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Universal logarithmic terms in the entanglement entropy appear at quantum critical points (QCPs) in

one dimension (1D) and have been predicted in 2D at QCPs described by 2D conformal field theories. The

entanglement entropy in a strip geometry at such QCPs can be obtained via the ‘‘Shannon entropy’’ of a

1D spin chain with open boundary conditions. The Shannon entropy of the XXZ chain is found to have a

logarithmic term that implies, for the QCP of the square-lattice quantum dimer model, a logarithm with

universal coefficient �0:25. However, the logarithm in the Shannon entropy of the transverse-field Ising

model, which corresponds to entanglement in the 2D Ising conformal QCP, is found to have a singular

dependence on the replica or Rényi index resulting from flows to different boundary conditions at the

entanglement cut.
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The use of quantum information concepts to understand
many-particle systems near a quantum critical point (QCP)
has grown rapidly since the 1994 calculation of entangle-
ment entropy in one-dimensional (1D) critical systems [1].
Entanglement entropy shows a universal logarithmic di-
vergence at 1D critical points described by 2D conformal
field theories (CFTs) [2] and at infinite-randomness 1D
critical points [3]. Recent work has studied generalizations
to Rényi entropy and the entanglement spectrum [4].
Terms proportional to logL for a subsystem of size L in
an infinite background are especially important as their
coefficients are independent of the microscopic lattice
spacing and hence potentially universal. Entanglement
can be used to classify 1D interacting quantum systems
[5] and determines the difficulty of simulating 1D QCPs
via matrix product state methods [6].

Above one spatial dimension, there are few general
results on critical entanglement entropy. For critical points
described by a (dþ 1)-dimensional CFT, Ref. [7] conjec-
tured, using the AdS/CFT correspondence, that logarith-
mic terms generically appear only in odd spatial
dimensions. This conjecture agrees with 1D results, as
well as perturbation theory [8] and variational methods
[9] above 1D. For another class of systems, ‘‘conformal
quantum critical points’’ (CQCPs) in d ¼ 2 [10], whose
ground state wave functions are related to 2D rather than
3D CFTs, nonperturbative analytical and numerical results
are possible and are the focus of the present work. An
example of a CQCP is the critical state of the square-lattice
quantum dimer model [11] originally introduced as a
model for high-temperature superconductors.

We investigate logarithmic terms in the von Neumann
entropy S and Rényi entropies Sn for CQCPs associated
with the compact boson (which has CFT central charge
c ¼ 1) and the Ising model (c ¼ 1=2). One result is the

first explicit observation of a universal entanglement en-
tropy logarithm above 1D. For the c ¼ 1 boson, the results
confirm a conjecture from the initial study of entanglement
at CQCPs [12], which predicted a universal, geometry-
dependent logarithmic correction to the leading area
law. Recent work [13–15] on order-unity [Oð1Þ] terms
called into question the validity of that formula, as for
the Oð1Þ terms there are subtle issues related to compacti-
fication that took several years to resolve. We give an
improved derivation in Ref. [16] explaining why subtle
factors affecting the Oð1Þ terms are irrelevant for the
logarithm.
However, for the Ising CFT we find that the coefficient

of the logarithm is discontinuous as the Rényi index n
passes through n ¼ 1. We explain this behavior analyti-
cally by arguing that the correct ‘‘defect line’’ used in the
calculation of the entropy changes discontinuously with n
and is not the combination of one free field and n� 1
Dirichlet fields as conjectured in Ref. [12] and confirmed
for the boson. A similar but less singular discontinuity in n
was previously found numerically to exist for the Oð1Þ
term [17]. Our numerical approach to logarithmic terms
uses large-scale time-evolving block decimation [18]
calculations to implement the same mapping used there
between entanglement entropy at 2D CQCPs and the
Shannon entropy of 1D spin chains. The compact boson
case relevant to the quantum dimer model seems to be well
understood, but the results here demonstrate that the cor-
rect defect boundary condition can be complicated and
n-dependent.
We first define some basic concepts. The bipartite en-

tanglement spectrum fp�g of a pure quantum state consists
of the eigenvalues of the reduced density matrix of either
subsystem. The von Neumann entropy S and Rényi entro-
pies Sn are defined by
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S ¼ �X
f�g

p� logp�; Sn ¼ 1

1� n
log

�X
f�g

pn
�

�
: (1)

