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We study the quantum theory of an O(N) scalar field on de Sitter geometry at leading order in a
nonperturbative 1/N expansion. This resums the infinite series of so-called superdaisy loop diagrams. We
obtain the de Sitter symmetric solutions of the corresponding, properly renormalized, dynamical field
equations and compute the complete effective potential. Because of its self-interactions, the field acquires
a strictly positive square mass which screens potential infrared divergences. Moreover, strongly enhanced
ultralong-wavelength fluctuations prevent the existence of a spontaneously broken symmetry state in any

dimension.
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The impressive observational success of inflationary
cosmology [1,2] and the quest for high precision measure-
ments of the cosmic microwave background (CMB) prop-
erties, such as the power spectrum, or the non-Gaussian
correlations of temperature anisotropies [3], call for estab-
lishing a coherent quantum (field) theory (QFT) of infla-
tion. Indeed, in this context, the large scale primordial
density fluctuations imprinted on the CMB are of purely
quantum origin and, as such, are subject to the whole
complexity of quantum field dynamics.

The issue of computing QFT radiative (loop) corrections
in curved geometries has a long history [4], which has been
revived in recent years in the context of inflationary cos-
mology [5-7]. In particular, the case of de Sitter (dS)
geometry has attracted a lot of interest [8—10], first because
of its direct relevance to inflationary physics [2] and sec-
ond, because its high degree of symmetry makes it some-
what simpler [11]. It appears that perturbative calculations
of radiative corrections of quantum field dynamics in ex-
panding space-times (ST) share many features with similar
calculations in flat ST at finite temperature—due to the
presence of an event horizon—and out of equilibrium—
due to the cosmic expansion.

For instance, loop diagrams in cosmological STs exhibit
secular terms, which grow unbounded with the number of
e-folds [6,9]. Those are well-known generic features of
perturbative calculations for nonequilibrium systems [12].
Another standard problem of perturbation theory is the
occurrence of infrared (IR) divergences for massless fields
minimally coupled to gravity, relevant for inflation, akin to
what happens for light bosonic fields at high temperatures
or near a second order phase transition. Such singularities
signal deep deficiencies of the approximation scheme and
need to be summed [13].

Efficient resummation techniques have been developed
over the years to deal with these issues in equilibrium and
nonequilibrium QFT in flat ST. Prominent examples in-
clude the dynamical renormalization group (DRG) [14],
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or two-particle-irreducible (2PI) functional techniques
[12,15]. First attempts to apply such methods to the cos-
mological case include the work of Riotto and Sloth [16]
using 2PI and large-N techniques [17] but eventually rely-
ing on the effective stochastic approach of Ref. [18], or the
DRG analysis of Ref. [13]. One of the main results of
these works is the fact that, as was discovered earlier by
Starobinsky and Yokoyama in the stochastic approach [18],
the self-interacting scalar field acquires a curvature-
induced effective mass, which prevents possible IR diver-
gences. This is analog to the temperature-induced mass in
thermal QFT [15].

Here, we study an O(N) scalar field theory on dS in the
large-N limit from the basic principles of QFT. This re-
sums the infinite series of so-called superdaisy (or cactus)
loop diagrams and is known to resum high temperature IR
divergences as well as to successfully describe the phase
structure of O(N) scalar theories in flat ST [19]. We solve
the theory in the dS symmetric state consistent with basic
renormalization requirements, the so-called Bunch-Davies
vacuum, study the phase structure of the theory, and com-
pute the effective potential in 3 + 1 dimensions [20]. A
more extended treatment, including the case of a discrete
Z, symmetry (N = 1), will be presented elsewhere [21].

