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We have investigated the anharmonicity and quantum effects in the Invar alloy Fe64:6Ni35:4 that shows

anomalously small thermal expansion. We have performed Fe and Ni K-edge extended x-ray-absorption

fine-structure spectroscopic measurements and the computational simulations based on the path-integral

effective-classical-potential theory. The first nearest-neighbor (NN) shells around Fe show almost no

thermal expansion, while those around Ni exhibit meaningful but smaller expansion than that of fcc Ni. At

low temperature, the quantum effect is found to play an essentially important role, which is confirmed by

comparing the quantum-mechanical simulations to the classical ones. The anharmonicity (asymmetric

distribution) clearly exists for all the first NN shells as in normal thermal expansion systems, implying the

breakdown of the direct correspondence between thermal expansion and anharmonicity.
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Anomalously small thermal expansion over a wide tem-
perature range in an iron-nickel alloy with a nickel con-
centration of around 35% was discovered by Guillaume in
1897 [1]. The effect is well known as the Invar effect and
has been utilized in various kinds of industrial products.
Other physical properties such as elastic constants and
magnetization show also anomalous behaviors [2–4]. It
has been recognized that the effect originates from mag-
netism. However, there are still many scientific papers
published concerning the origins of the Invar effect, thus
implying a lack of a full understanding of the effect. A
basic concept of the Invar effect is that there exist at least
two types of electronic states in Fe, typically high-spin
(HS) and low-spin (LS) states [2,5]. In this two-state
model, the equilibrium potential energy is lower in the
HS state than in the LS one, while the equilibrium atomic
radius is larger in the former. This results in the compen-
sation of thermal expansion due to increasing density of the
LS state at higher temperature. A recent ab initio electronic
structure calculation at 0 K, however, reveals very compli-
cated electronic configurations in a smaller volume region
[6]. Computational simulations at finite temperatures have
also been carried out for the understanding of magnetiza-
tion and thermal expansion [7–11]. There have been, how-
ever, no reports concerning quantum-mechanical dynamics
calculations, such as path-integral Monte Carlo (MC)
simulations, to the best of our knowledge, although in
general thermal expansion inherently results from anhar-
monic vibration, to which the quantum effect is essentially
important at low temperature.

In this Letter, we will present the experimental results of
the local thermal expansion and the anharmonic behavior
around Fe and Ni by measuring Fe and NiK-edge extended
x-ray-absorption fine-structure (EXAFS) spectra of the
Invar alloy. EXAFS is a very powerful tool for the

characterization of local thermodynamic properties and
has extensively been applied to various kinds of thermody-
namic systems [12–24]. In the present work, it is found that
the first nearest-neighbor (NN) bond distance around Fe
shows almost no thermal expansion in the temperature
range of 12.5–300 K, while the one around Ni also gives
significantly smaller expansion than that for the fcc Ni. It is
well established that the vibrational anharmonicity leads to
thermal expansion in normal materials. The present system
is, however, found to give a pretty normal anharmonicity
that was evaluated from the asymmetry of the pair distri-
bution function. We will also present the MC simulation
results of thermal expansion and vibrational anharmonicity
obtained by the path-integral effective-classical-potential
(PIECP) theory [21–23,25] within the simple two-state
(HSþ LS) model. It is revealed by comparing the results
given by the classical theory that the quantum effect dras-
tically contributes to the Invar effect at low temperature
(< 100 K). Moreover, all the bonds of Ni-Ni, Ni-Fe, and
Fe-Fe pairs exhibit significant suppression of thermal ex-
pansion, although the Ni potential itself is not affected by
the change of the Fe HS-LS state.
The Fe and Ni K-edge EXAFS spectra of a pinholeless

Fe64:6Ni35:4 foil 8 �m thick were recorded at Beamline 9C
of Photon Factory in High Energy Accelerator
Organization (KEK-PF) [26] with the transmission mode
using a Si(111) double crystal monochromator. Ionization
chambers filled with 100%N2 and 50% Ar inN2 were used
to measure the incident and transmitted x-ray intensities,
respectively. The measurement temperature range was
12.5–300 K. For comparison, Cu and Ni K-edge EXAFS
spectra of fcc Cu and Ni metal foils were taken. The
temperature was measured by a calibrated Si diode placed
near the sample and also verified by the temperature de-
pendence of the Cu K-edge EXAFS of fcc Cu.
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The EXAFS oscillation functions k3�ðkÞ (k the photo-
electron wave number) were obtained by the standard
procedures as the background subtraction and the normal-
ization with atomic absorption coefficients. The k3�ðkÞ
functions were subsequently Fourier transformed, Fourier
filtered for the peaks of interest (the first NN shell in the
present study), and were finally curve-fitted in k space.
Note here that the neighboring atoms of surrounding Fe or
Ni were not distinguished because of only a small differ-
ence of the backscattering amplitudes between Fe and Ni,
and therefore the resultant values obtained experimentally
are the average ones for each x-ray absorbing atom. The
bond distance R, the mean square relative displacements
C2 ¼ hðr� RÞ2i, and the mean cubic relative displace-
ments C3 ¼ hðr� RÞ3i were obtained. C2 and C3 corre-
spond to the thermal and static variance of the bond
distance and the asymmetry of the pair distribution func-
tion, respectively [27]. To evaluate the relative quantities
like thermal expansion, empirical analysis using the lowest
temperature data as a reference was conducted, while the
determination of the absolute values was carried out by
employing the FEFF8 [28] standards that were obtained by
the calculations of clusters assuming some randomly dis-
tributed alloy structures.

