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In the standard §f theory of neoclassical transport, the zeroth-order (Maxwellian) solution is obtained
analytically via the solution of a nonlinear equation. The first-order correction 6 f is subsequently computed
as the solution of a linear, inhomogeneous equation that includes the linearized Fokker-Planck collision
operator. This equation admits analytic solutions only in extreme asymptotic limits (banana, plateau,
Pfirsch-Schliiter), and so must be solved numerically for realistic plasma parameters. Recently, numerical
codes have appeared which attempt to compute the total distribution f more accurately than in the standard
ordering by retaining some nonlinear terms related to finite-orbit width, while simultaneously reusing some
form of the linearized collision operator. In this work we show that higher-order corrections to the
distribution function may be unphysical if collisional nonlinearities are ignored.
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While neoclassical transport is generally subdominant
to drift-wave-driven turbulent transport in the tokamak
core, neoclassical transport can become important in the
H-mode edge transport barrier region and in internal
transport barriers, where turbulence is suppressed, and
in the near axis region, where the temperature and den-
sity gradients become small. In both cases, nonlocal
effects, which are not retained in the standard theory
[1], are believed to play an important role in the transport
dynamics. Specifically, in a transport barrier, the charac-
teristic short temperature and density gradient length
scales can be comparable to the ion poloidal gyroradius,
while near the magnetic axis, trapped particles follow
potato orbits, for which the orbit width becomes compa-
rable to or larger than the minor radius. Over the past
decade there have been attempts to use direct numerical
simulation to describe nonlocal and other effects [2].
Numerical codes (of both the gyrokinetic [3] and neo-
classical [4,5] type) have appeared with the aim of
computing a more accurate solution than that described
by the standard 6f model [6]. While there are advanced
analytic treatments relevant to, for example, the plasma
flow in the H-mode pedestal [7] as well as the gyroki-
netic treatment of toroidal angular momentum transport
[8], no consensus regarding a suitable systematic formal-
ism appropriate for numerical simulation has emerged. In
fact, the numerical simulations may sometimes ignore
key terms that are retained in the analytic theories.
Although there is not, at this time, a standard general-
ization of the local theory relevant for numerical simu-
lation, a representative starting point in the neoclassical
limit is the well-known Hazeltine equation [9] for the
total ion distribution f:

df af

dt—i—vg'Vf‘f‘/:Lﬁ:C(f’f)' (1)

Above, v, is the general guiding-center velocity which
includes both perpendicular and parallel drifts. The
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gradient is taken at constant total energy E = v?/2 +
z;e®y/m;. In these expressions, C is the nonlinear
Fokker-Planck collision operator, v is the particle veloc-
ity, @, is the equilibrium-scale electrostatic potential, z;
is the ion charge, and m; is the mass of the primary ion
species. There appears to be a tacit consensus that Eq. (1)
forms a sufficiently accurate model for nonlocal dynam-
ics because it includes so-called finite-orbit effects
through the advective term v, - Vf [10,11]. And, impor-
tantly, the left-hand side of Eq. (1) was shown by Hinton
[12] to be exactly conservative—insofar as it can be
transformed to an exact phase-space gradient. This fea-
ture is often considered advantageous for numerical
simulation. On the other hand, the complexity of the full
nonlinear collision operator in Eq. (1) is such that all
existing research groups take a pragmatic approach and
replace it with some model form of the linearized operator
C.(f). Indeed, even the test-particle part of C; is so
complicated that the numerical codes referred to above
implement it in model [13], rather than exact [14], form.

Calculations by Simakov and Catto [15] in the limit of
short mean-free path, however, show that corrections to
the Hazeltine equation (which is valid to all orders in
the poloidal gyroradius p;,) appear at second order in the
ion gyroradius p,. Even so, the Simakov model has not
been the focus of any simulation work. Presumably, this
has happened because full-f research attempts to extend
the accuracy of local calculations to include higher-order
poloidal gyroradius corrections. In this regime, poloidal
ion gyroradius over scale-length deviations from a local
Maxwellian equilibrium are possible. However, if accurate
corrections to the local theory are of interest, then the
common practice of linearizing C is incorrect. It is the
repercussions of using only a linearized collision operator
in the Hazeltine model that is the focus of the remainder of
this work. Coupling to electrons and impurities is ignored
to focus on the nonlinear effect of concern.
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Perturbative hierarchy.—The Hazeltine equation for the
total f is intractable in toroidal geometry. Still, asymptotic
consistency requires that as p;,/a — 0, the exact solution
f must satisfy

f=fo—fi——fn—0 (2

where f is the Nth term in the expansion of f in powers of
pip/a. By considering the steady-state limit, and under
the further simplifying assumption that the potential & =
@, (r) is a flux function [16], a series expansion in powers
of p;,/a yields the hierarchy

