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Electron energy distributions upstream of a current-free double layer (CFDL) contained in a low-

collisional plasma are modeled and compared with experimental results. The experimentally observed

electron energy probability functions (EEPFs) with a depleted tail above the energy corresponding to the

potential drop of the CFDL can be well approximated by a Druyvesteyn distribution function. Theoretical

effective electron temperatures for the Druyvesteyn distribution are in good agreement with the values

obtained from the experimental EEPFs over the range of pressure where the CFDL is observed.
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Electric fields of electric double layers (DLs), which
spontaneously form in plasmas, accelerate or trap the
charged particles and initial investigations of laboratory
DLs focused on the current-driven DL (CDDL) [1–3]. The
theoretical solution of the CDDL was derived assuming
two counterstreaming plasmas with a resultant net current
across the DL, Maxwellian distribution functions, and a
collisionless plasma [4,5]. The position and potential drop
of the CDDLs strongly depend on the ion and electron
velocity or energy distribution functions [6,7].

Subsequent to the theoretical prediction of a new
category of DLs [8], i.e., a current-free DL (CFDL), ex-
periments on the current-free mode were successfully
demonstrated [9,10]. Hairapetian and Stenzel observed
the formation of a stationary CFDL when a collisionless
two-electron-temperature plasma with an energetic tail of
electrons over 80 eV expands into a vacuum; the ions
upstream of the DL are accelerated to supersonic velocities
by the potential drop [10]. According to a recent theory on
this CFDL, its solution requires the condition that the
temperature of the energetic-tail electrons is higher by
about 10 times that of the low-energy cold electrons [11].

More recently, another CFDL has been described in a
number of experiments involving low-collisional, magneti-
cally expanding, inductive- or wave-mode discharges [12].
The rapid potential change of this ‘‘low-collisional’’ CFDL
near the expanding magnetic field (with an associated
acceleration of the ions by the DL electric field) is now
being employed in the development of a plasma thruster,
for studies on plasma instabilities [13] and for solar plasma
physics [14]. The ion energy distribution functions in the
‘‘Hairapetian and Stenzel’’ CFDL in vacuum and in the
low-collisional CFDL are not dissimilar. The latter CFDL
has been theoretically investigated: one proposed model
required an electron beam accelerated by the DL from the
downstream plasma [15], and another model followed the
classical sheath theory for Boltzmann electrons [16].

However, a typical electron energy distribution measured
about 8 cm upstream of this CFDL [17], shown in Fig. 1 as
open circles, is significantly different from the assumptions
of Refs. [15,16]. The electron energy probability function
(EEPF) shows a depleted tail at the break energy "break
corresponding to the DL potential drop as indicated by the
vertical arrow in Fig. 1, instead of an electron beam super-
posed on a Maxwellian distribution. By comparing the
EEPFs upstream and downstream of the CFDL, it has
been suggested that the depleted, energetic-tail electrons
overcome the potential drop of the DL and neutralize the
ion beam accelerated by the DL. Hence, it appears that the
low-collisional CFDL is sustained by only a single plasma
source, and does not require the counterstreaming plasmas
and the two-electron-temperature population with the
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FIG. 1 (color online). Normalized EEPF measured at 8 cm
upstream of the CFDL for 0.3 mTorr of argon in the Chi-Kung
reactor (open circles), and the theoretical EEPFs for various
values of x with the same effective temperature as in the
experiment (Teff � 8:5 eV).
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energetic tail as measured in the Hairapetian and Stenzel
CFDL. Determining the electron energy distribution func-
tion associated with a DL is essential for the understanding
of the underlying physics, of the fundamental DL charac-
teristics (position and potential drop), and consequently of
its classification.

In this Letter, the electron energy distribution upstream
of the low-collisional CFDL is analytically modeled: the
EEPFs with the depleted tail are approximately fitted by a
Druyvesteyn distribution and the effective electron tem-
perature is analytically obtained. The theoretical results are
successfully compared with experimental results obtained
for two system geometries and two operating gases.

Although the electron energy distribution can be rigor-
ously obtained by a direct solution of the Boltzmann
equation [18], the balance equation between volume ion-
ization and surface loss of the charged particles is presently
used as it is a simple and powerful method for determining
the electron temperature [19]. In addition, it has been ex-
tended to generalized electron energy distributions [20]; no
comparison with experiments has yet been reported. The
particle balance equation for cylindrical plasmas can be
expressed as [19]

