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k-core percolation is an extension of the concept of classical percolation and is particularly relevant to
understanding the resilience of complex networks under random damage. A new analytical formalism has
been recently proposed to deal with heterogeneous k-cores, where each vertex is assigned a local threshold
k;. In this Letter we identify a binary mixture of heterogeneous k-cores which exhibits a tricritical point.
We investigate the new scaling scenario and calculate the relevant critical exponents, by analytical and
computational methods, for Erdés-Rényi networks and 2D square lattices.
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Tricritical points (TCPs) are interesting critical phe-
nomena in statistical physics, constituting a natural switch
between first and second order phase transitions. In other
words, a TCP affords the possibility to smoothly control
the order of the phase transition by tuning the appropriate
parameter. In the language of critical phenomena, this is
equivalent to identifying the position of a phase transition
from the extrapolation of the order parameter—while usu-
ally impossible in first order transitions, it can be done in
the case of continuous ones [1]. In the case of percolation
models, there has recently been an attempt to identify a
TCP in a model mixing elements of classical and explosive
percolation in a lattice [2], although there is now evidence
that the explosive percolation transition is continuous [3].
Other recent models which allow control of the order of the
transition include explosive percolation on scale free net-
works [4], and dependency groups on interdependent net-
works [5]. In this Letter we establish the presence of a TCP
in a simple extension of classical percolation, namely,
heterogeneous k-core (HKC) percolation, which has the
advantage of a sound analytical approach on random and
complex networks [6,7]. We show analytical evidence of a
TCP in Erd6s-Rényi graphs and numerically we find simi-
lar phase diagram topology in the square lattice. Finally,
our model appears to be in the same universality class of a
model which reproduces nontrivial signatures of liquid-
glass transitions, including the higher-order glass singular-
ity predicted by mode-coupling theory [8].

A k-core is defined as the maximal network subset
which survives after a culling process which recursively
removes all the vertices (and adjacent edges) with less than
k neighbors. As a generalization of the concept of the giant
component, the k-core gives a deeper insight into the
structure and organization of complex networks. It has
been thoroughly investigated on Bethe lattices [9], random
graphs [6,10] and, using a numerical approach, on various
types of lattices [11]. The k-core percolation analysis has
found several applications in varied areas of science in-
cluding protein interaction networks [12], jamming [13],
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neural networks [14], granular gases [15], and evolution
[16]. Important insights into the resilience of networks
under damage [17] and spreading of influence in social
networks [18] are gleaned from an understanding of the
k-core structure of the network. As in Refs. [6,19], we can
study k-core percolation on networks after randomly re-
moving a fraction 1 — p of vertices. We use the treelike
properties of the configuration model [20], in which the
number of loops vanishes as N — oo, which guarantees
that if a k-core exists, it must be infinite, at least if k = 2
[6,9]. In the HKC extension [7] each vertex has its own
threshold and the culling process is based on local, vertex-
dependent rules. Although Baxter et al. developed results
for an arbitrary distribution of vertex thresholds, they study
binary mixtures of vertices of types a and b, with thresh-
olds k, = 1, k, = 3. The first heterogeneous models of this
kind were investigated by Branco [21] on a Bethe lattice,
whereas the related problem of bootstrap percolation (BP)
has been much studied on regular lattices [11,22]. Here we
focus on the case k = (k,, k;,) = (2, 3).

We start with a binary mixture (k,, k;), where vertices
have been randomly assigned two thresholds &, and k;, (say
k, < k;) with probability r and 1 — r, respectively. Finite
clusters are a possibility when k, = 1 and so we must
make a distinction between M, the probability that a
randomly chosen vertex belongs to the HKC, and S,
the probability that a randomly chosen vertex belongs to
the giant component of the HKC. We will show that in the
case k = (2, 3) these two quantities are coincident, but
there are relevant examples where they are not [7].

