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6Physique Quantique, CP165/82, Université Libre de Bruxelles, B-1050 Brussels, Belgium

(Received 20 June 2011; published 23 September 2011)

The 2Hðd; pÞ3H, 2Hðd; nÞ3He, and 2Hðd; �Þ4He reactions are studied at low energies in a multichannel

ab initio model that takes into account the distortions of the nuclei. The internal wave functions of these

nuclei are given by the stochastic variational method with the AV80 realistic interaction and a phenome-

nological three-body force included to reproduce the two-body thresholds. The obtained astrophysical

S factors are all in very good agreement with the experiment. The most important channels for both

transfer and radiative capture are identified by comparing to calculations with an effective central force.

They are all found to dominate thanks to the tensor force.
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The nonvanishing value of the quadrupole moment of
the deuteron [1] is the best direct evidence for the existence
of a tensor force [2]. The deformation of the deuteron
indicates that nucleon-nucleon (NN) forces cannot be
purely central but must mix S and D components in
wave functions. The confirmation of the existence of a
tensor component depending on the direction of the total
spin of the two nucleons was a further success of Yukawa’s
meson theory. Taking correctly the tensor force into ac-
count and evaluating its influence are among the main
challenges of nuclear physics. The tensor force is known
to give an important attractive contribution to the binding
energies of nuclei, but this can be seen only through
complicated calculations. The role of the tensor force,
among others, is stressed in relation to the evolution of
nuclear spectra in light nuclei in Ref. [3].

The role of the tensor force is even more difficult to
disentangle in reactions. However, the four-body
2Hðd; �Þ4He reaction offers a direct manifestation of the
tensor force because its cross section at low energies is
affected by D-wave components in the relevant wave
functions and hence is very sensitive to the tensor compo-
nent in the NN interaction [4–7]. Indeed, the energy de-
pendence of its cross section at very low energies can be
explained only by the fact that the capture proceeds from
an initial s wave, i.e., without a centrifugal barrier.
However, such a transition to the 0þ 4He ground state is
not possible without D components. As we shall see, the
same manifestation of the tensor force occurs in the reac-
tions 2Hðd; pÞ3H and 2Hðd; nÞ3He, although in a less sim-
ple way.

The dþ d reactions have been studied at very low
energies for astrophysical reasons. Indeed, according to

the big bang theory, the primordial deuterons play a key
role to synthesize 4He through the reactions 2Hðd; pÞ3H
and 2Hðd; nÞ3He, followed by 3Hðd; nÞ4He and
3Heðd; pÞ4He. The reaction 2Hðd; �Þ4He might also have
an effect on the abundances of primordial elements. The
knowledge of the reaction cross sections at the energies of
astrophysical relevance is of great interest not only for
establishing imprints of the properties of nuclei in the
Universe but also for a detailed understanding of the inter-
play between the structure and reactions of these nuclei.
Because of the complexity of the NN interaction,

ab initio studies on scattering and reactions have first
been limited mostly to three-nucleon systems [8]. It is
only recently that several approaches, e.g., Green’s func-
tion Monte Carlo method [9], the no-core shell model [10],
and continuum discretization [11] were applied to scatter-
ing calculations. Closely related to the present study are
coupled-channels calculations including nþ h, pþ t,
and dþ d, where t and h stand for 3H and 3He, respec-
tively [12,13].
In this Letter, we present ab initio cross section calcu-

lations for the radiative capture process, 2Hðd; �Þ4He, and
the transfer reactions 2Hðd; pÞ3H and 2Hðd; nÞ3He. These
precise four-nucleon microscopic calculations of the three
reactions simultaneously allow us to emphasize the influ-
ence of the tensor force not only on the capture reaction
[4–7] but also on the two transfer reactions.
We have recently applied a multichannel microscopic

cluster model to study the phase shifts of the pþ h [14],
dþ d, pþ t, and nþ h [15] scatterings. This model com-
bines the stochastic variational method [16,17] with the
microscopic R-matrix method (MRM) [18]. Here we use
wave functions that are obtained by a combination of
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Gaussian-type functions by solving Schrödinger equations
for the intrinsic Hamiltonians. The relative motion func-
tions between the nuclei are also expanded in terms of
Gaussian bases. Matrix elements needed to solve contin-
uum problems are reduced to exactly the same as those in
bound-state problems, and they can be analytically ob-
tained [15]. One of the advantages of this formulation is
that the inclusion of excited or pseudostates of the nuclei is
quite easy. When two nuclei approach each other, one or
both of them can be distorted because realistic NN inter-
actions can affect considerably both space and spin parts of
their wave functions, so that it is crucially important to take
account of distorted configurations.

