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We study the nonlinear interaction of laser light with vacuum for a large angular aperture at

electromagnetic field strengths far below the Schwinger limit. The polarization and magnetization in

vacuum irradiated by a focused laser beam clearly differ from those in matter. This is due to the

dependence on the Lorentz invariant, which results in a ring-shaped radiation distribution in vacuum. The

number of the radiated photons increases nonlinearly with increasing angular aperture.
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The development of ultraintense lasers [1–3] is opening
up many new fields, especially in the area of high-field
physics. One of the horizons in high-field physics is to
generate electron-positron pairs by irradiating vacuum
with visible laser light near the Schwinger limit, which is
given by Isch ¼ cE2

sch=4�� 1029 W=cm2, where c is the

speed of light and Esch the field strength of the Schwinger
limit [4]. Several approaches have been proposed for re-
ducing the laser light intensity required to realize pair
production [5,6]. On the other hand, a vacuum irradiated
by visible laser light is expected to exhibit nonlinear opti-
cal properties at intensities far below the Schwinger limit
since electron-positron pairs will be created in the vacuum
for an extremely short time determined by the uncertainty
principle for energy and time. Pairs with such a short
lifetime will interact with a sufficient number of photons
to give rise to nonlinear optical properties in vacuum. In
this regime, the interaction can be treated by perturbation
theory in quantum electrodynamics (QED). Wave optics is
required in addition to QED when considering the optical
properties in this regime. Most studies of the nonlinear
optical properties in vacuum used an assumption of a small
laser focusing angle (i.e., a narrow angular aperture) to
simplify the complex phenomena in the vacuum [7–12].
However, advances in high energy density science and
high-power laser optics are increasing the degrees of free-
dom of the laser focusing geometry; for example, novel
focusing plasma optics with an extremely large angular
aperture of over 100� has been realized that increases the
focused laser intensity [13]. In addition to increasing the
laser intensity, focusing a laser beam with a large angular
aperture could increase the Lorentz invariants in the
formula for the effective Lagrangian density of the elec-
tromagnetic field. Lorentz invariants are critical for gen-
erating polarization and magnetization in a vacuum. Thus,
the small angular aperture approximation is not sufficient
and more precise treatment of wave optics is required for
experiments that will open up the new field of nonlinear
optics in vacuum.

Here, we theoretically investigate laser interaction with a
vacuum for any angular aperture by applyingwave optics to
QED. The polarization and magnetization in a vacuum
interacted with focused laser beam increase nonlinearly
with increasing angular aperture for a fixed light intensity.
The radiation from the vacuum is also calculated using
wave equations corrected by QED. It has a ring-shaped
spatial distribution, which clearly differs from the nonlinear
optical properties of matter irradiated by light. Calculations
also predict that increasing the angular aperture will in-
crease the number of radiated photons nonlinearly.
To consider the optical properties in vacuum, we use the

effective Lagrangian density of the electromagnetic field
presented byHeisenberg, Euler, and Schwinger [4,14]. This
effective Lagrangian densityL is valid for electromagnetic
fields with wavelengths much larger than the electron
Compton wavelength [15] and is represented by the sum
of the conventional Lagrangian density of classical electro-
dynamicsLcl and theQED correction termL0 :L ¼ Lcl þ
L0. L0 can be described in terms of the Lorentz invariants
F ¼ ðjBj2 � jEj2Þ=2 and G ¼ E �B of the electromag-
netic field E and B by the following expansion [15,16]

L0 ¼ L1 þL2 þ � � �

¼ �ð4F 2 þ 7G2Þ
360�2E2

sch

� �F ð8F 2 þ 13G2Þ
630�2E4

sch

þ � � � ; (1)

where � ¼ e2=@c is the fine-structure constant, e the ele-
mentary charge, and @ the reduced Planck constant. This
expression is valid for field strengths below the Schwinger
limit. The polarization P and the magnetization M in
vacuum can be obtained using L0 presented in Eq. (1) as
follows [15]:

P ¼ @L0

@G
B� @L0

@F
E ¼ 4�ð7GB� 4FEÞ þ � � � ;

M ¼ @L0

@F
Bþ @L0

@G
E ¼ 4�ð7GEþ 4FBÞ þ � � � ;

(2)

where � ¼ �=720�2E2
sch.
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The representation derived from vector diffraction the-
ory by Richards and Wolf [17] can be used to accurately
consider the vector character of the electromagnetic field
of the focused laser beam with a large angular aperture.
According to Ref. [17], the electric and magnetic fields
near the focus of the incident laser beam with a frequency
! that is linearly polarized with a homogeneous distribu-
tion on the aperture can be represented by the following
forms of E ¼ Refee�i!tg ¼ er cos!tþ ei sin!t and B ¼
Refbe�i!tg ¼ br cos!tþ bi sin!t. Here, e and b are the
time-independent parts of E and B, respectively, Re and
the subscript r denote the real part, and the subscript i
denotes the imaginary part. Taking E and B to be the
electromagnetic fields of the focused light, the relationship
between F and G is given by Gðu; v;�Þ ¼ F ðu; v;�þ
�=4Þ, where u ¼ kzsin2ð�=2Þ, v ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
sinð�=2Þ,

k ¼ !=c, � denotes the azimuthal angle in the x-y plane
and � the angular aperture. Here, the x and y axes with the
origin at the focus respectively denote the directions of the
electric and magnetic fields of the incident light and
the z axis denotes the propagation direction of the incident
light.

