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We present a simple formula for the total cross section o’V of neutral- and charged-current deep-
inelastic scattering of ultrahigh-energy neutrinos on isoscalar nuclear targets, which is proportional to the
structure function FyN (M3 /s, M3,), where My is the intermediate-boson mass and s is the square of the
center-of-mass energy. The coefficient in front of F4V(x, 0?) depends on the asymptotic low-x behavior of
F3N . Tt contains an additional Ins term if 5V scales with a power of In(1/x). Hence, an asymptotic low-x
behavior F3V o In?(1/x), which is frequently assumed in the literature, already leads to a violation of the

Froissart bound on V.
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For more than a decade, large experiments have been
searching for ultrahigh-energy (UHE) cosmic neutrinos
(v), with energies E, > 10% GeV, by using detectors scan-
ning for events in large volumes of water, ice, Earth’s
atmosphere, and lunar regolith [1]. While no clear indica-
tion of such an event has yet been reported, experimental
bounds on UHE-neutrino fluxes could be established,
which, put together, now cover energies way up to
10'? GeV and start to constrain scenarios of astrophysical
interest. Since these limits directly depend on the total
cross section o”V(E,) of UHE-neutrino deep-inelastic
scattering (DIS) off nucleons (N), it is an urgent task to
provide reliable theoretical predictions for the latter in the
asymptotic high-E, regime, which lies far beyond the one
explored by laboratory-based vN DIS experiments and
corresponds to asymptotically low values of Bjorken’s
scaling variable x. This requires extrapolation over several
orders of magnitude in E,, for which various approaches
exist [2—8]. These are based on successful descriptions of
the terrestrial data within the framework of perturbative
QCD and frequently impose the Froissart bound [9] on
o”N. According to the latter, unitarity and analyticity limit
the total cross section of a scattering process not to grow
faster with energy than In?s.

In this Letter, we derive a general formula for o that is
remarkably concise and correctly accounts for the asymp-
totic high-energy behavior, making it perfectly suitable for
UHE-neutrino phenomenology. It is proportional to the
DIS structure function F3V(x, 0?), which has a well-
known representation in terms of parton distribution func-
tions (PDFs) within the parton model (PM) of QCD, with x
and the typical energy scale Q appropriately defined in
terms of £, and My, (V = W, Z). To be on the conservative
side, we assume for the time being, as in Refs. [2-8], that
the available experimental data on DIS allow for an ex-
trapolation to very high (low) values of E, (x) using an
appropriate parameterization of FyV. If the latter rises too
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steeply as x — 0, then possible new QCD phenomena, such
as gluon saturation or recombination, color glass conden-
sates, multiple Pomeron exchanges, etc., are expected to
enter the stage as a cure at x values below those currently
probed by DIS experiments (for a review, see Ref. [10]).
We shall return to this issue below, considering two popu-
lar models of screening [11,12].

Specifically, we consider the charged-current (CC) and
neutral-current (NC) DIS processes

v(k) + N(P) — €(K') + X,

(1)
v(k) + N(P) — v(K') + X,

respectively, where N = (p + n)/2 denotes an isoscalar
nucleon target of mass M, X collects the unobserved part of
the final state, and the four-momentum assignments are
indicated in parentheses, and introduce the familiar kine-
matic variables

0 q-P

2 — _ 2 — =
0 A v

s=(k+ P)?

2

where ¢ = k — k'. In the target rest frame, we have s =
MQE, + M) and xy = Q*/(2ME,). In the kinematic re-
gime of interest here, the inclusive spin-averaged double-
differential cross sections of processes (1) are, to a very
good approximation, given by [3]

Lo _ G,%MEVK( M
dxdy 20 \Q* + M}

where i = CC, NC, G is Fermi’s constant, and K(y) =
2 — 2y + y?. In the so-called wee parton picture appropri-
ate for the low-x regime [7], we have Koc = 1 and Kyc =
1/2 — x,, + (10/9)x2, where x,, = sin®6,,, with 6,, being
the weak mixing angle. Using x,, = 0.231 [13], we have
Knce = 0.328. The contributions due to the structure
functions Fy¥ and F4V to the right-hand side (rhs) of

)2K<y)F”N, 3)
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Eq. (3) are negligibly small in our applications; F}V tends
to zero as Q7 rises [14], and F3V essentially refers to
valence partons, which hardly contribute in the low-x
regime.