The Hamiltonian we use reads

H ¼ X4

i¼1

Ti � Tcm þX4

i<j

Vij þ
X4

i<j<k

Vijk; (1)

where Ti is the nucleon kinetic energy, Tcm is the kinetic
energy of the center of mass, and Vij and Vijk are two-body

and three-body interactions, respectively. The Coulomb
potential between protons is included. The p-n mass dif-
ference is ignored. For Vij we use two different realistic

potentials, AV80 [19] and G3RS [20], that consist of cen-
tral, tensor, and spin-orbit pieces. Table I lists some prop-
erties of the relevant nuclei obtained with these potentials.
The number N of basis functions used to construct the
cluster wave function had to be chosen rather small to
make the cross section calculation possible within reason-
able computer times. Because we optimized the basis
functions by using the stochastic variational method, the
properties listed in Table I are pretty close to those of more
extensive calculations [21] despite the use of smaller N
values. The G3RS potential is softer than the AV80 poten-
tial and gives slightly smaller D-state probabilities for d, t,
h, and � [21]. It is crucial to reproduce the two-body
thresholds of dþ d, tþ p, and hþ n for comparing cal-
culated astrophysical S factors to the experiment. Thus we
include a phenomenological three-body force taken from
Ref. [22]. Because our main aim is to clarify the role of the
tensor force, it is useful to compare results obtained with
the realistic interactions with that of an effective NN inter-
action that contains no tensor force. We adopt the

Minnesota (MN) central potential [23] with u ¼ 1:0. No
three-body force is necessary with the MN potential.
The total wave function with the angular momentum JM

and parity � is given in terms of a combination of various
channel components �JM�

c :

�JM�
c ¼ A½½�a

Ia�a
�b

Ib�b
�I�J

c�JM; (2)

where �a
Ia�a

and �b
Ib�b

are, respectively, antisymmetrized

intrinsic wave functions of nuclei a and b that compose
channel c, �J

c is the relative motion function with the
orbital momentum ‘, and A is an antisymmetrizer acting
between the clusters. The square brackets ½IaIb�I denote
the angular momentum coupling. All possible I, ‘ sets with
‘ � 2 are included. The channels included in the calcula-
tion are tð1=2þÞ þ p, hð1=2þÞ þ n, and dð1þÞ þ dð1þÞ,
where, for example, t stands for a triton not only in its
ground state but also in its excited pseudostates with 1

2
þ.

These pseudostates are obtained together with the ground
state by diagonalizing the Hamiltonian for the nþ nþ p
system. The pseudostates of h and d are included as well.
We also include other two-body channels npð0þÞ þ
npð0þÞ and 2nð0þÞ þ 2pð0þÞ. Here each two-nucleon sys-
tem is unbound but included to take into account possible
distortions of the incoming d’s. Their wave functions are
obtained by the same S-wave basis function used in the d
cluster and are approximated by a bound-state type of wave
function.
The relative motion functions �J

c in Eq. (2) are deter-
mined with the MRM, in which the configuration space is
divided into two regions, internal and external, by a chan-
nel radius. The relative motion function �J

cm‘
ðrÞ in the

inner region is expanded in terms of Gaussian basis func-
tions as

P
iCir

‘ expð��ir
2ÞY‘m‘

ðr̂Þ with a suitable set of

�i’s. With the help of the Bloch operator it is smoothly
connected, at the channel radius, to the asymptotic form of
the relative wave function that contains the scattering
S-matrix to be determined. We choose a suitable number
of bases f�ig so as to make the S matrix stable and inde-
pendent of the channel radius. A detailed analysis of the
phase shifts obtained in the MRM is reported elsewhere
[15]. The cross sections for the radiative capture and
transfer reactions are calculated as in Ref. [24]. The �
properties with the full multichannel MRM basis are given
in Table I.
First we discuss the radiative capture reaction