P and M given by Eq. (2) are expressed by P ¼ P1 þ
P2 þ � � � and M ¼ M1 þM2 þ � � � , which are the sums
of the polarization Pm and the magnetizationMm given by
the mth term of L0, respectively. From calculations, we

obtain
ffiffiffiffiffiffiffiffiffiffiffiffiffiffihjP2j2i

p
max=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffihjP1j2i
p

max < 10�3 for the polariza-
tion in the vacuum irradiated by focused light with a
peak intensity below 1027 W=cm2, which is much lower
than Isch; a similar relationship holds betweenM1 andM2.

Here,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffihjP1j2i

p
max and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffihjP2j2i
p

max are, respectively, the

maximum values of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffihjP1j2i

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffihjP2j2i
p

in the focal
plane and the angled brackets denote the time-averaged
value. In our calculations, the contributions of P2,M2, and
higher components can be considered to be negligible
since we consider light with peak intensities much lower
than Isch. Consequently, the polarization with the funda-
mental frequency! in vacuum can be approximated by the
lowest-order term, which leads to P being expressed by

P ’ �½7fð3er � br þ ei � biÞbr þ ðer � bi þ ei � brÞbig
þ 2fð3jerj2 þ jeij2 � 3jbrj2 � jbij2Þer
þ 2ðer � ei � br � biÞeig� cos!t

þ �½7fðer � bi þ ei � brÞbr

þ ðer � br þ 3ei � biÞbig þ 2f2ðer � ei � br � biÞer
þ ðjerj2 þ 3jeij2 � jbrj2 � 3jbij2Þeig� sin!t: (3)

The magnetization M is similarly approximated by the
lowest-order term. The relationships between the
Cartesian components of these P and M are given
by Mxðu; v;�Þ ¼ �Pyðu; v;�� �=2Þ, Myðu; v;�Þ ¼
Pxðu; v;�� �=2Þ, and Mzðu; v;�Þ ¼ Pzðu; v;�� �=2Þ.

We take the laser wavelength to be � ¼ 1 �m. Figure 1
shows the spatial distributions of the Lorentz invariants
jhF ij and jhGij of the focused laser beam in the focal plane
for � ¼ 100�, where the x and y axes are parallel to the
directions of the electric and magnetic fields of the incident
laser beam, respectively. As Fig. 1(a) shows, jhF ij com-
pletely vanishes at the focus but has peak values on the x
and y axes. This nonzero value of jhF ij originates from the
fact that the distributions of the electric and magnetic field
amplitudes of the focused light are not the same, but are
elliptical with their major axes lying, respectively, along
the x and y axes, despite the fields of the incident light
having homogeneous distributions [17]. These rotationally
asymmetric distributions of the fields near the focus, which
arise from focusing a linearly polarized laser beam, have
been studied theoretically and experimentally [17–19]. The
distribution of jhGij shown in Fig. 1(b) is given by the
above-mentioned relationship between the Lorentz invari-
ants. Figures 2(a) and 2(b) show the spatial distributions of
the polarization and magnetization P and M given by
Eq. (3) in the focal plane for � ¼ 100�, respectively. The

FIG. 1 (color). The distributions of the Lorentz invariants
(a) jhF ij and (b) jhGij of the focused laser beam in the focal
plane for � ¼ 100�. The x and y axes are expressed in units of
the laser wavelength �. The Lorentz invariants are normalized to
the peak value.

FIG. 2 (color). The distributions of the amplitudes (colors) and
directions (white arrows) of (a) the polarization P and (b)
the magnetization M described by Eq. (3) in the focal plane

for � ¼ 100�. The amplitudes of P and M are given by
ffiffiffiffiffiffiffiffiffiffiffiffihjPj2ip

and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffihjMj2ip

, respectively. The x and y axes are expressed in
units of the laser wavelength �. The amplitudes are normalized
to the peak value.
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colors represent
ffiffiffiffiffiffiffiffiffiffiffiffihjPj2ip

and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffihjMj2ip

, which correspond to
the amplitudes of P and M, and the white arrows indicate
their directions. The specific distributions of the ampli-
tudes and directions of P and M are attributed to the
dependences of the polarization and magnetization in vac-
uum on the Lorentz invariants shown in Fig. 1, which
(unlike in matter) are determined by the relationship be-
tween the electric and magnetic fields.

