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We extend the Mermin-Wagner theorem to a system of lattice spins which are spin coupled to itinerant
and interacting charge carriers. We use the Bogoliubov inequality to rigorously prove that neither (anti-)

ferromagnetic nor helical long-range order is possible in one and two dimensions at any finite temperature.
Our proof applies to a wide class of models including any form of electron-electron and single-electron
interactions that are independent of spin. In the presence of Rashba or Dresselhaus spin-orbit interactions
(SOI) magnetic order is not excluded and intimately connected to equilibrium spin currents. However, in
the special case when Rashba and Dresselhaus SOIs are tuned to be equal, magnetic order is excluded

again. This opens up a new possibility to control magnetism electrically.
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Since the seminal work on phase transitions by
Hohenberg [1] and Mermin and Wagner [2] it has become
common knowledge that spontaneous order in low-
dimensional systems is generically not possible at any
finite temperature. In these studies, the use of the
Bogoliubov inequality [3] was essential: Hohenberg used
it to rule out superfluidity [1] and Mermin and Wagner to
rule out magnetic order in Heisenberg spin systems [2] in
dimensions d < 3. This approach is very powerful and was
then applied to many different systems [4—10], including
the Anderson and Kondo lattice models [11,12].

For systems in the continuum, the weak coupling ap-
proximation is often applied leading to an effective ex-
change coupling between the localized spins which is of
the RKKY-type [13]. RKKY interactions occur in many
physical systems, prominent examples of present interest
are heavy-fermion systems [14], diluted magnetic semi-
conductors [15-18], and nuclear spins in low-dimensional
conducting nanostructures [19-21]. The latter system plays
an important role as noise source for spin qubits in GaAs or
InAs quantum dots [22-24], and much effort goes into
understanding and controling the nuclear spin bath, with
one possibility being to freeze out the nuclear noise by
magnetic order [25,26].

In contrast to the Heisenberg exchange, however, the
RKKY interaction is long-ranged and thus is not covered
by the original Mermin-Wagner theorem which requires
the spin interactions to decay sufficiently fast with distance
r (faster than 1/r>"%) [2]. Addressing precisely this issue,
Bruno [10] was able to rule out in RKKY systems magnetic
order in one dimension. A similar conclusion, however, for
the two-dimensional counterpart appears still to be miss-
ing. Here we will fill this gap by rigorously proving the
absence of order for a rather general class of systems
which consist of lattice spins embedded in a continuum
of itinerant electrons with which they interact by an
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isotropic on-site spin interaction. The allowed electron
Hamiltonian H, is very general and may include
electron-electron interactions as well as any single-particle
potential (such as lattice or disorder potential) that does not
depend on spin. For this class of models we prove then that
in the thermodynamic limit ferro- and antiferromagnetic,
as well as helical, long-range order of the lattice spins is
excluded at any finite temperature in dimensions one and
two. We show that this conclusion remains valid when
short-range Heisenberg interaction between lattice spins
is included. Our result also applies to the RKKY case, since
this regime is obtained from the full one by lowest order
perturbation expansion in the on-site spin interaction [13]
including the full H, [26].

Moreover, we consider the effect of Rashba [27] and
Dresselhaus [28] spin-orbit interactions (SOI) which ex-
plicitly break the spin symmetry. Our argument becomes
then inconclusive and magnetic order cannot be excluded.
While this finding is not unexpected it is remarkable that it
is closely linked to the existence of equilibrium spin cur-
rents studied recently in spintronics [29-31]. Even more
remarkably, we find that in the special case when Rashba
() and Dresselhaus (B8) SOIs become equal, magnetic
order is excluded again. Since « can be electrically tuned
to B [32-34], this opens up a new way to tune magnetism
by electrical gates.

Finally, we note that the absence of spontaneous order
proven here is valid only in the thermodynamic limit; thus,
effective ordering in nanostructures of finite size at suffi-
ciently low (but finite) temperatures is not in conflict with
our findings.