2Hðd; �Þ4He. The symmetry of the two d’s imposes the
condition Iþ ‘ even, which together with the addition of
the angular momenta Iþ ‘ ¼ J and the parity � ¼
ð�1Þ‘�a�b leads to the following relationship between
the multipole (EM�) of electromagnetic transition and

the incoming dd channel (ð2Iþ1Þ‘J): 3P1 for E1, 5D1 for
M1, 5S2,

1D2, and
5D2 for E2, etc. Because of isospin

conservation, one expects the radiative capture to proceed
predominantly via the E2 transition at low energies. With
the present Hamiltonian, the forbidden E1 transition

TABLE I. Ground-state energies E and D-state probabilities
PD obtained with the AV80 and G3RS potentials and a three-
body force. N is the number of basis functions.

Nucleus N
AV80 G3RS Exp.

E PD E PD E

d 8 �2:18 5.9 �2:13 5.0 �2:22

t 30 �8:22 8.4 �8:24 6.9 �8:48

h 30 �7:55 8.3 �7:58 6.9 �7:72

� 2370 �27:99 13.8 �28:23 11.2 �28:30
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represents less than 15% at its maximum near 200 keV but
decreases at lower energies because of an initial p wave
and gives a minor contribution to Sð0Þ. Notice that the
larger percentage in Ref. [7] seems to be due to a smaller
E2 component. We thus discuss the cross section assuming
E2 transitions. Table I indicates that the Li ¼ 2 component
of the incoming dd state in the swave is 10%–11% and the
Lf ¼ 2 component of the final � state is 11%–14%, where

L stands for the total orbital angular momentum of the
system. We expect the E2 transition to mainly occur in
three paths: (i) Li ¼ 2ð‘ ¼ 0Þ, Lf ¼ 0, (ii) Li ¼ 0ð‘ ¼ 0Þ,
Lf ¼ 2, and (iii) Li ¼ 2ð‘ ¼ 2Þ, Lf ¼ 0. The first two

paths occur in the incoming 5S2 channel and are favored
by the absence of a centrifugal barrier. They depend on the
admixture of D-state probabilities in the dd (i) and � (ii)
wave functions. Hence they are possible only when the NN
interaction contains a tensor component. Paths (i) and (iii)
are favored by the large Lf ¼ 0 final component in 4He.

Figure 1 displays the calculated astrophysical S factor
for the 2Hðd; �Þ4He reaction. Results with bothAV80 (solid
line) and G3RS (dashed line) potentials very well repro-
duce the experimental data, especially their flat behavior at
low energies, whereas the MN potential (dotted curve)
shows a rapidly decreasing pattern as Ecm decreases, typi-
cal of an initial d wave. The extrapolated Sð0Þ value is
6:3� 10�3 (AV80) and 8:1� 10�3 eV b (G3RS). To clar-
ify the energy dependence of the S factor, we show in Fig. 2
the contributions of the three incoming dd channels to the
S factor: 5S2 (dotted line), 1D2 (dashed line), and 5D2

(dash-dotted line). The first two channels give equal con-
tributions at about 0.3 MeV. Below that energy, the 5S2
channel overwhelms the 1D2 channel, yielding the flat
behavior, whereas above that energy the 1D2 channel con-
tributes more than the 5S2 channel. The contribution of the
5D2 channel is negligible below 10 MeV. The E2 transition
in the case of the MN potential occurs through path (iii),
and the corresponding S factor (dotted curve in Fig. 1) is
quite similar to the 1D2 contribution (dashed line in Fig. 2).
The energy dependence of the S factor, manifestly different

between the realistic and effective interactions, is attrib-
uted to the role played by the tensor force. Without tensor
force, the astrophysical S factor of the 2Hðd; �Þ4He reac-
tion cannot be reproduced below 0.3 MeV. Notice that the
low-energy S factors for both potentials are not correlated
with the deuteron D-state probabilities of Table I. This is
due to the interference between paths (i) and (ii) where
both S and D waves contribute.
We now discuss the astrophysical S factors for the