We consider a O(N)-symmetric scalar field theory with
classical action (a sum over a = 1, ..., N is implied)

Slel=— /x{% e O+ m*+ ER)p, + ﬁ(%%)z},
()

with the invariant measure [ = [d?"lx,/~g, on a
d + 1-dimensional expanding dS background with flat

spatial sections. In terms of comoving spatial coordinates
X and conformal time —oo < 77 < 0, the line element reads

ds® = a®(n)(dn? — dx - dx), 2)
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where a(n) = —1/Hn. Here, R = d(d + 1)H? and (] =
Hznz((?%, —(d- 1)7}716,7 + V2).
In the large-N limit, the field equation reads [17,22]

[O + M>(0)]e,(x) = 0, 3)

where the self-consistent square mass is given by [23]
A A
M*(x) = m> +d(d + 1)éH? + gd)z(x) + EF(x, x), (4)

in terms of the one-point function (¢, (x)) = v/N¢,(x) and
the symmetric connected—so-called statistical—two-point
correlator Fab(x’ xl) = %<§Da(x)¢b(xl) + ¢b(x/)¢a(x)>c’ with
F(x, x") = F,,(x, x')/N. The brackets represent an average
in an appropriate quantum state.

We wish to investigate dS-invariant solutions of the field
equations, for which the one-point function ¢, is a con-
stant and the two-point function F(x, x') = F(s) only de-
pends on the dS distance s =(n>+ n> —|¥—¥|*)/2797' .
In particular, F(x, x) = F(1), which implies that the self-
consistent mass (4) is constant.

The statistical two-point function can be written in terms
of an infinite set of complex mode functions f(n) in
comoving momentum space:

dk el y
Flo ) = [ 5556 0 Relfimsinl - (9
Using Eq. (3), one finds that the rescaled functions
u(n) = a(n)@=Y/2f,(n) satisfy the differential equation

2 1/4
uy + (kz - 7 />Mk =0, (6)

where v = +/d?/4 — M?/H?. dS-invariant solutions read
[24]: uz(n) = coshaS;(n) + sinhaeSF(n), where

Su(m) = yy=mne TP (—ky),(7)

with H 5,1)(z) the Hankel function, and where the real co-
efficients « and B are k independent.

The requirement of renormalizability further constrains
the possible states of the system. The two-point function
in the coincidence limit F(x, x) is divergent and Eq. (4)
needs to be regularized and renormalized. In principle
a dS-invariant regularization (such as, e.g., dimensional
regularization) should be used. Here, it is sufficient to
use a simple ultraviolet (UV) cutoff on physical momenta:
k/a(n) = —kHn = A,. Demanding that the short-
distance (UV) properties of the theory be independent
of the ST geometry, one is left with the Bunch-Davies
vacuum, « = 0, as a unique possibility [24-26].

The resummed square mass reads (we make the field
dependence explicit from now on)

M%) = i + d(d + 1) EH + %qfﬂ + %F(x, 0, (8

with, writing 7 = Im(v),

F(x, x) =

T H NV (A o (D2
T (d/2) (ﬁ) [} azte e
9

We see that this is indeed constant if one uses a physical
UV cutoff A, = HA [22]. A comoving cutoff does not
lead to a dS-invariant solution. We shall see below that this
is also crucial to recovering the correct Minkowski limit as
well as for a proper renormalization procedure, involving
time-independent bare parameters in Eq. (1).

Now the key observation of the present Letter. It follows
from the z — 0 behavior:

|H5/l)(Z)|2 — Z*ZRC(V)’ (10)

that the loop integral (9) is only defined if Re(v) < d/2;
i.e., the only possible solutions to Eq. (8) are such that
M?($?) > 0. We emphasize that this is true in any dimen-
sion and only follows from the requirement of dS invari-
ance—it is easily checked to hold for any & vacuum. Thus
we see that the case of a massless minimally coupled field,
M? = 0, is not allowed. Whatever the value of the tree-
level mass, a strictly positive curvature-induced mass
squared is generated by the field self-interactions. We
conclude that, in the large-N limit, there exits no dS-
invariant state for an interacting massless minimally
coupled field [27].

Let us now examine the consequences of this result.
Observe first that the field equation

M* (), =0 (an

has for unique solution ¢, = 0. The strongly enhanced dS
quantum fluctuations in the far IR, see (10), prevent the
possible existence of a spontaneously broken phase in any
dimension. This is similar to what happens in flat ST in low
dimensions, d < 2 [19]. As we shall see shortly, this further
implies that any initial symmetry breaking potential is
strongly renormalized by ultralong-wavelength fluctua-
tions, eventually leading to radiative symmetry restoration.
To discuss these issues in more detail, we shall compute the
effective potential V(). Recalling that 9V./0¢, =
M?*($?)¢, and exploiting the O(N) symmetry, we have,
up to an irrelevant constant Vj:

_ 1 ¢2 2
Ver($) = Vo + 5 jo dvM(v). (12)

Using similar arguments as employed in [28], it can be
shown that V() is convex everywhere.