U”b : Vfo - C(fo, f()) = 0, (3)
vb-Vf = C.(f1) = Ly fo “)
vb-Vf, = C(fr) — C(fy, f1) = L, f1, (%)
where L, is the differential operator
- ) J
.£ = _VD -V +VE -V +—VD V(I)O—_ ,lL— (6)
m; de ou

In contrast to Eq. (1), we have evaluated gradients at
constant kinetic energy & = v?/2. To keep the details
as simple as possible, we use the low-f approximation,
(a/B?)|dp/dr| < 1, to write [17]

vO 1
VO 5, @)

[ vituB 1 9B
SV = o
VoIV T T QB J,B 00 ®

o= LVitHB 1 9B_I' pB 1
Vo V0= T F,Bar W BT, O
v”b Ve—— (10)
TyB’
]/
ﬂ:_l‘LvD'er‘ (11)

Above, u is the magnetic moment, ) = z;eB/(m;c) is the
ion cyclotron frequency, i is the poloidal flux divided by
27, b= B/B,

B =V XV + [V, (12)
and 7, = (Vi X V6 - V)~ !L. Cis the like-species (non-

linear) collision operator, which can be written in Landau
[18] form as

Clf8)=~Lis f P, [f(v) ) _ )af(v)]

v,
(13)

where Ukl = (l/lz(Skl - Mklxtl)/MS, Uy = Vi — 'U;{, and Lii =
4mrz2e* InA/m?2. In Eqs. (4) and (5), C.(g) = C(g, fo) +
C(fo, g) is the linearized collision operator. Noting that
Upu; = 0, it is easy to show directly from Eq. (13) that
C(fo, fo) = 0, where f is a local Maxwellian:

— n(r) —me/T(r)
T ety (1

By inspection, it is clear that the solution of Eq. (3) is also a
Maxwellian. Proceeding to Eq. (4) for the first-order dis-
tribution f;, we insert the solution for f, to obtain

vib- V£ = C(f1) =VD‘V”|:_a—f0 Ea;{)Ofoil (15)
or T dr

This equation represents the standard model for neoclassi-
cal transport and cannot be solved analytically in the
general case.

Exact solution for f;.—An important limit, for which an
exact first-order solution exists, is the case of a single ion
species with uniform temperature. By noting the identity

vy Vr= l;,v”b : v(%), (16)

and assuming zero temperature gradient, we can reduce
Eq. (15) to

vib - Vi = Cu(f)) = vyb- V(%)F(”’ e, a7

where

T ydl e®!
F(r, ) = _W( d‘;" + “T O)fo. (18)

The solution of this equation is simply the first-order part
of the low-flow drifting Maxwellian,

7= (@)ro.e) (19)

To obtain this result we have used C(fov)) = 0, which
reflects momentum conservation. While the first-order so-
lution is independent of the collisional regime, the higher-
order solutions are not.

Asymptotic solution for f,.—Some algebra shows that
Eq. (5) reduces exactly to the following relatively compact
inhomogeneous equation for f,:

vib - V(f, = f2) = Co(f2) + C(f1, f1). (20)

where

— %(%)2(}'(7‘, g). (21

Here, G is the profile function

I (oF ed|
G(r,S):W<W ZT F)

fzz

(22)
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The function G will appear as a driving term in the solution
in all collisional regimes, the banana and Pfirsch-Schliiter
regimes in particular. The (perturbative) nonlocal character
of the solution is evident in the second derivatives appear-
ing in G. To obtain the solution in the limit L; — 0, we see
by inspection that

fa—fa=ge o 1)+ OLy), (23)

where g, is an integration constant which is determined by
the appropriate solvability condition. Although g, is inde-
pendent of the poloidal angle #, it may in principle depend
on the sign of velocity, o = |v|/vy.