In the original k-core formalism, given the end of an
edge, a (k — 1)-ary subtree is defined as the tree where, as
we traverse it, each vertex has at least k — 1 outgoing
edges, apart from the one we came in. Instead, considering
a HKC, every vertex i may have a different threshold ;.
The (k; — 1)-ary subtree, then, is the tree in which, as we
traverse it, each encountered vertex has at least k; — 1 child
edges. We define Z as the probability that a randomly
chosen vertex is the root of a (k; — 1)-ary subtree. Taking
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advantage of the local treelike nature of the configuration
model, Z is related to M, as [7]:

M(p) = M (p) + My(p) = pr Y. P(q)®y(Z 2)
q=kq
+p(1 =1 Y Plg@y(Z 2), (1)

q=ky,

where M ,;)(p) is the fraction of nodes of type a(b) in the
HKC, respectively, P(g) is the degree distribution, and we
have used the convenient auxiliary function

DE(X, Z) = g(?)(l — 7)1 mi_l(na)xm(z — x)l-m,

The quantity (I)I;”“” (Z,Z) in (1) represents the probability
that a vertex of type a(b) of degree g has at least k,(k;,)
edges which are roots of a (k; — 1)-ary subtree. This quan-
tity is summed over all possible degrees, taking account of
the relevant vertex type fraction. The self-consistent equa-
tion for Z is

Z C]P((I) < (Z 7)

q=

+p(— ) z ap (")cb’% z2. @
5 (@

We now consider the probability X, that a randomly chosen
edge leads to a vertex which is the root of an infinite
(k; — 1)-ary subtree. In the case of a binary mixture, X is
written as [7]

q=

+p Z qP(q) (I)k,, 1I(X 7). 3)
q=ky C]>

The fraction of vertices in the giant HKC S,;, then, is
given by S,,(p) = S,(p) + S,,(p), where the fraction of
nodes of type a is S,(p) = pr 2ok, P(q)(blq‘“ (X, Z) and an
analogous expression holds for S, (p).

For k, = 1, k, = 3 mixtures on the Bethe lattice, the
phase diagram shows a critical line which meets a first
order line at a critical end point and a critical point at the
end of a two-phase coexistence between a low and a high
density phase [7]. The two lines do not match at a TCP,
because the 1-nodes are so robust that a 1-rich phase is
stable to damage at intermediate compositions even when
the k,-rich phase has collapsed. Let us consider now the
case k = (2,3), with a degree distribution such that
quzP(q) < oo, We can rewrite Z [Eq. (2)] as pf(Z) = 1
where

2P(2) qP(q)

[(2)= q; @

— — -1
X[il A -ng- -] @

and similarly rewriting Eq. (3) as h(X, Z) = 1/p with

_ 2P(2) qP(q)
h(X,Z) q; @
_ _ -1
x [I(IXX)q (=g -1 — z)q-z].

(&)

These two equations differ only in the first (fractionary)
part of the sum. The X-dependent (positive) general term
of the series is monotonically decreasing for any 0 <X =1,
meaning that Eq. (3) has only one nonzero solution when
Eq. (2) has a nonzero solution and therefore X = Z for the
k = (2, 3) mixture (and S,3 = M,3). We expect this prop-
erty to be true for any mixture with nodes of type k = 2.

We now explicitly show that the k = (2,3) mixture
presents a TCP for an Erdés-Rényi (ER) degree dis
tribution with mean degree z; P(q) = z{ exp(—z,)/q!.
Using the condition X = Z, the equation pf(Z) =1
fully solves the problem of finding the onset of the
giant HKC, and the function f(Z) becomes f(Z)=
{1—e@7[1+ (1 —rzZ}/Z. It is now clear that
f'(Z) <0 for every r >4, implying that the only solution
is the trivial one Z = 0, with a depercolating second order
phase transition occurring at the critical occupancy proba-
bility p. = 1/rz;. For r <1, f(Z) has a maximum at
0<Zy <1. This implies the presence of a first order
transition and a coexistence between a HKC phase of
strength M»3(Zy,), given by (1), and the nonpercolating
phase at Z=0. The expansion of f(Z) for r=1,
Z(p) — 0, as p— pl, yields f(Z)=rz; +(1/2—r)22Z+
O(Z?) showing that the maximum of f(Z) continuously
matches the Z = 0 line exactly at r, = 5, where a TCP
is present. We show the computed phase diagram of the
k = (2, 3) mixture in Fig. 1.