Before we proceed to actually solving Eq. (8), we check
that we recover the correct flat ST limit H — 0, to be taken
at fixed A, = AH. Note that this also gives the relevant
equation for the large mass case M?/H? > 1, for which
v = iv =~ iM/H. Using the z < 7 and z > 7 behaviors
|Hi; @ ~2e ™ and  |H;2)I? ~2e™ /72 + 72,
respectively, one recovers the large-N mass equation in
the Minkowski vacuum [19]:
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_ s A, A [dp A, —p)
M2(p?) = m? + gd’z + 3 2 2m,

13)

where the contribution from super-Hubble modes is sup-
pressed by a Boltzmann-like factor e ™M/7 with T = H /2
the temperature associated with the dS horizon.

We now discuss renormalization and specify to d = 3
spatial dimensions, where the theory is perturbatively re-
normalizable [29]. Using the large-|z| asymptotic expan-
sion [HY(2)I> ~ Z[1 + (»* — 1/4)/22> + O(z™)], one
gets the UV behavior of the loop integral (9):

A 21 (D)2 2 M? - -
77'[ dzz?|H, (9)]? = A —?lnA+21nA+f1n1te,
0
(14)

where “finite” refers to terms which converge in the limit
A — oo, The first two terms on the right-hand side are just
the usual Minkowski UV divergences, see, e.g., Eq. (13),
whereas the third term is specific to the curved ST. The
former are eliminated by standard coupling and mass
renormalization [19], e.g., by introducing the renormalized
mass and coupling at the arbitrary physical scale w:
1/Ag(w) = 1/A + In(A,, /) /487% and mp(u)/Ar(p) =
m?/A + A% /487, The remaining logarithmic divergence
can be eliminated by means of [22] 12&x(u)/Ag(p) =
12£/A + In(A /) /247, In the following we write the
renormalized parameters at the scale u = H as mz(H) =
mpg and so on. One has the renormalization group (RG)
running:

11 In(H/p)
@) Ap o asa (15

whereas both m%(u)/Ag() and (€x(n) — %)/)\R(,LL) are
RG invariants. Equivalently, (u%(u) — 2H?)/Ag(p),
where p%(p) = mi(u) + 12£(w)H?, is RG invariant.

It is interesting to note that the conformal case v = 1/2,
or M? = 2H?, exhibits an additional symmetry which
allows one to scale away the cosmic expansion, see
Eq. (6), and which protects the mass from radiative cor-
rections as is easily checked using |H§1/)2(z)|2 = 2/mz. For
instance, at ¢> = 0, one gets M2(0) = p% = 2H>.

In the limit M?/H? < 1, Eq. (8) can be solved analyti-
cally. For this purpose, we introduce the small parameter
€ = 3/2 — v = M?/3H? < 1 and separate the momentum
integration in Eq. (9) in three parts: [} = [§ + [* + [2
with ¥’ < 1 < k < A,,. The high-momentum part is eval-
uated by using the large-|z| asymptotic expansion of
|H{ (2)]2. We get, up to the UV divergent terms exhibited
in Eq. (14),

A 2 2
[ dz2|HV (9)? = div — —[an + K? + O(e, K_Z)].
K a
(16)

To evaluate the intermediate-momentum contribution we
simply set [5] » — 3/2 and use |H;]/)2(Z)|2 = ﬂ%(l + 722):

K 2 2
f dz2 | HV ()2 = —[mﬁ, +5 4 0 K'Z)]. (17)
K T K 2

Finally, the IR contribution is obtained from the z — 0
expansion |H(2)|> ~ 2*T(v)/mz"Y*[1 + O(2)];

K 2 1
/ dz22lHY (2)]? = —[— —c53 + Ink’ + Oe, Klz)],
0 T 2€
(18)

where ¢; =2 — y — In2, with y the Euler constant. In
terms of renormalized parameters at the scale u = H in-
troduced before, we thus get the following equation:

MG = i+ 7+

AgH? [ 3H2

where ¢3 = ¢;3 + 1/6 = 0.9. The positive solution is [30]

M*(¢?) = a($?) + \/az(qbz) +b (20)

with
a(d)z)zﬂ_ﬁ_@)m 5 ﬁ¢2 and b:/\Rm
2 4877 127 1672
(21

The nonanalytic A, dependence is typical of IR effects.
In this approximation, the effective potential (12) can be
analytically integrated and reads (we choose V,, = 0):

3H* ) M?(¢?)
n M20)
(22)

V() = 55 () — MO + 10

Full numerical solutions of Egs. (8) and (12) reveal that,
for a wide range of couplings, Egs. (20)—(22) are in fact
quantitatively accurate even for nonsmall values of
M?/H?. This is because when the infrared term H?/M?>
on the right-hand side of Eq. (19) is not numerically
important, the loop corrections are typically suppressed
by a factor Agx/487%. Below, we use Eq. (20) to illustrate
our findings, all of which we checked numerically.

The above result shows the phenomenon of curvature-
induced mass generation [18]. Indeed, consider the case
ur + Agp?/6 =0 [32], which includes the tree-level
massless minimally coupled field at ¢> = 0, relevant for
inflation physics, or the Goldstone mode of a tree-level
potential exhibiting spontaneous symmetry breaking, i.e.,
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FIG. 1 (color online). The effective (upper) vs tree-level
(lower) potentials as a function of ¢ for up = —2 and
Ag = 10, all in units of H. The inset shows the square mass
M?(¢p?) (upper) and its tree-level expression u? + Agp?/6
(lower). Here, the numerical result agrees with Egs. (20)—(22)
over the whole range of ¢.

with u% < 0. In this case, the perturbative expansion is ill
defined due to IR divergences. Self-interactions screen
these IR effects and generate a nonvanishing effective
mass and/or nonminimal coupling:

M? C3AR AR (53/\R)2
= = + + . 23
H? 4872 1672 48772 (23)

For weak coupling, where the approximation (19)
makes sense, we get M2/H? = \[Az/4m — C3Ap /487 +
(9()%/ %). The first term is the Starobinsky- Yokoyama result
[18], obtained here directly from the basic QFT; see also
[13]. As discussed in [7,16] this curvature generated mass
leads to an enhancement factor H?/M? = 1/\/A; of
IR-sensitive observables, such as parametrically O(y/Az)
non-Gaussianities or corrections to the power spectrum.

Equation (20) also illustrates the phenomenon of radia-
tive symmetry restoration for u% < 0. In that case, one
gets, at ¢ =0, M?/H?> = A\gH*/167%|u%] + O(A%).
Notice the parametric A dependence which may lead to
an even stronger enhancement of IR-sensitive observables
than mentioned above. As an illustration, Fig. 1 shows an
exact numerical solution of Eqgs. (8) and (12).

In conclusion, we find that the strongly enhanced
ultralong-wavelength scalar field fluctuations in dS prevent
IR divergences by generating a strictly positive curvature-
induced square mass and, as a consequence, forbid the
possible existence of a spontaneously broken phase.
This is a genuine nonperturbative effect. It is an interesti-
ng question to investigate whether this result remains true
beyond the large-N limit [21]. Together with Refs. [13,16]
this work provides a step toward the precise understanding
of such nonperturbative effects in dS from first principles.

We emphasize that the phenomenological relevance of
these results requires a rather long period of (nearly) dS
expansion in order for such IR fluctuations to develop. In
the small mass limit (19), the relevant wavelength are as

large as exp(3H?/2M?). This is certainly not a problem for,
e.g., eternal inflation scenarios.

The phenomena of mass generation or symmetry resto-
ration are similar to finite temperature effects in flat ST. It
is a very interesting question whether other important
thermal effects such as damping of unequal time correla-
tors [12] occur in dS. This requires calculations beyond the
present approximation [31,21].

Various techniques have been developed to deal with IR
and secular issues in equilibrium and nonequilibrium QFT
in flat ST [12,14,15]. It remains to be investigated whether
these can help resolving similar questions in curved
geometries, or if specific methods will be needed.

We acknowledge useful discussions with R. Parentani
and J. Pawlowski.
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