Detailed inspection of the available €N DIS data (see,
e.g., Fig. 1 for ep data from HERA I [15]) suggests that, in
the limit x — 0, F{V exhibits a singular behavior of the
form FiV(x, Q%) =~ x 9 F{N(x, %), where & is a small
positive number and F gN diverges less strongly than any
power of x, i.e., F{¥(x, 0?)/x * — 0 as x — 0 for any
positive number A. Assuming a symmetric quark sea, as
is appropriate for the low-x regime, we have Fy" (x, 0?) =
(18/5)FSN (x, 0?), so that the low-x behavior of N carries
over to FyV.

Imposing the lower cutoff Q3 on Q2, the total cross
sections of processes (1) are evaluated as

1 2ME, 1dx d?>o?N
[TFrag [T @
2ME, Jo: s X dxdy

where £ = Q?/(2ME,). By inserting Eq. (3), Eq. (4) be-
comes

oN(E,) =

2 2ME, 2 2
o¥(E,) = Tk, [ agr( MY
! 4qr 02 Q2 + M%/

X j 1 %K(;)Fé(x, 0%). 5)

The inner integral on the rhs of Eq. (5) can be rewritten as
the Mellin convolution K(£) ® F5N(%, 0?). By exploiting
the low-x asymptotic form F}V(x, Q%) =~ x ?F}V(x, 0?)
explained above, this Mellin transform may be
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FIG. 1 (color online). Measurement of FgN [15] compared
with our fit using the improved H ansatz as well as the PM
and BBT results.

rgpresented, at small values of %, in the factorized form
M2, Q% 1+ 8)FYN (%, Q%) up to terms of O(%) [16]. Here,

- 1 1

|
S(x, 00 FPV(x

1Q~VN 2
,Q2).[x Y00 )

2 2 1

1
= n—2 = _ -
M(n) /0 dxx""*K(x) — n+n+ I (8)

Hence, Eq. (5) becomes

G2 OME, M? 2
e =ik [ a0 ()
4 02 o+ My,

X M(% Q% 1 + 8)FIN(%, 0. 9)

Because the Q? dependence of F3V(% Q%) and hence
M(%, Q% 1+ 8) is only logarithmic, the factor [M3/
(Q* + M3)J* essentially fixes the scale Q> = M3, [5], so
that Eq. (9) simplifies to

G2 8
oV (E,) = 4—;K,»M%,M(X, M3, 1+ §)F3N(%, M3), (10)

where ¥ = M?/(2ME,). This is our master formula.
Further simplification depends on the actual size of &,
and we distinguish two cases. (i) If 6 is not too small, so
that £% < const, then the lower limit £ of the inner integral
on the rhs of Eq. (5) may be put to zero, so that

4+38 +6°

M(3, 0% 1+ 8) = M1 +8) = s s

(1)
becomes independent of £ and Q2. (ii) On the other hand, if
0 < 1, then we have
M(% Q%1+ 8) =M% Q° 1)=L—§ (12)
e Sk 2
We note that § is determined by the asymptotic low-x
behavior of F4V. For instance, if F4"(x, Q%) « In”(1/x)
for x — 0, then 1/8(x, 0?) = In(1/x)/(p + 1) [17].

Now we apply Eq. (10) to the three most popular types
of F gN parameterization, namely, the standard PM repre-
sentation implemented with up-to-date proton PDFs
[15,18,19], a modification of the impressively simplistic
log-log form proposed by Haidt (H) [20], and the more
sophisticated form recently introduced by Berger, Block,
and Tan (BBT) [6]. While the Q? dependence of the PM
representation of F3" is governed by the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi evolution, those of the
heuristic H and BBT forms are directly determined by
global fits to experimental data covering a wide Q7 range.
In the low-x regime, the PM parameterization of F. fN may
be well approximated by the following ansatz:
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Fihn(x, Q%) = Cpp(Q?)x~0m(@), (13)
Cpm(Q?) = ¢ + ¢ InQ? + c,In*Q?, (14)