Model—We consider a lattice {R;};; filled with N,
spins | i (fj?, IA;, IAj) located at the sites R;. The lattice
is embedded into a volume () containing N, itinerant
electrons which couple to the lattice spins via on-site

N,
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spin-spin interactions. The Hamiltonian for the entire

system reads,

N, N,
H=H,+JY8;-1;+hY (e @R[+ Hc), (1)
j=1 j=1

H,=Hy,+V+U= Z, ]pl/2m+zl<]V +

Zf/:“l U(t;) is the Hamiltonian describing the electron sys-
tem. Here, m is the mass and p; the momentum operator of
the ith electron, V;; = V(§; — ;) the electron-electron
interaction of electrons at positions f; and £, and U(F;)
an arbitrary spin-independent single-electron potential.
Typical examples for U(f;) are periodic lattice potentials,
disorder potentials, electron-phonon interactions [35], etc.
We remark that in contrast to previous work on lattice
models [11,12], we do not restrict the motion of the
electrons to the sites of a lattice (tight binding limit) but
allow them to move in the real space continuum. Further, J
denotes the coupling strength of the isotropic spin

interaction at lattice site R, =y =15 I where
S i = S(R ;) is the electron spin den51ty operator S(r) =
SN 8,8(r — &), with §; = (5%, 8], §7) being the spin-1/2
of the ith electron. The vector components of each spin, §*
and [ ;, satisfy standard spin commutation relations.
Finally, to probe the order for the lattice spins I j we break
the symmetry by an external (fictitious) field 4 pointing in,
say, the z direction, which we let then go to zero at the end.
This leads to an additional Zeeman term H,(Q) =
hz;\/;l e‘iQ'R.ff§ + H.c. To rule out ferromagnetic order
we will choose Q = 0, whereas to exclude antiferromag-
netic order we will choose Q such that e QR = +1 if R
connects sites from the same sublattice, and e QR = —1,
if R connects sites from different sublattices.

To prove the absence of spontaneous order for the lattice
spins i j we follow Ref. [2] and make use of the Bogoliubov
inequality [3], which is an exact relation between two
operators A, C, and a Hamiltonian H,

144 ATNC H] CTD = ks TI[C ADI%. (2)

where

Here, (A) = Tre H/%TA/Tre=H/%T denotes the expecta-
tion value in a canonical ensemble, T the temperature, kg
the Boltzmann constant, and {A, B} = AB + BA the anti-
commutator and [A, B] = AB — BA the commutator. It is
assumed that all expectation values are well-defined
and exist in the thermodynamic limit defined by N,, N,
() — oo with electron density n, = N,/{) and density of
lattice spins n; = N;/() finite.

Proof.—The strategy of the proof consists of using the
Bogoliubov inequality to derive an upper bound for the
order parameter corresponding to the phase transition we
want to discuss. If this bound turns out to be in contra-
diction with the presence of long-range magnetic order,
then the absence of the corresponding phase transition is
rigorously demonstrated. The success of the procedure

depends crucially on the choice of the operators A and C in
(2). As we shall see, the appropriate choice for our case is
given by

- &+
Cq=S—q+Ig+85+17q, Ag=Ifo+1i o

where the Fourier transforms are given by Sq =
Zﬁv,_”l e aTig, and iq = Zj'vi] e‘i‘l'R.fij [36], and where
B* = B* * iB’. Note that Cy and A, are not Hermitian
in general. Since the Bogoliubov inequality (2) is valid for
any wave vector q, it can be generalized to

1 [([Cq AgDI?

S A ALY = kT S )

3 24 2. [Co 1. CLD’

where the sum runs over all ¢’s in the first Brillouin zone of
the reciprocal lattice. We note that the above choice for C,
and A, is essential also for the following reason. Besides
the fact that 3 {[Cq, Aq]) can be expressed in terms of the
lattice spin magnetization, the generally complicated in-
teraction terms V and U in H, simply drop out of the
calculation since they commute with Cq,

[Cy H,]=[824 + 8%y, Hyl (5)
This simplification is a crucial advantage of first over
second quantization formalism since spin and position
operators of the electrons trivially commute. (Note, how-
ever, that the expectation values still contain the full
Hamiltonian including U and V.) Hence, our proof goes
through for any form of the potentials V and U as long as
they are spin independent.