The entanglement spectrum fp�g of a CQCP ground
state in strip geometries can be understood both in terms
of the associated 2D CFT or as probability amplitudes of a
ð1þ 1ÞD spin chain, as illustrated in Fig. 1. The entangle-
ment spectrum fp�g is in one-to-one correspondence with
CFT field configurations f�g along the entanglement cut. If
the CQCP lies on a strip, the 2D CFT naturally defines a 1D
quantum Hamiltonian H via the transfer matrix formalism.
‘‘Time’’ is chosen parallel to the strip, with the entangle-
ment cut at a fixed time � ¼ 0. For universal properties, we
can take the spatial direction to lie on a lattice. In the limit
of an infinite strip, the ground state probabilities are iden-
tical to the entanglement spectrum of the associated CQCP
[13]. The Shannon entropy of the spin chain, defined as in
Eq. (1) with p� ¼ jh�j0ij2, is a basis-dependent measure
of disorder in the ground state. The Shannon entropy of the
spin chain is then equivalent to the von Neumann entropy
of the CQCP.

The relationship between the CQCP entanglement
spectrum, spin chain ground state probabilities, and CFT
partition function is summarized by

p� ¼ lim
�!1

hije��Hj�ih�je��Hjii
hije�2�Hjii ¼ jh� j 0ij2 (2)

¼ lim
m!1

hijT mj�ih�jT mjii
hijT 2mjii ¼ e�F½f�g�

e�F : (3)

Here T is the transfer matrix of the CFT, and the result is
independent of the boundary state jii in the limit of an
infinite strip. With a basis f�g for the Shannon entropy, the
projection operator j�ih�j in the numerator of Eq. (3)
constrains the field of the CFT along a cut at � ¼ 0; the
bulk fields remain free. The numerator and denominator
are thus constrained and unconstrained partition functions,
with free energies F½f�g� and F, respectively.

The Rényi entropies Sn suggest a thermodynamic
notation

Z ðnÞ ¼ e�FðnÞ � X
f�g

pn
� ¼ X

f�g
e�nðF½f�g��FÞ; (4)

defined so that FðnÞ ¼ ðn� 1ÞSn. The ‘‘free energy’’ FðnÞ
is found to depend on the length of the chain L as

Fðn; LÞ ¼ f1ðnÞLþ �ðnÞ logðL=aÞ þ f0ðnÞ þ � � � : (5)

At a critical point �ðnÞ should be universal and determined
by the CFT. In the case of a cylinder geometry, �ðnÞ is zero
for an arbitrary CFT, as the trace anomaly from a smooth
conformal defect line is zero. For a strip geometry, a
universal logarithmic term is expected.
For integer n, ZðnÞ can be interpreted as the partition

function of a replicated CFT with n copies of the field
constrained to agree along � ¼ 0, normalized by the free
partition function. FðnÞ is then interpreted as the free
energy of a defect line in the replicated CFT. If the loga-
rithmic contributions can be calculated in the replicated
CFT and analytically continued to n ¼ 1, then the entire
spectrum of Rényi entropies Sn as well as S is known, via
S ¼ @nFðnÞjn¼1. [Below, this ‘‘replica trick’’ is found to
fail for the Ising model due to nonanalyticity of FðnÞ at
n ¼ 1 in the thermodynamic limit.]
We start with numerical evidence for the existence of

logarithmic terms in the case of the c ¼ 1 compact boson.
With Dirichlet external boundary conditions (bcs) on the
strip, we find a contribution � 1

4 logðLÞ 2 S in agreement

with Ref. [12], while for Neumann bc we findþ 1
4 logðLÞ as

derived below. By using the transfer matrix mapping, it is
sufficient to calculate the Shannon entropy of a 1D quan-
tum model, the spin-1=2 XXZ chain

H ¼ �hð�x
1 þ �x

LÞ þ
XL�1

i¼1

½�x
i �

x
iþ1

þ �y
i �

y
iþ1 þ ��z

i�
z
iþ1�: (6)

In the continuum limit the XXZ model is described by a
compact boson. The boundary conditions are tuned by an
external field h on the surface sites, and the Shannon
entropy is calculated in the �z basis.
The ground state was found by time-evolving block

decimation for L ¼ f2; 4; . . . ; 30g at � ¼ f� 1
2 ; 0;

1
4 ;

1
2 ;

3
4g.