Spm(Q?) = 8¢ + 8, InQ* + 8,In*Q?, (15)

where it is understood that Q? is taken in units of GeV?. To
suppress higher-twist effects, we impose the cut Q2 >
3.5 GeV2. Fitting Egs. (13)~(15) to the result for F{V
evaluated at next-to-leading order with the HERAPDF1.0
[15] proton PDFs, we obtain the values of ¢; and 9;
collected in Table I. From Eq. (15) and Table I, we glean
that

Spm(M%) = Spy(M7F,) = 0.37, (16)

so that Eq. (10) is to be used with Eq. (11). Using the
Martin-Stirling-Thorne-Watt  [18] and coordinated
theoretical-experimental project on QCD [19] PDFs, we
obtain 8py (M%) = 0.35 and 0.38, respectively. The result-
ing high-E, behavior o?V(E,) o« ¥~ %(M) s in good
agreement with other studies [4].

For the reader’s convenience, we recollect here the
BBT parameterization of FSN appropriate for the range
x <xp = 0.11 [8] relevant for our applications [6-8]:

1 —
Fin (.0 = (1 =0 40 + av(@ 2 =
2 QxP(1 — X)
+ A5(Q%)In 0= xp)], (17)
where Ay = Fp/(1 — xp), with F = 0.413 [8], and
A(Q%) = ay + a; InQ? + apn?Q? (i=1,2), (18)

with the values of a;; listed in Table I [8]. Here, Eq. (10) is
to be used with Eq. (12), and we find

= 1 o= o Adn ™ (xp/x) /(i + l)zllnx—P. (19)
(SBBT(X’ Q ) )

2 A Ini (xp/x) 3

From Egs. (17) and (19), we glean that, in the high-energy
limit s — co, F{¥or(% M}) o« In’s and 1/8ppr(%, M}) o
Ins. This leads us to the important observation that o N o
In®s, which manifestly violates the Froissart bound [9] in
contrast to what is stated in Refs. [6—8]. This violation of
the Froissart bound is attributed to the presence of the In?x
term in Eq. (17). On the other hand, if F{V just rises
linearly in Inx as x — 0, then a'i”N o In%s in accordance
with the Froissart bound.

TABLE I. The values of the fit parameters appearing in
Eqgs. (14), (15), (18), and (20).

i ;X103 8, X102 a; X102 ay X 103 b; X 107
0 189.4 10.90 —8.471 12.92 2.689
1 1.811 6.249 4.190 0.2473 11.63

2 —0.6054 —0.3722 —0.3976 1.642 —0.7307

In fact, this is the case for the original H ansatz [20],
Bln(xy/x)In(1 + Q?/Q3), which contains just three fit
parameters. To enable the fit quality to be improved, we
introduce three more parameters by writing

X
FiY(x, 0*) = By + B,(0?) 1n;°,

2 ) QZ (20)
Bi(QY) =) bl-ln’(l + —2).
i=0 5
Equation (10) is again to be used with Eq. (12), and we
obtain

1 3 B,.ln’“(xq/x)/(i tD_1 0, 21
oulx, 0%) >, Bilni(xy/x) 2 x

so that o}V o« In?s as it should. Fitting Eq. (20) to the
recent combination of the complete Hl and ZEUS data
sets on F{N¥ from HERA I [15] with the cuts x < 0.01
and Q2> 1.5 GeV?, we obtain x, =0.05791, Q%=
2.578 GeV?, By = 0.1697, and the values of b; listed in
Table I, with y?/d.o.f. = 422/175 = 2.41.

Looking at Fig. 1, we observe that our fit (solid lines)
indeed yields a surprisingly good description of the experi-
mental data over the full x and Q? ranges considered. The
approximation works particularly well for low x and large
Q? values and is thus likely to allow for a reliable extrapo-
lation to the x and Q? ranges relevant for UHE-neutrino
physics. In fact, switching to the cut x < 1073 reduces
x°/d.o.f. by roughly a factor of 3, to y?/d.o.f. = 58/69 ~
0.84. For comparison, also the PM results evaluated from
Egs. (13)—(15) (dashed lines) and the BBT results eval-
uated from Egs. (17) and (18) (dash-dotted line), which
are hardly distinguishable from one another, are shown
in Fig. 1.