We now calculate the critical exponents for this mixture,
in particular, at the TCP at r, = 2, p; = =.The expans1on

of the order parameter M,;(p) for p — pc at r = 5 and
p — p*t (the border of the coexistence region) at r<s; !
yields three different values for the exponent B:

%<r§l
3 (6)
r<<

B =

A

;=
0

[STEE N S

NI'—'

The exponent 3 takes a unique value at the TCP, and agrees
with the values found by Branco on the Bethe lattice [21].
However, in this work the presence of finite-size cores had
not been properly handled and it was erroneously
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FIG. 1 (color online). Phase diagram of the k = (2, 3) mixture,
showing the total mass of the percolating HKC cluster at differ-
ent compositions r, for ER networks with z; = 10. The TCP at
r = 1/2 separates a line of first order transitions (dashed) from
the second order line (solid). The masses of the 2-rich core and
the 3-rich core in the giant HKC are also shown (dotted and
dash-dotted lines in the shaded area, respectively). The inset
shows the phase diagram in the (r, p) space.

assumed that the phase diagrams of the k = (1, 3) and the
k = (2, 3) mixture had the same topology. The exponent
B = 1/2for r < 1/2 corresponds to the usual hybrid phase
transition seen in k-core percolation, a discontinuous tran-
sition which combines with critical fluctuations (only on
the percolating side) as usually found in second order
transitions. To our knowledge, the k = (2, 3) mixture is
the first model displaying a TCP adjacent to a hybrid phase
transition.

It has been shown that subsets of the HKC called corona
clusters have the same critical properties of the HKC
[13,19]. The corona vertices have exactly k; neighbors in
the HKC, and form finite clusters whose mean size di-
verges when approaching the threshold from above. The
corona clusters provide a more convenient order parameter

ACNPF/v

(p— pz)Nl/"

FIG. 2 (color online).

for numerical study of the model on random networks, in
contrast to the HKC where only one (infinite) cluster
survives. Using the configuration model with ER degree
distribution we simulated the k = (2, 3) mixture for vari-
ous sizes. The typical ansatz of finite-size scaling for
a continuous transition is that any quantity Y scaling as
Y ~ (p — p.)~X should have the form ¥ = NX/”F[(p —
p.)JN'/7], where v is the correlation length exponent and F
is some scaling function. Given the universal nature of F
we expect to see data collapse in a plot of YN ~X/” against
(p — p.)N'”. Computing the mass of the heterogeneous
corona Cys(k) at the TCP for various sizes we find
B/v = 0.34(5) (Fig. 2). Similarly for the mean corona
cluster size H,3, we find y/v = 0.39(4). We determine
the exponent v = 2.86(9) by the scaling of the effective
percolation threshold with size p,.. — p. ~ N~'/*, where
we have located p,,. from the peak of the susceptibility of
the corona mass ACy; = ((Cy3)* — (C3)?)/2. We find
good data collapse with these exponents in the scaling
window at the TCP (Fig. 2), and fit the exponents
B =0.9(90) and y = 1.13(1), the former being close to
the value calculated analytically. The behavior of the
strength of the HKC along the edges of the coexistence
region near the TCP for r—»%* allows us to calculate
analytically the subsidiary tricritical exponent 3, defined
by M*(r) ~ (5 — r)« [23]. For k = (2,3) we find B, = 2.