We estimate the ground state error to be of the order of
� ¼ 1� jh0 j �ij2 �Oð10�6Þ, which was verified for the
exactly solved � ¼ 0 case. The function ZðnÞ was com-
puted by summing over all 2L configurations. The loga-
rithmic contribution �ðnÞwas extracted from the finite-size
data as described in Fig. 2(a). �ðnÞ is well described by

�ðnÞ ¼ �1
4ðn� 1Þ (7)

for h ¼ 0 and h > 0 boundary conditions, respectively.
For the compact free boson, Eq. (7) is correct for all n,
while for XXZ and dimer lattice realizations, the result is

FIG. 1. (a) The entanglement spectrum of the CQCP, p�, in
a strip geometry is in one-to-one correspondence with field
configurations f�g on the entanglement cut. These probabilities
can be alternately understood as (b) partition functions for a
constrained CFT in the strip geometry or (c) ground state
amplitudes of a quantum chain.
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modified in the regime n � 2 due to additional boundary
operators becoming relevant [19].

The slope of �ðnÞ at n ¼ 1 is of special interest as the
von Neumann entropy is given by S ¼ @nFðnÞjn¼1 if the
derivative exists. In the case of the XXZ model, there is a
logarithmic contribution @n�ðnÞjn¼1 ¼ � 1

4 , so the von

Neumann entropy scales as

SðLÞ ¼ s1L� 1
4 logðL=aÞ þ � � � : (8)

The rapid convergence of SðLÞ to Eq. (8) with increasing L
is illustrated in Fig. 2(b).

To derive Eq. (7), we Jordan-Wigner transform the XXZ
spin chain and bosonize the resulting fermionic model. The
model is mapped onto the universality class of a free,
compact boson � for j�j< 1, with a compactification
radius R that depends on �. For h ¼ 0 the external bc is
Dirichlet in the continuum limit, � ¼ 0, while for h � 0
the external bc is Neumann, @x� ¼ 0 [20]. The resulting
change in the logarithmic contribution is thus attributed to
‘‘boundary condition changing operators’’ (bcc operators)
in the underlying CFT. For integer n, the replicated theory
contains n copies of the field, �a, subject to the constraint
�a ¼ �b along the � ¼ 0 cut, modulo compactification. In
the analogous problem for a noncompact boson, the action,
external bcs, and path integral measure are all invariant
under an OðnÞ rotation of the replica index, so we can
rotate the replicated fields to a new basis which includes
the ‘‘center of mass’’ field �CM ¼ ð1= ffiffiffi

n
p ÞPn

a¼1 �
a. The

gluing condition now factorizes, giving the free center of
mass field plus (n� 1) decoupled fields satisfying the
Dirichlet bc on the cut [12]. The free energy is FðnÞ ¼
ðn� 1ÞðFD � FÞ, where FD is the free energy of a single
replica with the Dirichlet bc on the cut and F is the uncon-
strained free energy. The logarithmic contribution to FðnÞ
follows from the free energies FD and F of a single replica.
Logarithmic contributions to the free energy of a CFT

arise from a ‘‘trace anomaly.’’ In the relevant ‘‘cut strip’’
geometry, the anomaly arises from the four corners where
the cut along � ¼ 0 terminates into the external boundary,
as illustrated in Fig. 1(a). The geometry of the corner
contributes a term proportional to the central charge c
[21]. However, there can also be a contribution due to the
changing bc: If the external bc is Neumann, then termina-
tion of the Dirichlet bc on the cut into the external
Neumann bc introduces a bcc operator [22]. The scaling
dimension of this bcc operator, hND, will appear as an extra
contribution to the trace anomaly.
For an arbitrary CFT in the cut strip geometry, the

predicted coefficient of the logarithmic term is

L@LðFc � FÞ ¼ 2	 2

�
2hec � c

16

�
: (9)

F is the free energy of the strip with no constraint at � ¼ 0,
while Fc is the free energy when constrained to some bc
‘‘c’’ along the cut, and both obey external bc ‘‘e.’’ Here hec
is the scaling dimension of the bcc operator required to
take the external bc e to the bc c on the cut. In the compact
boson case, c ¼ 1, and the scaling dimension heD is 0 or
1=16 for e ¼ D and N, respectively. By substituting into
Eq. (9), L@LðFD � FÞ ¼ � 1

4 for D and N, respectively.

