study under which conditions rare giant pulses
with short duration and large amplitude can appear in a
multistable system. To do so, we selected a diode-pumped
erbium-doped fiber laser (EDFL), because its coexisting
attractors are well known [9—-12]. The experimental setup is
similar to that described in previous papers of some of the
authors [9,10]. A 1560 nm EDFL is pumped by a 977 nm
diode pump laser. The 4.81 m Fabry-Perot laser cavity is
formed by an active 88 cm long heavily erbium-doped fiber
with a 2.7 um core diameter and two fiber Bragg gratings
(FBGs) with 0.288 and 0.544 nm full widths on half-
magnitude bandwidth, having, respectively, 100% and
95.88% reflectivities at the laser wavelength. In our experi-
ments, the diode current is fixed at 145.5 mA correspond-
ing to a 20 mW pump power, while the EDFL threshold
occurs at 110 mA. To drive the EDFL, the sum of harmonic
and random modulations, m,sinQwf 1) + nG(, f,),
from signal and noise generators is applied to the diode
pump current. Here, m,; and f, are, respectively, the
amplitude and frequency of the external harmonic
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FIG. 1. Experimental bifurcation diagram of peak laser inten-

sity versus driving frequency. The coexisting period 1 (P1),
period 3 (P3), period 4 (P4), and period-5 (PS) attractors are
found by switching on and off the signal generator resulting in a
random change of initial conditions.

modulation, 7 is the noise amplitude, and G(Z, f,,) is the
zero-mean noise function in terms of a random number
{ € [—1, 1] and the noise cutoff frequency f,, (white noise
is filtered with a fifth order discrete low-pass Butterworth
filter in LABVIEW 8.5). The pump current is chosen to
ensure a laser relaxation oscillation frequency around f, =
30 kHz. Noise with n = 1 V results in a 50% modulation
depth of the pump current; both the average pump current
and f, are independent of the noise amplitude. The influ-
ence of noise on the relaxation oscillation frequency has
been extensively studied in Ref. [10].

Under pump modulation, EDFL displays very rich
dynamics including multistability. Figure 1 shows the ex-
perimental bifurcation diagram of the noiseless EDFL with
respect to the driving frequency f,; for the driving
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FIG. 2. Oscilloscope recording of laser oscillations demon-
strating a rogue wave. Rare jumps to the period-4 states occur
when loss-pass filtered noise with cutting frequency f, = 7 kHz
and amplitude n = 0.5 V is applied. f; = 90 kHz, m; = 0.8 V.

amplitude fixed at m; = 0.8 V. The diagram is obtained
by recording the peak laser intensity after transients.
Additional noise shifts the positions of saddle-node bifur-
cation points where the attractors are born and die. For
relatively strong noise, the coexisting attractors lose their
stability resulting in a new intermittent attractor (attractor
hopping) [9].

Since we are interested in the parameter region where
the laser exhibits multistability, we explore f; = 90 kHz
for which P1, P3, and P4 coexist. Figure 2 shows the
experimentally observed rogue wave. The laser switches
to P4 for only a few (3-5) periods and then falls back into
the regular P1 regime. For the explored parameters, these
events occur very rarely; the average time between the
consequent rogue waves is about 30 s [13]. By varying
the noise parameters f, and 7, one can control the switch-
ing probability for different coexisting states. To verify
whether the observed spikes exhibit the rogue wave prop-
erties, we calculate PDFs from experimental time series
obtained for different noise amplitudes (Fig. 3). The pulses
with a very large intensity appear much more often than
they would according to Gaussian statistics; that confirms
their rogue wave character. In the presence of noise, the
number of coexisting attractors changes; i.e., the multi-
stable system is converted to a metastable one [9] where
the peak intensity is not the same as it was in the noiseless
system.