We now consider »N DIS with UHE neutrinos. For the
sake of brevity, we focus our attention on CC DIS. The
corresponding NC results may be obtained by substituting
Kcc — Knc and My, — M, in our formulas. In order to
determine the range of validity of our master formula (10)
for o¢f, we compare it with the exact formula (5), which
requires two-dimensional numerical integration, for the
PM, BBT, and H cases considered above. In each case,
we find excellent agreement for £, values of the order of
107 GeV and above, which corresponds to x values of the
order of 103 and below in F$V. This is illustrated for the
BBT case in Fig. 2, where the approximate evaluation of
Eq. (10) with Egs. (12) and (19) is compared with the exact
one of Eq. (5) with Egs. (17) and (18) (dashed line). The
large-E, approximation may be somewhat improved by
evaluating &(x, Q%) by one-dimensional integration via
Eq. (7) instead of using Eq. (19) (dotted line).

The PM and H results for o¢%. evaluated from our master
formula (10), with Egs. (11) and (16) in the PM case and
with Eqgs. (12) and (21) in the H case, are also displayed
in Fig. 2. Comparing them with the corresponding BBT
result, we observe that all three predictions agree relatively
well in the range 107 GeV < E, < 10° GeV, where the
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FIG. 2 (color online). Predictions for o (E,) evaluated from
the PM, BBT, and H parameterizations of FgN (x, 0?). In the
BBT case, also the improved high-E, approximation and the
exact evaluation are shown.

high-E, approximation is already working and the respec-
tive FgN parameterizations are still constrained by the
HERA data. However, these three predictions steadily
diverge as E, further increases until they differ by 1-2
orders of magnitude at typical UHE values of £, reflecting
the different low-x behaviors of the respective parameter-
izations of FiV.

In summary, we derived a novel concise relationship,
given by Egs. (10)-(12), between the total cross section
o?N(E,) of CC and NC vN DIS in the high-E, limit and
the structure function F$¥(x, 0%) in the low-x limit. It is
particularly useful for applications to UHE-neutrino phys-
ics providing reliable predictions in a very quick and
convenient way as it does. Being given in terms of a closed
analytic formula, it also allows one to unambiguously
determine if oV resulting from a given functional form
of F gzv satisfies the Froissart bound [9] or not, while this is
hardly possible by using the numerical solution of the two-
dimensional integral in Eq. (5). Specifically, if F. gN exhibits
a low-x behavior o In”(1/x), which corresponds to a
high-s behavior « In”s in Eq. (10), then the coefficient
M in that equation produces an additional factor « Ins, so
that the Froissart bound is violated for p > 1. In fact, this is
the case for the BBT [6—8] parameterization of FSN , for
which p = 2. On the other hand, the H [20] one is char-
acterized by p = 1, so that the Froissart bound is satisfied.

As expected, the low-x behavior of the PM result for F£V
is too singular for ¥V to satisfy the Froissart bound. It is
likely that the inclusion of nonlinear terms, such as screen-
ing corrections generated by gluon saturation or recombi-
nation, in the evolution equations will cure this problem
[10]. In fact, considering the Ayala—Gay-Ducati—Levin
[11] and the generalized Golec-Biernat—Wiisthoff [12]
models of saturation, where, due to their specific gluon
densities, F5V o 0%In”(1/x) with p =1 and p = 0, re-
spectively, we obtain a’,’-’N o In?*2s, where the second

additional logarithm arises from the Q7 integration in
Eq. (9). Thus, saturation strongly modifies the powerlike
perturbative asymptotics of total cross sections and has the
potential to restore the Froissart bound, as in the case of the
Golec-Biernat—Wiisthoff model.

Future measurements of ¥N DIS with UHE neutrinos
will eventually provide direct access to the low-x asymp-
totic behavior of F{V, far beyond the reach of accelerator
experiments, and our new relationship will provide a con-
venient tool to expose it. On the theoretical side, one
important lesson to be learned from our specific example,
where total cross sections could be simply related to struc-
ture functions in the framework of perturbation theory, is
that the direct application of the Froissart bound to struc-
ture functions represents a potential pitfall, of which we
wish to caution the reader.
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