The tricritical crossover exponent ¢, describes the
change of the critical line as the TCP is approached [24].
Thus, we write the critical line in terms of two scaling
fields p; and u, perpendicular and tangent to the critical
line, respectively. Given the simplicity of the model, this
calculation can also be done analytically for ER networks.
The rotation defining the critical fields is

cost

SN sind \( p — p,
( © ) B (— sind cosf})( r—r, ) ©)
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Rescaling of the corona mass C,3 and the mean corona cluster size 5,3 at the TCP on ER networks. The data

range in size from N = 2° to N = 2'3 via successive doublings. We find the exponent ratios /v = 0.34(5) and y/v = 0.39(4) from
the scaling of C,; and =, at p, (insets) and show the data collapse achieved with those exponents (main panels N = 214 ... 218, > o,

*, ®, [, respectively).
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with tan® = 4/z,. Close to the TCP, the critical line has a
behavior ) ~ ,ui/z, with a crossover exponent ¢, = 2
(Fig. 1). We expect that the above critical behavior (as
well as the values of the critical exponents) is reproduced
by all degree distributions with finite second moment.

We simulated the k = (2,3) model on a 2D square
lattice and located the TCP at small concentrations of
k = 2 vertex types (Fig. 3). On the lattice, the analogous
bootstrap percolation (BP) model has been much studied
and it is known [25] that for k = d + 1 a discontinuous
transition occurs only at p = 1. For k = d the transition is
continuous, although the critical exponents have values
which in general depend on k. On the continuous side of
the TCP we can expect the usual scaling of the threshold
density p,. — p. ~ L™'/7, whereas for r = 0 we might
expect the scaling form found in BP p,. — p. ~ 1/logL
[26], although numerical simulations have struggled to
confirm this scaling in several cases [11]. As shown in
Fig. 3 the TCP moves toward r = 0 with increasing size
(determination of the precise scaling with L requires far
larger sizes and is the subject of further work). In fact, there
is a finite window of r over which the transition slowly
changes from first to second order, and this window be-
comes sharper with increasing system size. We quantify
this with the Binder cumulant U,(p,) = 1 — (M)*/3(M?)?
which has the value U, = £ on the first order side and 0
on the second order side (inset of Fig. 3). Data collapse
near the TCP does not work due to the presence of different
scaling regimes. We determined the critical exponents
at the TCP for the largest size simulated (L = 1024)
and found the exponents 8 = 0.31(5), ¥y = 2.51(3), and
v = 1.39(9). Exponents vy and » at the TCP are very close
to their values for ordinary percolation on a 2D lattice
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FIG. 3 (color online). Phase diagram for the k = (2, 3) lattice
model showing the threshold density p against composition r for
several sizes L = 64([), 128(<), 256(0), 384( ® ), 512(X), 768
(%), 1024(>). The arrows indicate the location of the TCP for
each L. The inset shows the Binder cumulant U,(p,.) for various
sizes, indicating the narrowing of the tricritical region for
increasing size. On the right are sample configurations at the
threshold density in the continuous transition region (top), at the
TCP (center), and in the discontinuous region (bottom); in each
case the critical HKC cluster is in lighter color (red).

(and a little smaller than the ones of explosive percolation
[2]). Exponent B, instead, is significantly larger. The
fractal dimension of the tricritical HKC clusters is
D =2 — B/v = 1.77(8), somewhat smaller than ordinary
percolation (D = 1.879), reflecting the presence of large,
jagged voids in the k = (2, 3) mixture at the TCP. The
unusual finite-size effects in this model are reflected in a
violation of the hyperscaling relation.

In contrast with the k = (2, 3) case, the phase diagrams
for k, = 1, k;, = 3 mixtures [7] do not present a TCP.
Moreover, the analytical properties of f(Z) and h(X, Z)
indicate that TCPs are also absent in mixtures of type
k, =2, k; > 3. Though far from ubiquitous, a TCP is
indeed present in the k = (2, 3) mixture, not only on the
Bethe lattice but also in ER graphs and regular square
lattices. This case appears to be peculiar because the
resiliences of the 3-rich-phase and the 2-rich-phase are
sufficiently close that the two phases collapse at the same
damage fraction, leading to a complete failure of the HKC,
either through a first or a second order transition. This
phenomenon may occur in cases when a mixing of a
continuously and a discontinuously failing phase is not
too heterogeneous (k, = k, + 1). It is intriguing to note
that the case k = (2, 3) almost exactly maps onto a model
of glasses, recently studied on the Bethe lattice [8], which
appears to be in the same universality class.