PIECPMC simulations within the low coupling approxi-
mation [22,25] were performed under a constant number of
particles, pressure, and temperature (NPT) condition. The
constant-pressure condition is essentially important to re-
veal thermal expansion [14,24]. Although the PIECP the-
ory can treat only periodic lattices [22,25] and is strictly
not applicable to the present alloy system with random
distribution, the Invar alloy exhibits clear fcc structure and
the atomic weights of Fe and Ni are not very different,
allowing us to adopt the theory to the present simulation.
The total number of atoms was 500 (53 fcc cubic unit
cells), and the distributions of Fe and Ni were chosen
randomly. Eleven types of the superlattices were simulated
and the results were averaged to provide consequent
physical quantities. The potentials of Fe and Ni were based
on the empirical embedded-atom method (EAM) [29,30].
The potential parameters of Ni were optimized by using
known thermodynamic quantities like elastic constants
[30]. Those of Fe were assumed by referring to the litera-
ture [31–33] and also the present experimental results. For
comparison, the MC simulations based on the classical
thermodynamics and also the PIECP simulations using
only the HS potential were carried out. More detailed
descriptions of the data analysis computational procedures
are found in the Supplemental Material [34].

Figure 1 shows the thermal expansion of the 1st NN
bond distances determined by the present EXAFS. The
dashed line corresponds to the experimental equilibrium

distance Rlattice ¼ a0=
ffiffiffi

2
p

(a0 is the lattice constant deter-
mined by the x-ray diffraction [35]). The solid line is the
bond distance Rbond estimated within the harmonic

approximation as Rbond ¼ Rlattice þ hu2?i=Rlattice, where

hu2?i is the average squared displacement of each atom

along the perpendicular direction to the corresponding
bond axis. The difference of the distance between Rlattice

and Rbond originates from the vibration perpendicular to the
equilibrium bond direction [17–20]. Rbond is always
slightly larger than Rlattice. The hu2?i can be evaluated using
the correlated Debye model [36] with the Debye tempera-
ture of �D ¼ 430 K, which was estimated from the
present temperature dependence of C2. The fcc Cu and
Ni metals show normal thermal expansion in good agree-
ment with estimated Rbond, indicating high accuracy of the
present analysis as in the previous reports [18–20,22–24].
In the Invar alloy, thermal expansion is hardly seen in the

local structure around Fe, while that around Ni is observed
clearly. The magnitude of thermal expansion around Ni is,
however, significantly smaller than that of fcc Ni, indicat-
ing the suppression of thermal expansion around Ni as well
as Fe. As we expected from the two-state model given by
Weiss [2], almost no thermal expansion around Fe can be
ascribed to the direct effect of the increasing population of
the LS state in Fewith increasing temperature. On the other
hand, the behavior around Ni may be attributed to the
indirect effect in the two-state model. Although Ni is likely
to expand normally with the temperature rise, this is also
suppressed by the almost fixed lattice constant. This will be
further discussed in detail below.
Figure 2 shows the simulated bond distances and the

lattice constants by the PIECP and classical MC methods.
Figure 2(a) gives the binding energies of Invar Fe65Ni35
and fcc Fe at a temperature of 0 K as a function of the 1st
NN distance. In the present atomic potentials, the fcc Fe
system shows that the LS state is more stable by 8.0 meV
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FIG. 1 (color online). Experimentally observed thermal expan-
sion of the 1st NN bond distances for the Invar alloy (red circle
for Ni and blue square for Fe), fcc Ni (purple diamond), and fcc
Cu (green triangle). The dashed lines are the 1st NN distance
estimated from the lattice constant, while the solid lines are the
corresponding bond distances corrected within the harmonic
vibration (see the text for details ). The red dotted line is a guide
to the eye for the bond distance around Ni in the Invar alloy.
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than the HS state with the bond distances of RHS ¼
2:530 �A and RLS ¼ 2:492 �A, while the Invar case exhibits
a more stable HS state by 25.0 meVwith the bond distances

of RHS ¼ 2:530 �A and RLS ¼ 2:490 �A. In Figs. 2(b)–2(d),
the agreement between the PIECP and experiments is
good: almost no thermal expansion around Fe and mean-
ingful thermal expansion around Ni. On the contrary, the
classical method is found to give fatal discrepancies at low
temperature below�100 K; the bond and lattice distances
significantly increase with the temperature rise. These
findings imply the essential importance of the quantum
effect, which is recognized as a zero-point vibration.