The XXZ results are well described by the rotation trick
and this bcc operator effect. It can be shown [16] that the
logarithm is unaffected by compactification, as supported
by the XXZ data. Briefly, field configurations can be
decomposed into two sectors: fluctuations versus zero
modes or vortices. Only the latter, topological sector is
affected by compactification. The fluctuating sector can
be rotated. The topological sector has exact conformal
invariance: The trace anomaly and logarithm arise only
from the fluctuations. Hence, the logarithmic terms are
compactification-independent, while the Oð1Þ terms, aris-
ing from both sectors, are not.
The c ¼ 1=2 Ising model exhibits strikingly different

behavior from the compact boson. In the transfer matrix
formalism, it is sufficient to consider the Shannon entropy
of the critical transverse-field Ising model:

H ¼ � XN�1

i¼1

�z
i�

z
iþ1 þ

XN
i¼1

�x
i : (10)

The Shannon entropy is calculated in the �z basis.
The extracted logarithm �ðnÞ, shown in Fig. 3, suggests

a discontinuous n dependence at n ¼ 1. The dashed lines
illustrate the likely convergence to

FIG. 2 (color online). (a) The logarithmic part of FðnÞ at
� ¼ �1=2. Data are included both without (h ¼ 0) and with
(h > 0) an edge magnetic field. Fðn; LÞ was computed for
L ¼ 2; 4; . . . ; 30. Windows of 6 data points centered at ‘, L ¼
f‘� 5; . . . ; ‘þ 5g, were fitted to the form f1Lþ � logðLÞ þ
f0 þ f�1L

�1. The data displayed include � for ‘ ¼ f9; 23g.
The approach of �ðnÞ to the dashed lines suggests convergence
to �ðnÞ ¼ � 1

4 ðn� 1Þ as ‘ ! 1, for h ¼ 0 and h > 0, respec-

tively. The inclusion of a L�1 term accelerates convergence, but
the value of �ðnÞ remains insensitive to within a few percent to
the choice of fitting form for terms that vanish as L ! 1, as
discussed in Ref. [16]. (b) The logarithmic contribution to the
von Neumann entropy SðLÞ, as a function of the fitting window
center ‘. As ‘ increases, the logarithm’s coefficient converges to
�1=4, depending on the boundary conditions. Successive lines
are for � ¼ f�1=2; 0; 1=2g.
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�ðnÞ ¼
�� 1

8n for n < 1;
0 for n ¼ 1;
3
8 n for n > 1:

(11)

The rotation used in the boson case predicts that �ðnÞ /
ðn� 1Þ, as there is always one ‘‘free’’ center of mass field.
In the present Ising case, �ðnÞ / n, which is evidence that
the rotation trick is not applicable and a new analysis is
required. In the inset in Fig. 3, the data are collapsed by
plotting �ðnÞ=n as a function of �0ð1Þðn� 1Þ. Recall that
�ð1Þ ¼ 0 identically due to the normalization of the en-
tanglement spectrum.

The large and small n limits can be understood as
follows. At large n, ZðnÞ is dominated by the probability
p" ¼ jh"" . . . j 0ij2 and its partner p#. In this ‘‘low tempera-

ture’’ regime, the defect line at � ¼ 0 is asymptotically a
‘‘fixed’’ defect line. Now all n fields experience this fixed
defect condition, not n� 1 of them, and

FðnÞ � nðF" � FÞ � logð2Þ: (12)

Here F" is the free energy of a single replica with spins

constrained to � ¼ þ1 along the defect. Again, there is an
anomaly due to the cut strip geometry. The external bound-
ary conditions are free, so the relevant scaling dimension is
hf" ¼ 1

16 [22]. By using Eq. (9), �ðnÞ ¼ 3
8n as observed.

Likewise, in the small n limit, the defect becomes disor-
dered. This is obvious at the n ¼ 1=2 point, where the
geometry is in fact a half strip with a free boundary at
� ¼ 0. With hff ¼ 0, we arrive at �ðnÞ ¼ � 1

8 n as ob-

served. While these results strictly apply only in large
and small n limits, the data appear to support an
n-dependent phase transition: For n < 1, the defect flows
to free boundary conditions for 2n decoupled half strips,
while for n > 1, the defect is fixed. This interpretation is
consistent with numerical results for the Oð1Þ term on a
cylinder [17]. The renormalization group equations for

these bc flows can be analyzed perturbatively [23] and
support the hypothesis of a phase transition. This perturba-
tive approach could be generalized to other CFTs in order
to study further possible entanglement boundary condi-
tions and replica transitions.
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