In conclusion, we have presented a new model of HKC
percolation which supports a smooth interpolation between
classical percolation and a first order phase transition
through a TCP. We are able to identify a new tricritical
scaling scenario and calculate, both by analytical and
numerical methods, critical exponents which are different
from the ones of known percolation transitions. We prove
the presence of this critical phenomenon in ER graphs, and
we also get strong numerical evidence in the square lattice.
The capacity to govern the order of phase transitions in
randomly damaged networks may constitute a step towards
a more effective infrastructure for network protection.

We thank Hans Herrmann for useful comments. This
work has been partially supported by Science Foundation
Ireland under Grants No. 03/CE2/1303-1, No. 06/IN.1/
1366, and No. 06/MI/005.

[1] A. Vespignani, Nature (London) 464, 984 (2010).

[2] N.A.M. Aradgjo, J.S. Andrade, R.M. Ziff, and H.J.
Herrmann, Phys. Rev. Lett. 106, 095703 (2011); D.
Achlioptas, R. M. D’Souza, and J. Spencer, Science 323,
1453 (2009).

[3] R.A. da Costa, S.N. Dorogovtsev, A.V. Goltsev, and
J.E.F. Mendes, Phys. Rev. Lett. 105, 255701 (2010); P.
Grassberger, C. Christensen, G. Bizhani, S. W. Son, and
M. Paczuski, ibid. 106, 225701 (2011); O. Riordan and L.
Warnke, Science 333, 322 (2011).

[4] F. Radicchi and S. Fortunato, Phys. Rev. Lett. 103, 168701
(2009).

175703-4


http://dx.doi.org/10.1038/464984a
http://dx.doi.org/10.1103/PhysRevLett.106.095703
http://dx.doi.org/10.1126/science.1167782
http://dx.doi.org/10.1126/science.1167782
http://dx.doi.org/10.1103/PhysRevLett.105.255701
http://dx.doi.org/10.1103/PhysRevLett.106.225701
http://dx.doi.org/10.1126/science.1206241
http://dx.doi.org/10.1103/PhysRevLett.103.168701
http://dx.doi.org/10.1103/PhysRevLett.103.168701

PRL 107, 175703 (2011)

PHYSICAL REVIEW LETTERS

week ending
21 OCTOBER 2011

(5]
(6]
(71
(8]
(9]

[12]
[13]

[14]

[15]

R. Parshani, S. V. Buldyrev, and S. Havlin, Phys. Rev. Lett.
105, 048701 (2010).

S.N. Dorogovtsev, A.V. Goltsev, and J.F.F. Mendes,
Phys. Rev. Lett. 96, 040601 (2006).

G.J. Baxter, S.N. Dorogovtsev, A. V. Goltsev, and J.F. F.
Mendes, Phys. Rev. E 83, 051134 (2011).

M. Sellitto, D. De Martino, F. Caccioli, and J.J. Arenzon,
Phys. Rev. Lett. 105, 265704 (2010).

J. Chalupa, P.L. Leath, and G. R. Reich, J. Phys. C 12, L31
(1979).

J. Balogh and B. G. Pittel, Random Struct. Algorithms 30,
257 (2007).

J. Adler, D. Stauffer, and A. Aharony, J. Phys. A 22, L.297
(1989); N.S. Branco and C.J. Silva, Int. J. Mod. Phys. C
10, 921 (1999).

S. Wuchty and E. Almaas, Proteomics 5, 444 (2005).
J.M. Schwarz, A.J. Liu, and L.Q. Chayes, Europhys.
Lett. 73, 560 (2006).

N. Chatterjee and S. Sinha, Prog. Brain Res. 168, 145
(2007).

J.1. Alvarez-Hamelin and A. Puglisi, Phys. Rev. E 75,
51302 (2007).