Solvability with linear collisions.—First we examine the
case for which only the linearized collision operator C; is
retained. Then, the solvability condition takes the form

do
w T yBC.(f2) = 0. (24)

We can write this symbolically as

<E CL(f2)> =0, (25)
v

where the angle brackets denote a flux-surface average.
Solvability with nonlinear collisions.—On the other

hand, if the nonlinear collision operator is properly ac-

counted for, then the solvability condition takes the form

B
<v|| (CL(f2) + C(fl’fl))> =0. (26)
At this point, we note the identity

1
C(fovp fovr) = — ECL(v%fO)’ (27)
which can be proved directly from the Landau form of the
like-particle operator, Eq. (13). Remarkably, this allows us
to express the nonlinear solvability condition completely in
terms of the linearized operator

B 1y P\
Grefeai)) o o

Symbolic solution.—The solution of an equation of the
form

<v£|| Cilgle, m,o,1r) — A&, u, o, 1, 0)]> =0 (29

can be written as g(e, u, o, r) = A, where the overbar
denotes a linear transformation which corresponds roughly
to a flux-surface average. More precisely, we refer to A as
the collisional average of A. Computing this transform
exactly is analytically intractable in the general case. Still,
using this notation, the solutions f% of Eq. (25) and /)" of
Eq. (28) can be written

e w

NL=l<ﬂ)2 _l<ﬂ)2 l(ﬂ)zF_z
> =3\a) % 2\a) T 2la fo (D

Physically, the two solutions are quite distinct. While the
collisional average of f1 is zero, the solution including the
collisional nonlinearity /Y contains a significant contri-
bution from C(f, f;) which does not vanish on collisional
average. For clarity, we emphasize that the solutions above
apply only to the special case of uniform temperature.

Physical interpretation.—Some insight into the differing
solutions can be obtained by examining more closely the
form of the function g,.

S
1<v||) o z; l;/ a< UiB), (33)

which shows that only the shear in the parallel velocity,
(U B) = —(cT/ez;)(I/y")(dInn/dr + z;e®}/T), acts as
a drive. Indeed, because of the Galilean invariance of the
nonlinear collision operator, a rigidly rotating Maxwellian
cannot act as a neoclassical drive. However, if C is
approximated by C;, exactly such an unphysical drive
will occur. We also remark that in the absence of
parallel velocity shear, the solution reduces to fYL =
(m;v (U B)/BT)?/2, which is just the second-order part
of a drifting Maxwellian in the low-flow ordering.
Banana-regime example.—We can give the calculation a
more intuitive flavor by carrying out the averaging opera-
tion explicitly in the banana regime using the model
Kovrizhnikh operator. When acting on an even function
of o, the Kovrizhnikh operator reduces to the pitch-angle
scattering (Lorentz) operator
B V| J dJ

Cp~— 2% gy, 2,
LBy e aa o

with A = uBy/e, v = {/2e(1 — AB/B,), such that By is
the on-axis magnetic field strength. Some algebra then
shows that the solvability condition in the case of the linear
operator is

o[ a1 ags _
ﬁ[ <3 Q2>G My A] 0, (35

or equivalently,

3
agh _ 1 9 /1Y)
98y — (- I\g. 36
oA <‘U||> A 392 ( )

It is difficult to obtain a useful closed-form solution to this
equation in the general case, and so we take the subsidiary
limit € — 0, in which case it can be shown,

(34)
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dgk P $d0.T ; cosby/1 — AB/B,
92 ~ — Gl1+e .
(37)

Here, Q) = z;eB,/(m;c) is the on-axis cyclotron fre-
quency, € = r/R, is the inverse aspect ratio, and R, is
the plasma major radius. Thus, neglecting terms of order
€¥/2, we can perform the A integration directly to show
gt ~ —(1e/Q3)G + c(e, r), where c is an integration con-
stant. By choosing the flux-surface average of the density
moment to be zero, we can eliminate ¢ to find

15~ MGG cosf. (38)
05

The accuracy of this result has been verified numerically
with the NEO code [17]. We note in passing that a similar
result is obtained in the Pfirsch-Schliiter regime even
though the details of the calculation are quite different.
The similarity, ultimately, arises from properties of the
general solvability condition [see Eq. (96) in Ref. [17]],
which invariably removes a weighted 6 average of the
inhomogeneous terms.

Next, the same formal procedure, when applied to the
case of the full nonlinear operator, gives the significantly
different result

_ _ 2

Iz\jL N( 2e +2MBO)GECOSG + [(2/3)8 > Iu‘BO:lF_ (39)

QO Qo f 0

This approximate result confirms the speculation made

about the general case, namely that the contribution from

the linear operator vanishes on the appropriate average,

which in the banana regime is simply an unweighted 6

average. Also, in the banana regime, the linear contribution
is O(e) smaller than the nonlinear one.