To model the EDFL, we use the balance equations for
the intracavity laser power P and the averaged (over the
active fiber length) population N of the upper level [12]:
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FIG. 3 (color online). Experimental probability density func-
tions of laser peak intensity for different amplitudes of noise
filtered at f,, = 7 kHz.
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FIG. 4. Numerically calculated rogue wave of period 4 (P4)
when noise with f, =7 kHz and n = 0.9 is applied. f; =
80 kHz, m, = 1.

where N = (1/noL) [§ N,(z)dz (N, being the upper level
population, ng the refractive index of a “cold” erbium-
doped fiber core, and L the active fiber length), and o, is
the cross section of the absorption transition from the
ground state to the upper state. Taking the cross section
of the return stimulated transition o, to be practically the
same as gy, we get & = (oy + 04;)/ 0, = 2, while

Probability P1

Noise amplitude (arb. units)

f (KH2)

& = op3/0, = 0.4 is the coefficient that stands for
the ratio between the exited state absorption (o,3) and
ground-state absorption (o j,) cross sections at the laser
wavelength. T, = (2ny/c)(L + [,) is the photon intracav-
ity round-trip time (/, being the total length of FBG
coupler tails inside the cavity), g = Nyo |, is the small-
signal absorption of the erbium fiber at the laser wave-
length (Ny = N; + N, being the total concentration of
erbium ions in the active fiber). ay, = vy, + (1/2L) X
In(1/R) accounts for the intracavity losses on the threshold
(7y¢ being the nonresonant fiber loss and R is the total
reflection coefficient of the FBG couplers), 7 is the lifetime
of erbium ions in the excited state, ry is the fiber core
radius, wy is the radius of the fundamental fiber mode, and
r, = 1 —exp[—2(ro/wp)*] is the factor addressing a
match between the laser fundamental mode and erbium-
doped core volumes inside the active fiber. The spontane-
ous emission into the fundamental laser mode is derived as
follows

1073 (A,\2 r2ayL
P, = N_(_g) %’ 3)
7T, \wy) 470,

where A, is the laser wavelength. The pump power is
expressed as
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FIG. 5 (color online).
the region where the rogue wave in Fig. 4 is detected.
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FIG. 6 (color online). Numerically calculated probability den-
sity functions of laser peak intensity for different amplitudes of
noise filtered at f,, = 7 kHz.

1 —exp[—ayBL(1 — N)]
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where P, is the pump power at the fiber entrance and B =
@,/ap is a dimensionless coefficient. The coefficients
characterizing the resonant-absorption properties of the
EDFL at the laser and pump wavelengths are «( =
0.4 cm™! and B = 0.5. The values vy, and R yield ay, =
3.92 X 1072. The lasing wavelength is taken to be
A, = 1.56 X 10~* cm and the maximum reflection coef-
ficients of both FBGs are centered on this wavelength.
Both the harmonic modulation and noise are applied to
the diode pump current as

P, = pll = mysinQmfyt) + nG(, f,)] &)

where p is the pump power without modulation (i.e., when
my = 0)

Numerical simulations are carried out with the same
noise as one used in the experiments; i.e., the noise is
generated in LABVIEW 8.5 and added to Eq. (5). To explore
the same parameter region, the noise parameters f,, and 7
are varied to change the preference for different periodic
states. Figure 4 shows the calculated rogue wave of P4
which appears with probability of about 0.0003. The prob-
abilities for different regimes as a function of f, and 7 are
shown in Fig. 5. The diagrams indicate that subharmonic
regimes with higher amplitudes appear more frequently as
[, approaches f,, whereas the intermittent jumps are rare
when noise is filtered for lower frequencies; the rogue
waves are only observed for f, < f, at the edge of the
nonzero probability.

The calculated PDFs in Fig. 6 have a pronounced L
shape in a semilog scale that justifies the rogue wave
character of the giant spikes. Because of the excessive
length of computational time, we had to stick to minimum
probabilities in the order of 10~%, even though experimen-
tally we could manage probabilities in the order of 1077,

To conclude, a new mechanism for rogue wave emer-
gence has been found and experimentally verified in a
multistable EDFL subject to both periodic and slow sto-
chastic modulation applied to the diode pump laser. Rogue
wave main properties of the observed laser spikes are
confirmed by the wave amplitude PDF. The origin of the
observed phenomenon is then the interplay between sto-
chastic processes and deterministic nonlinear dynamics.
Even if less accurate the results of numerical simulation
are in good agreement with experiments. Although here we
have demonstrated only the P4 rogue wave, a similar
behavior has also been found for P3 and PS5 laser pulses
for other parameters.

In the future, it would be interesting to study the ocean
rogue waves in the context of multistability, since coex-
istence of attractors, mostly alternative states related to
bistability, has already been discovered in the deep ocean
convection [14], atmosphere dynamics [15], and more than
two different stable states have been found in the thermo-
haline ocean circulation [16].
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