[16]

[17]

[18]

[19]
[20]

(21]
[22]

(23]

(24]
[25]

[26]

175703-5

P. Klimek, S. Thurner, and R. Hanel, J. Theor. Biol. 256,
142 (2009).

R. Cohen, K. Erez, D. ben-Avraham, and S. Havlin, Phys.
Rev. Lett. 85, 4626 (2000); J. P. Gleeson, Phys. Rev. E 77,
46117 (2008).

M. Kitsak, L. K. Gallos, S. Havlin, F. Liljeros, L. Muchnik,
H.E. Stanley, and H.A. Makse, Nature Phys. 6, 888
(2010).

A.V. Goltsev, S.N. Dorogovtsev, and J.F.F. Mendes,
Phys. Rev. E 73, 56 101 (2006).

M.E.J. Newman, SIAM Rev. 45, 167
(2003).
N.S. Branco, J. Stat. Phys. 70, 1035 (1993).

P. De Gregorio, A. Lawlor, P. Bradley, and K. A. Dawson,
Phys. Rev. Lett. 93, 25501 (2004).

J.W. Essam and K.M. Gwilym, J. Phys. C 4, L228
(1971).

E.K. Riedel, Phys. Rev. Lett. 28, 675 (1972).

R.H. Schonmann, Ann. Probab. 20, 174
(1992).
M. Aizenman and J.L. Lebowitz, J. Phys. A 21, 3801

(1988).


http://dx.doi.org/10.1103/PhysRevLett.105.048701
http://dx.doi.org/10.1103/PhysRevLett.105.048701
http://dx.doi.org/10.1103/PhysRevLett.96.040601
http://dx.doi.org/10.1103/PhysRevE.83.051134
http://dx.doi.org/10.1103/PhysRevLett.105.265704
http://dx.doi.org/10.1088/0022-3719/12/1/008
http://dx.doi.org/10.1088/0022-3719/12/1/008
http://dx.doi.org/10.1002/rsa.20158
http://dx.doi.org/10.1002/rsa.20158
http://dx.doi.org/10.1088/0305-4470/22/7/008
http://dx.doi.org/10.1088/0305-4470/22/7/008
http://dx.doi.org/10.1142/S0129183199000711
http://dx.doi.org/10.1142/S0129183199000711
http://dx.doi.org/10.1002/pmic.200400962
http://dx.doi.org/10.1209/epl/i2005-10421-7
http://dx.doi.org/10.1209/epl/i2005-10421-7
http://dx.doi.org/10.1016/S0079-6123(07)68012-1
http://dx.doi.org/10.1016/S0079-6123(07)68012-1
http://dx.doi.org/10.1103/PhysRevE.75.051302
http://dx.doi.org/10.1103/PhysRevE.75.051302
http://dx.doi.org/10.1016/j.jtbi.2008.09.030
http://dx.doi.org/10.1016/j.jtbi.2008.09.030
http://dx.doi.org/10.1103/PhysRevLett.85.4626
http://dx.doi.org/10.1103/PhysRevLett.85.4626
http://dx.doi.org/10.1103/PhysRevE.77.046117
http://dx.doi.org/10.1103/PhysRevE.77.046117
http://dx.doi.org/10.1038/nphys1746
http://dx.doi.org/10.1038/nphys1746
http://dx.doi.org/10.1103/PhysRevE.73.056101
http://dx.doi.org/10.1137/S003614450342480
http://dx.doi.org/10.1137/S003614450342480
http://dx.doi.org/10.1007/BF01053606
http://dx.doi.org/10.1103/PhysRevLett.93.025501
http://dx.doi.org/10.1088/0022-3719/4/10/015
http://dx.doi.org/10.1088/0022-3719/4/10/015
http://dx.doi.org/10.1103/PhysRevLett.28.675
http://dx.doi.org/10.1214/aop/1176989923
http://dx.doi.org/10.1214/aop/1176989923
http://dx.doi.org/10.1088/0305-4470/21/19/017
http://dx.doi.org/10.1088/0305-4470/21/19/017