The elliptical distributions of the amplitudes of the
electric and magnetic fields become more pronounced
with increasing angular aperture due to the increase in
the longitudinal z components of the fields since the ellip-
tical distributions are mainly attributed to the longitudinal
components [19]. Therefore, the magnitudes of the Lorentz
invariants F and G increase with increasing angular aper-
ture, enhancing the polarization and magnetization in the
vacuum. This is summarized in Fig. 3, where the maximum

value of the amplitude
ffiffiffiffiffiffiffiffiffiffiffiffihjPj2ip

in the focal plane is equal to

that of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffihjMj2ip

and increases with increasing angular
aperture for a constant laser intensity.

Next, we consider the electromagnetic field radiated
from the vacuum. From the Maxwell equations including
the QED correction term L0, the wave equations in the
vacuum are obtained as follows:

hE ¼ �4�

�
rðr � PÞ � 1

c2
@2P

@t2
� 1

c
r� @M

@t

�
;

hB ¼ �4�

�
1

c
r� @P

@t
þr� ðr�MÞ

�
;

(4)

where h ¼ r2 � @2=@ðctÞ2. The radiated electric and
magnetic fields Er and Br are obtained by solving

Eq. (4). In our calculations, the contributions of Er and
Br to P andM can be neglected because these components
are much smaller than the electromagnetic field of the
focused light, which dominates in the generation of P
and M. The number of photons radiated from the vacuum
per laser shot can be defined by using Er and Br as follows

N ’ �

@!

Z
S

��������
�
c

4�
Er � Br

���������dS; (5)

where S is the domain of the surface integral and the laser
pulse is assumed to be rectangular with a duration �.
Figures 4(a) and 4(b), respectively, show the intensity

distributions of the focused light with no interaction with
vacuum and the radiated electromagnetic field with the
fundamental frequency for an f number of f=# ¼ 0:4 (� ’
103�), where f=# is defined as focal length divided by
aperture diameter. The x-y plane is located 20� ¼ 20 �m
from the focal plane in the propagation direction of the
incident light and each intensity is normalized by its peak
value. The radiated field in Fig. 4(b) is obtained by calcu-
lating the wave equations Eq. (4) taking P andM to be the
source of the radiated field. The radiated field has a ring-
shaped distribution completely different from that of the
focused light, and reflects the distributions of the ampli-
tudes of P and M shown in Fig. 2.
Figure 5 shows the number of the radiated photons

polarized perpendicular to the incident laser light as a
function of the laser power for � ¼ 100 fs. The solid,
dashed, and dot-dashed lines indicate the calculation re-
sults for f=# ¼ 0:4, 1 (� ’ 53�), and 4 (� ’ 14�), respec-
tively. In the case of f=# ¼ 0:4; i.e., � ’ 103�, the number
of the photons reaches approximately 4� 104 for 200 PW
which will be realized in the future project [2]. Comparison
of the results for � ’ 103� and � ’ 53� for the same laser
power reveals that the number of radiated photons

FIG. 4 (color). The intensity distributions of (a) the focused
laser beam with no interaction with vacuum and (b) the electro-
magnetic field radiated from the vacuum irradiated by a focused
beam in the plane located 20� ¼ 20 �m from the focal plane in
the propagation direction of the incident laser beam. The
f number is assumed to be 0.4 (i.e., � ’ 103�). The peak
intensities of the focused light and the radiated field are about
1022 W=cm2 and 104 W=cm2 for a laser power of 100 PW,
respectively. The intensities are normalized to their peak values.

FIG. 3 (color online). Angular aperture dependence of the
maximum amplitude of the polarization P in the focal plane
under a fixed laser intensity, and geometric configuration of the
incident laser light. The maximum amplitude of P is equal to that
of the magnetization M. The amplitude is normalized to the
value for � ¼ 180�.
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increases by 2 orders of magnitude on doubling the angular
aperture. Moreover, reducing the f number from 4 to 0.4,
which corresponds approximately increasing the angular
aperture by a factor of 7, enhances the number of photons
by 7 orders of magnitude. From Eqs. (4) and (5), the
number of the radiated photons is roughly proportional to
the square of the polarization and magnetization. Figure 3
shows that the polarization increases approximately by a
factor of 60 through increasing the angular aperture from
14� to 103� under a fixed laser intensity. Then, the seven
order enhancement of the number of photons consists of
the three order enhancement (by the increases in the po-
larization and magnetization independent of the increase in
the laser intensity) and the four order enhancement (by
geometrical effects with decreasing focal spot size).

In this study, we investigated the interaction of a focused
laser beam with a vacuum for a large angular aperture. We
found that the number of photons radiated from a vacuum
irradiated by a focused beam increases nonlinearly with
increasing angular aperture; for example, the photon num-
ber is enhanced by 7 orders of magnitude when the angular
aperture is increased by a factor of 7 for a fixed laser power.
The radiated electromagnetic field has a ring-shaped inten-
sity distribution and contains a component oscillating

perpendicular to the polarization of the incident laser
beam. This is because the polarization and magnetization
in the vacuum clearly differ from those in matter due to the
dependence on the Lorentz invariants. These results reveal
that employing a large angular aperture will facilitate the
detection of nonlinear optical properties in a vacuum.
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