Summary.—The implication is that if one attempts to
improve upon standard neoclassical theory by retaining
second- or higher-order poloidal ion gyroradius effects, a
spurious solution will be obtained if the linearized collision
operator is used. We have shown explicitly that in the
banana regime the collisional contribution to the second-
order solution is correctly given only when C(f}, f}) is
retained. Indeed, new analytic gyrokinetic formulations
already exist for which this term is included [8].
Therefore, in general, nonlinear corrections to the collision
operator must be accurately retained in full-f and

hybrid fluid + & f numerical simulations in order to avoid
the type of spurious solution we have demonstrated in this
Letter.

The authors are grateful to Peter Catto for checking the
main results of the Letter, and for providing physical
insights in connection with Eq. (33). This research was
supported by the U.S. Department of Energy under Grant
No. DE-FG02-95ER54309 and by the Edge Simulation
Laboratory project under Grant No. DE-FC02-
06ER54873.

*candy @fusion.gat.com

[1] F. Hinton and R. Hazeltine, Rev. Mod. Phys. 48, 239
(1976).

[2] P. Helander, Phys. Plasmas 7, 2878 (2000).

[3] Y. Idomura, H. Urano, N. Aiba, and S. Tokuda, Nucl.
Fusion 49, 065029 (2009).

[4] S. Satake, M. Okamoto, N. Nakajima, H. Sugama, M.
Yokoyama, and C. Beidler, Nucl. Fusion 45, 1362 (2005).

[5] W. Wang, G. Rewoldt, W. Tang, F. Hinton, J. Manickam,
L. Zakharov, R. White, and S. Kaye, Phys. Plasmas 13,
082501 (2006).

[6] H. Sugama and W. Horton, Phys. Plasmas 5, 2560 (1998).

[7] G. Kagan, K. Marr, P. Catto, M. Landreman, B.
Lipschultz, and R. McDermott, Plasma Phys. Controlled
Fusion 53, 025008 (2011).

[8] F. Parra and P. Catto, Plasma Phys. Controlled Fusion 52,
045004 (2010).

[9] R. Hazeltine, Plasma Phys. 15, 77 (1973).

[10] K. Shaing, R. Hazeltine, and M. Zarnstorff, Phys. Plasmas
4, 771 (1997).

[11] W.X. Wang, F.L. Hinton, and S.K. Wong, Phys. Rev.
Lett. 87, 055002 (2001).

[12] F. Hinton and R. Waltz, Phys. Plasmas 13, 102301 (2006).

[13] R. Kolesnikov, W. Wang, F. Hinton, G. Rewoldt, and W.
Tang, Phys. Plasmas 17, 022506 (2010).

[14] S. Wong, Phys. Fluids 28, 1695 (1985).

[15] A. Simakov and P. Catto, Phys. Plasmas 12, 012105
(2005).

[16] Even in the case of subsonic plasma rotation, the potential
can have poloidal variation at first order in p;), /a. This
variation is calculated by us in Ref. [17] but is typically
neglected in large-scale simulations and for this reason we
presently ignore it.

[17] E. Belli and J. Candy, Plasma Phys. Controlled Fusion 50,
095010 (2008).

[18] L. Landau, Phys. Z. Sowjetunion 10, 154 (1936).

235003-4


http://dx.doi.org/10.1103/RevModPhys.48.239
http://dx.doi.org/10.1103/RevModPhys.48.239
http://dx.doi.org/10.1063/1.874137
http://dx.doi.org/10.1088/0029-5515/49/6/065029
http://dx.doi.org/10.1088/0029-5515/49/6/065029
http://dx.doi.org/10.1088/0029-5515/45/11/017
http://dx.doi.org/10.1063/1.2244532
http://dx.doi.org/10.1063/1.2244532
http://dx.doi.org/10.1063/1.872941
http://dx.doi.org/10.1088/0741-3335/53/2/025008
http://dx.doi.org/10.1088/0741-3335/53/2/025008
http://dx.doi.org/10.1088/0741-3335/52/4/045004
http://dx.doi.org/10.1088/0741-3335/52/4/045004
http://dx.doi.org/10.1088/0032-1028/15/1/009
http://dx.doi.org/10.1063/1.872171
http://dx.doi.org/10.1063/1.872171
http://dx.doi.org/10.1103/PhysRevLett.87.055002
http://dx.doi.org/10.1103/PhysRevLett.87.055002
http://dx.doi.org/10.1063/1.2345179
http://dx.doi.org/10.1063/1.3310839
http://dx.doi.org/10.1063/1.864962
http://dx.doi.org/10.1063/1.1823414
http://dx.doi.org/10.1063/1.1823414
http://dx.doi.org/10.1088/0741-3335/50/9/095010
http://dx.doi.org/10.1088/0741-3335/50/9/095010