Kizng�R
2l ¼ uBð2�R2hl þ 2�RlhRÞ; (1)

where Kiz, ng, R, l, uB are the ionization rate constant, the

gas density, the plasma radius, the plasma length, and the
Bohm velocity, respectively. hl and hR are the axial and
radial center-to-edge density ratios, which are assumed

to follow the low-pressure diffusion theory with hl ¼
0:86ð3þ l=2�iÞ�1=2 and hR ¼ 0:8ð4þ R=�iÞ�1=2, where
�i is the ion-neutral mean free path. The generalized
EEPF gpð"eÞ and the distribution function (EEDF) geð"eÞ
can be expressed as

gpð"eÞ ¼ gx
ne

T3=2
eff

exp

�
�Cx

�
"e
Teff

�
x
�
; (2)

geð"eÞ ¼ "1=2e gpð"eÞ; (3)

where "e and Teff are the energy of electrons and the
effective electron temperature in units of volts, and x is a
parameter giving the shape of the EEPF and EEDF; x ¼ 1
and x ¼ 2 correspond to Maxwellian and Druyvesteyn
distribution functions, respectively. gx andCx are constants
derived from the relations between the EEDF and
the density ne, and between the EEDF and the effective
electron temperature Teff , respectively. They can be ex-

pressed as gx ¼ ð2=3Þ3=2x½�ð�1Þ��5=2½�ð�2Þ�3=2 and Cx ¼
ð2=3Þx½�ð�2Þ=�ð�1Þ�x, where �1 ¼ 3=ð2xÞ, �2 ¼ 5=ð2xÞ,
and �ð�Þ is the Gamma function defined as

�ð�Þ ¼
Z 1

0
t��1 expð�tÞdt: (4)

The shape of the EEPF and EEDF, i.e., the value of x,
affects uB and Kiz in Eq. (1). Amemiya [21] reported the
sheath formation criterion for non-Maxwellian EEPFs and
the generalized Bohm velocity can be derived as

e

M

1

u2B
¼ 1

2ne

Z 1

0

gpð"eÞ
"1=2e

d"e; (5)

where M is the ion mass. Substituting the generalized
EEPF of Eq. (2) into Eq. (5), the Bohm velocity is

uB ¼
�
3eTeff

M

�
1=2 �ð�1Þ

½�ð�2Þ�ð�3Þ�1=2
; (6)

where �3 ¼ 1=ð2xÞ. The ionization rate constant Kiz is
analytically derived by using the Thomson cross section:
�izð"eÞ ¼ ��ðe=4��0Þ2ð1="eÞð1="iz � 1="eÞ for "e �
"iz and 0 for "e � "iz [19], where �0 and "iz are the
permittivity of free space and the ionization energy, re-
spectively. � ¼ 6 from Ref. [19] is a coefficient used to fit
the approximate equation with the actual cross section. As
the ionization rate constant Kiz can be expressed as Eq. (7)
below, it can be analytically derived as Eq. (8) by substitut-
ing Eqs. (2) and (3) and the ionization cross section.

Kiz ¼ 1
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�
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geð"eÞd"e; (7)
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t

dt

�
: (8)

Here, t1 ¼ Cxð"iz=TeffÞx and �ða; xÞ is the upper incom-
plete Gamma function defined as

�ða; xÞ ¼
Z 1

x
ta�1 expð�tÞdt: (9)

The integration in the second term of Eq. (8) is the ex-
ponential integral of the special functions. Solving Eq. (1)
using Eqs. (6) and (8) yields the effective electron tem-
perature Teff for a given x, pressure (ng), and plasma

geometry (R; l).
The EEPFs upstream of the DLs have been experimen-

tally measured in two plasma reactors: the Chi-Kung re-
actor at the Australian National University [17] and the
PMPI reactor at Iwate University [22]. Briefly, Chi-Kung
has a 13.7-cm-diameter 30-cm-long source tube sur-
rounded by a double-saddle field antenna powered from a
radio frequency (rf) generator operating at 13.56 MHz and
250 W. The source is contiguously connected to a 30-cm-
diameter 30-cm-long aluminum diffusion chamber and an
expanding magnetic field of about 130 G in the source is
provided by two solenoids. Here the Chi-Kung reactor is
operated in argon or xenon and the CFDL forms about
5 cm upstream of the source exit for a pressure range of
0.2–2 mTorr in argon, and 0.03–0.5 mTorr in xenon [12].
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The PMPI reactor has a 6.4-cm-diameter 20-cm-long
source tube connected to a 26-cm-diameter 30-cm-long
stainless steel diffusion chamber. A double-loop antenna
is wound around the source tube 9 cm upstream of the
source exit, and is powered from a rf generator operating at
13.56 MHz and 250 W. In PMPI, the expanding magnetic
field of about 100 G in the source is provided by double
concentric arrays of permanent magnets. When the PMPI
source is operated with an argon pressure of 0.2–1.5 mTorr,
the CFDL forms a few centimeters upstream of the source
exit [22]. In both experimental systems, the plasmas are
terminated at the upstream side by insulator plates, which
ensure the current-free condition. Dogleg rf-compensated
probes [17] are used to measure the EEPFs at about 8 cm
upstream of the DL in Chi-Kung and at about 3 cm up-
stream of the DL in PMPI. The EEPF shown in Fig. 1 was
taken in the Chi-Kung reactor and all the EEPFs acquired
in the two systems show similar features: a clear change of
the slope in logarithm plots of the EEPFs at an energy
corresponding to the DL potential drop [17].