To get further insights into local thermal expansion,
the bond distance of each component (Fe-Fe, Ni-Ni and
Ni-Fe) pair is shown in Fig. 3. In this plot, the PIECP MC
results, by using only the HS Fe state, are also depicted to

recognize hypothetical normal thermal expansion in this
system. As expected, the Fe-Fe pair shows the largest
discrepancies between the two-state (HSþ LS) and the
HS-only models. This is caused by the increasing popula-
tion of the Fe LS state with the temperature rise, yielding
compensation of the thermal expansion with the one orig-
inating from anharmonic vibration. The most important
finding in Fig. 3 is that even Ni-Ni and Ni-Fe pairs exhibit
significant suppression of thermal expansion. This is con-
sistent with the above experimental finding that thermal
expansion around Ni is noticeably suppressed compared to
that of fcc Ni. Although Ni does not change its electronic
configuration depending on temperature and may tend to
expand because of anharmonic vibration, the Ni-Ni or Ni-
Fe bond expansion is significantly suppressed due to the
anomalously small expansion of the lattice. Interestingly,
the suppression of the thermal expansion seems more
significant in the Ni-Fe bond than in the Ni-Ni bond.
This can be explained by the fact that the Fe atom sur-
rounded by many Ni atoms tends to maintain the HS state.
In the present EAM potentials, the energy difference be-
tween the HS and LS states is determined by the sum of the
d electron density of surrounding atoms at the Fe site. The
d electron density at the 1st NN distance is smaller in Ni
than in Fe because of larger nuclear charge in Ni, leading to
more probability of the HS state in Fe surrounded by more
Ni atoms. Furthermore, the Ni-Ni bond is noticeably softer
than the Ni-Fe bond and is more likely to match the lattice
parameter. These effects consequently yield smaller ther-
mal expansion in the Ni-Ni bond than the Ni-Fe one.
Finally, let us discuss the third-order anharmonicity in the

Invar alloy. Figure 4 shows themean cubic relative displace-
ments C3 for the average 1st NN shells around Fe and Ni,

 2.525

 2.530

 2.535

 2.540

 0  100  200  300  400

R
  (

Å
)

Temperature   (K)

 2.530

 2.535

a 0
/  

2 
 (

Å
)

 2.0  2.5  3.0  3.5  4.0

E
ne

rg
y 

 (
eV

)

Distance   (Å)

2 eV

LS only
HS only

fcc Fe

Invar

(a) fcc Ni

Bond distance

obsd.
quantum
classic

Ni

Fe

(c)

(b)

Lattice constant

obsd.
quantum
classic

(d)

FIG. 2 (color online). (a) Binding energies of Invar Fe64:6Ni35:4
(top lines), fcc Fe (bottom lines), and fcc Ni (bottom, green
dotted line) as a function of the 1st NN distance at a temperature
of 0 K. For Fe, two types of the potentials for the HS (red solid
line) and LS (blue dashed line) states are depicted. (b),(c)
Simulated 1st NN bond distance around Fe (b) and Ni (c) given
by the PIECP (blue circles and solid line, quantum) and the
classical MC (green diamond and dashed line, classic) methods,
together with the experimental EXAFS data (red open circle with
an error bar). (d) Equilibrium 1st NN distance (a0=

ffiffiffi

2
p

) given by
the PIECP and classical MC simulations, together with the
experimental literature data (red circle and dotted line) [35].
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FIG. 3 (color online). Simulated bond distances of Fe-Fe (blue
square and solid line), Ni-Ni (red square and solid line), and
Ni-Fe (green square and solid line) pairs, together with the
average ones around Fe (pink circle and solid line) and Ni
(orange circle and solid line). The experimental data for the
average one around Fe and Ni are again shown. The dashed lines
are the PIECP results by using only the HS state in Fe.
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respectively. The agreement between the experiments and
the PIECP simulations is not perfect, but C3 increases
gradually with the increase in temperature for both the Fe
and Ni data. Clear anharmonicity in the Invar alloy is thus
confirmed by comparing the PIECP simulations between
the two-state (HSþ LS) and HS-only models. Both the
simulated data exhibit essentially the same C3 values, im-
plying no suppression of C3 due to the contribution of the
LS state, as observed in the thermal expansion. Since the
asymmetric radial distribution for the 1st NN shell almost
exclusively originates from the anharmonic interatomic
potential [37–39], the present result implies that the third-
order anharmonicity clearly exists even in the case of no
thermal expansion. Note that in the present PIECP simula-
tions within the low coupling approximation, the quantum
effect inC3 is not properly taken into consideration because
of the neglect of the phonon-phonon coupling. The impor-
tant qualitative finding of the presence of C3 without ther-
mal expansion is, however, clearly exemplified.
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