We now focus on the various terms in Eq. (4) and find
bounds for them. Here, we outline only the main steps of
the calculations and defer details to the Appendix [37].
As a first step, let us evaluate the double commutator on
the right-hand side of inequality (4). By Virtue of the
commutation relation [SZ., Hy]l = — 5L 3, 57{p,, 9T},
we obtain that [[Cy, H,] cil= LN,q% The part of the
double commutator with H; vanishes since [Cq, H,] = 0.
Indeed, [qu, H,|= izi]je"q'fﬁ(f‘i - Rj)(ij X §,)*, and
thus [qu, H,|= —[ifq, H;]. After some calcula-
tions (see [37]) we find that [[Cy, H.(Q)], CE] =
—4h(zje*"Q'RiIA§ + H.c.). Hence,

ﬂ%ﬂf@=m&f—M%m

e

5@& (©)

where the lattice spin magnetization appearing in Eq. (6),
which we identify as the order parameter, is defined by
mi(Q) = N%(E.je*"Q'R/’IA; + eiQ'Rff§>. The commutator on
the right-hand side of inequality (4) can also be expressed
in terms of m;(Q),

<[qu Aq]> = _2N1m;(Q) (7

Finally, the sum on the left-hand side of Eq. (4) can be
bounded as follows,
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> {Aq. ALY = 2N, (I} 1731 + cos(Q - R))))
q J

< 4N2(21)?, (8)

where we have used that 3, ®Ri"R) = N, 5 R,» and
{ir oI [7}) = (21)2. Using Egs. (6)—(8), we obtain from
the Bogoliubov inequality (4)

4N2 z(Q)Q
T ([Cq H] CED

Our goal is to rule out spontaneous magnetization in the
lattice spin system, therefore we are interested in the
behavior of the order parameter mj(Q) in the limit of
vanishing external field, i.e., h — 0, after we have taken
the thermodynamic limit. We need to distinguish two
cases: () mj(Q) = 0, V h around h = 0; (ii) mj(Q) # 0,
V h around i = 0. If (i) is satisfied, there is no order and
the proof is completed. If (ii) is satisfied, we need to show
that lim;,_ym$(Q) = 0 follows from inequality (9) in the
thermodynamic limit. In this limit, the sum can be replaced
by an integral,

ANF(21)?/2 = kpT) 9)

kBTN]U d
N,(2m)?

g mj(Q)*

2 )
3=+ [vhmj(Q)|
where v = 2N, /N,, q. is an arbitrary cutoff vector lying in
the first Brillouin zone, v = {}/N,, and we have used that

([Cy H], CLD = No(¢*/m + 12vhm;(Q)]). In the one-
dimensional case (d = 1), Eq. (10) gives

@n? = (10)

lql=lq.!

ATl |:arctan(—lqcI >:|_1 = _mi(QF ,
r 2m|lvhmi(Q)| Im7(Q)|

(11
where A; = 7(21)*n,/v/(kg~/2m) . In the limit & — 0,
the left-hand side of inequality (11) vanishes and this
implies that lim;,_,mj(Q) = 0. The two-dimensional
case can be treated in a similar way. For d = 2, inequality

(10) leads to the following relation
=mj(QP,  (12)

Pl )] =

where A, = 242, //vm. It follows from inequality (12)
that lim;,_,m3(Q) = 0 here, too. Since our arguments were
independent of the choice of Q, we have proven that
neither ferromagnetic nor antiferromagnetic long-range
order of the lattice spins is possible at any finite tempera-
ture 7 > 0 in one and two dimensions.

The absence of order can be traced back to the increased
fluctuations in the lattice spin system in lower dimensions.
These fluctuations, in turn, have their origin in the kinetic
energy of the electrons, as one can explicitly see from
Eq. (10) where the term g?/2m is responsible for the
divergency in above ¢ integrals for d = 1 and 2.

Next, we show that helical long-range order of the lattice
spins is also excluded. The strategy of the proof remains
the same and we shall be brief (for details see [37]). To
study this type of order, we consider the symmetry break-

ing Zeeman term H,(Q) = 2/3hY ;e ¢RI} + H.c.
and the magnetic order parameter mf‘ Q) =42/ 3Ni1 X
(3;e @R[ + H.c.) which corresponds to a spin helix
in the xy-plane. Note that the spin part of Hamiltonian (1)
is isotropic and consequently all choices for the helix are
equivalent. The operators Cyq and Ay for the Bogoliubov
inequality (4) are now chosen to be

Cq=584+1I

and A, = I ) (13)

\/— (Iq+Q

The double commutator on the right-hand side of Eq. (4)
becomes then ([Cy, H], CIY=N.(g*/4m — vhm,(Q)/2).
Since <[qu Aq]> = (NI/\/z)m]J_(Q) and Zq<{Aq’ Ai}) =
2N?#(21)?, Eq. (4) takes in the thermodynamic limit exactly
the same form as Eq. (10), where mj(Q) must be replaced
by mj(Q). We thus conclude that llmhﬁoml (Q) =0 for
any Q and hence long-range helical order is also excluded
in one and two dimensions at any 7 > 0 [38].