The effective electron temperature can be calculated
from the experimental EEPF as

3

2
Teff ¼ 1

ne

Z 1

0
"egeð"eÞd"e: (10)

The effective electron temperature obtained from the EEPF
in Fig. 1 measured in Chi-Kung for 0.3 mTorr of argon is
about 8.5 eV. The theoretical EEPFs with the same effec-
tive temperature for various x are calculated using Eq. (2)
and plotted in Fig. 1 as dotted (x ¼ 1), dashed (x ¼ 1:5),
solid (x ¼ 2), and dot-dashed (x ¼ 2:5) lines, respectively.
The experimental EEPF with the low-energy, high-
temperature population and the depleted, energetic,
low-temperature tail population is found to be well
approximated by the theoretical curve for x ¼ 2, i.e., the
Druyvesteyn distribution function.

In order to have confidence that the experimental EEPFs
can be fitted by a Druyvesteyn distribution function, an
error analysis is performed over the range of pressures used
in the experiments. The most appropriate values of x are
determined to minimize the error SðxÞ between the loga-
rithm of the EEPFs gp exptð"eÞ in the experiments and

gp calcð"eÞ calculated using Eq. (2). Here the error SðxÞ is
defined as

SðxÞ¼
Z 1

Teff

flog½gpexptð"eÞ�� log½gpcalcð"eÞ�g2d"e; (11)

where the integration is carried out above the energy
corresponding to the effective electron temperature Teff

since electrons with an energy below Teff are often lost
from the experimental EEPFs [23]. For the calculation of
the second term in Eq. (11), i.e., log½gp calcð"eÞ�, the effec-
tive electron temperatures Teff estimated from the experi-
mental EEPFs are used. Figure 2 shows the value of x
giving the minimum error SðxÞ as a function of the

operating gas pressure for the three experimental data
sets: argon in PMPI (filled squares) and argon (open
squares) and xenon (open circles) in Chi-Kung. Over this
range of gas pressures, the values of x suitable for approx-
imating the experimental EEPFs are close to x ¼ 2.
Equation (1) is solved for the Druyvesteyn distribution

(x ¼ 2). The radius R and the length l are selected as the
source tube radius (3.2 cm for PMPI and 6.85 cm for Chi-
Kung) and the axial distance from the upstream insulator
plates to the DLs (17 cm for PMPI and 25 cm for Chi-
Kung), where the ions are assumed to enter the DL and the
sheath on the radial and upstream source walls with the
Bohm velocity. The theoretical and experimental Teff are
plotted in Fig. 3 for argon in PMPI (crosses with line and
filled squares), for argon in Chi-Kung (open triangle with
line and open squares), and for xenon in Chi-Kung (open
diamonds with line and open circles). The theoretical
results are in fairly good agreement with the experimen-
tally obtained effective electron temperatures in the three
experimental configurations over the range of investigated
gas pressure. Hence, it is demonstrated that the EEPF and
EEDF upstream of the CFDL in low-collisional magneti-
cally expanding plasmas can be modeled by the balance
equation using Druyvesteyn distribution functions. The
dashed line in Fig. 3 shows the analytical Teff in argon in
Chi-Kung geometry in the case of a Maxwellian distribu-
tion (x ¼ 1): as expected it shows a significant discrepancy
when compared to the experimental data and to the
Druyvesteyn analysis. Hence the shape of the EEPF and
EEDF, i.e., the value of the parameter x, is the critical
parameter for determining the effective electron tempera-
ture upstream of the low-collisional CFDL.
In some previous reports on the CFDL in magnetically

expanding plasmas [15,24], it was assumed that the bal-
ance between ionization and particle loss is sustained by an
electron beam accelerated by the DL superposed on a
Maxwellian distribution function. Here, the present results
clearly show that the balance between ionization and
particle loss inside the source tube is satisfied by a
Druyvesteyn-approximated electron energy distribution
with a depleted tail. This CFDL for the Druyvesteyn
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FIG. 2 (color online). The value of x giving the minimum error
SðxÞ defined by Eq. (11).
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distribution function is not in accordance with the result of
Ref. [11] which stipulates the absence of CFDL solutions
when there is no hot tail in the electron energy distribution
function. This seems to indicate that the low-collisional
CFDL is a new class of double layers.

In summary, the electron energy distribution and proba-
bility functions (EEDFs and EEPFs) upstream of the CFDL
in a low-collisional magnetically expanding plasma have
been investigated analytically and experimentally. The
energy distribution with a depleted tail above a break
energy corresponding to the DL potential drop can be
well approximated by a Druyvesteyn distribution. The
theoretical effective electron temperatures obtained from
the upstream particle balance for the Druyvesteyn distri-
bution agree well with experimental results obtained in two
system geometries and for two gases.
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FIG. 3 (color online). Theoretical and experimental effective
electron temperatures Teff in argon in PMPI (crosses with solid
line and filled squares), in argon in Chi-Kung (open triangles
with solid line and open squares), and in xenon in Chi-Kung
(open diamonds with solid lines and open circles) as a function
of the gas pressure for a Druyvesteyn distribution (x ¼ 2). The
dashed line is the analytical results for a Maxwellian distribution
(x ¼ 1) in argon in Chi-Kung for comparison.
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