reactions, 2Hðd; pÞ3H and 2Hðd; nÞ3He. The NN interaction
is responsible for these transfer reactions, and no apparent
selection on J� values is possible. We have taken into
account the states with 0�, 1�, and 2�. Figure 3 compares
the astrophysical S factors between the theory and experi-
ment. The extrapolated Sð0Þ values for 2Hðd; pÞ3H and
2Hðd; nÞ3He reactions are 56 and 54 keV b with the AV80
potential. The results obtained with the realistic potentials,
both AV80 and G3RS, are in very good agreement with
experiment, while the MN potential gives too small cross
sections. To clarify the reason for this difference, we
analyze the contribution of each J� state to the S factor.
Figure 4(a) exhibits the partial contribution to the
2Hðd; pÞ3H S factor for AV80. The contribution of the 1þ
state is negligible in this energy region. The 2þ contribu-
tion is largest below 60 keV, and the 0þ contribution is not
that large. This difference is probably due to the fact that
the tensor force, which is responsible for the 2þ contribu-
tion as discussed below, has a longer-ranged attraction
compared to the central force responsible for the 0þ con-
tribution. The summed contributions of the negative parity
states, in which the 1� state is dominant, rapidly increase
with increasing energy. In Fig. 4(b), we plot the decom-
position of the 2þ contribution according to transfer pro-
cesses specified by the incoming dd and final tp channels.
For 2þ the tp channel contains 1D2 and 3D2. Thus the

transfer reaction in 2þ proceeds from the three incoming
dd channels to the two outgoing tp channels. Among
these, most important three paths are drawn: 5S2 ! 1D2

(dotted line), 5S2 ! 3D2 (dashed line), and 1D2 ! 1D2

(dash-dotted line). The transfer process 5S2 ! 3D2

γ

FIG. 1. Astrophysical S factor of the 2Hðd; �Þ4He reaction.
Results calculated with the realistic (AV80 and G3RS) and
effective (MN) potentials are compared to the experiment [25].

FIG. 2. Contributions of the three incoming dd channels, 5S2,
1D2, and

5D2, to the astrophysical S factor of the 2Hðd; �Þ4He
reaction. The AV80 potential is used.
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dominates over the others at low energies. The main com-
ponent of the dd 5S2 channel consists of Li ¼ 0, Si ¼ 2,
while that of the final outgoing channel has Lf ¼ 2, Sf¼1,

where Si and Sf are the total spins of the initial and final

states, respectively. This process is realized by the tensor
force but cannot occur with the MN potential. Similarly,
the 5S2 ! 1D2 process is realized by the tensor force, but

its contribution becomes smaller than the 3D2 case because

of different spin structures. Namely, the four nucleons in
5S2 that initially have Si ¼ 2 with [4] symmetry have

stronger tensor couplings with the [31] Sf ¼ 1 state in
3D2 than with the [22] Sf ¼ 0 state in 1D2. The

1D2 !
1D2 process can occur by the central force. Therefore, with

the MN potential, the astrophysical S factor is contributed
mainly by the 0þ and negative parity states at low energies
and by the 1D2 ! 1D2 transition at higher energies, but it

misses the most important 5S2 ! 3D2 transition. This is the

reason why the MN potential underestimates the S factor.
The tensor force again plays a crucial role in reproducing
correctly the S factor for the transfer reactions.

In conclusion, the three reactions of astrophysical inter-
est, 2Hðd; �Þ4He, 2Hðd; pÞ3H, and 2Hðd; nÞ3He, are simul-
taneously studied in an ab initio model using realistic NN

interactions. The distortion of the nuclei is taken into
account. The astrophysical S factors of these reactions
are all very well reproduced. The radiative capture occur-
ring via E2 is made possible through the D-wave compo-
nents of 2H and 4He, which is a direct manifestation of the
tensor force. A further step will be a precise explanation of
the properties of the E1 andM2 components [7] and of the
smallness of M1. In that case the use of a more realistic
three-nucleon interaction will be desirable as exemplified
in Ref. [9]. The transfer reactions near zero energy mainly
occur from the transition of the dd 5S2 channel to the

D-wave continuum of tþ p or hþ n, which is also due
to the tensor force. Without a tensor force the flat behavior
of the S factor of these reactions at low energies cannot be
reproduced as shown by the failure of calculations with an
effective force, and the evolution of the Universe after the
primordial nucleosynthesis would be quite different from
what we know.
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