As a further generalization, short- range impurity-spin
Heisenberg interaction H; =Y ;.1 i L | I, is added to
Hamiltonian (1). When the couplings I,; satisfy
1/N; 31 1;1(R; — R j)? < oo, then both proofs to exclude
(anti-) ferromagnetic and helical ordering remain valid
and lead to Eq. (10) with renormalized mass m" = m/
(1+ SmIZZ—: NL, il Ll (R; — R )?) [37].

Presence of spin-orbit interaction.—Next we investigate
the question of magnetic order in a low-dimensional elec-
tron gas in the presence of Rashba [27] and/or Dresselhaus
[28] spin-orbit interaction which break the rotational spin
symmetry of the Hamiltonian (1) explicitly. The spin-orbit
Hamiltonian is given by Hgg = Hr + Hp, with Hy =
a 35 (PISY = piS)). Hp = BX0 (P — py3)), where
a (B) is the Rashba (Dresselhaus) coefficient. Using
Eq. (3) for C4, we obtain [[Cy, Hsol, C;] = 4maf£:0,x +
4dm ,Bj'flzo,y, where we have defined the spin-current density
=3 ", ¢ {p,, S(f; — r)} and its cor-
responding Fourier component Jq >80 {p,, et}
These spin currents may lead to an intrinsic cutoff for the
fluctuations in ¢, and thus help to establish order. To see
this, we evaluate now the spin currents perturbatively
around the free electron limit, i.e., U, V, J =0, and at
T =0139],

operator as j*(r) =

, mE
(gmodo = Q4 ~a, (14)

. mE
(gmoyho = —Q =B, (15)
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where Ej is the Fermi energy and the results are valid in
the regime ma?, mB?> < h*Er [40]. Performing now a
perturbative expansion in the parameters V, U, J, T around
above free case, we conclude that () # 0 and () # 0
[41]. (In passing we note that in the stationary and homo-
geneous limit, the spin currents satisfy the relations (j¥) =
—(j») and (j¥)y = —(f;) due to a generalized continuity
equation; see [37].) As a consequence, the commutator
([Cq: Hso ), C:{]} appearing in Eq. (9) does not vanish
anymore and thus provides an intrinsic cut-off to the g-
integral [cf. Equation (10)]. Hence, the bound for the order
parameter we extract from inequality (10) is a constant
which does not vanish in the limit # — 0. Thus, our argu-
ment becomes inconclusive and we cannot rule out (anti-)
ferromagnetic order in this case.

Similarly, for helical order our argument remains incon-
clusive, since [[C'q, Hyol, C‘:{] = ma(ﬁ;:o,x — ]A'flzo,y) +
m,B(f(yI:O,y - J,'\i;:()’x), which, will not vanish in general.

Next, let us consider the special case @« =  where new
symmetries emerge [42]. Then, the leading terms, Eqs. (14)
and (15), cancel, indicating that the physics changes dra-
matically. Indeed, by making use of the “gauge transfor-
mation” U = eiZkA"'fk, where A, = —am($} —§)(1,1,0),
to remove the SOI from the Hamiltonian, we can prove as
before [37] that (anti-) ferromagnetic order in the z direc-
tion can now be excluded rigorously for any 7 >0 and
d =1, 2. Similarly, we can rule out helical ordering de-

scribed by the order parameter mj- = N%(Z je*"Q‘RfIAj*' +

H.c.) with Q=+2am(1,1,0) [for rotated coordinates
(.3, 2)= (., 2) = (2, (x + y)/V2, (x = y)/+/2); see [37]].
Thus, quite remarkably, this spin-orbit effect suggests
the control of magnetism by electrical gates, namely, by
tuning the Rashba SOI («) [32-34] from the regime a # 8
(ordering not excluded) to @ = S (ordering excluded).

Conclusions.—We proved an extension of the Mermin-
Wagner theorem for lattice spins interacting with itinerant
electrons, and showed that spontaneous order of the lattice
spins is ruled out in one and two dimensions at finite
temperature. In the presence of Rashba («) and
Dresselhaus (8) spin-orbit interactions, however, sponta-
neous order could not be excluded, unless for « = .
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