
Space Charge Induced Surface Stresses: Implications in Ceria and Other Ionic Solids

Brian W. Sheldon* and Vivek B. Shenoy

School of Engineering, Brown University, Providence, Rhode Island 02912, USA
(Received 18 February 2011; published 27 May 2011)

Volume changes associated with point defects in space charge layers can produce strains that

substantially alter thermodynamic equilibrium near surfaces in ionic solids. For example, near-surface

compressive stresses exceeding �10 GPa are predicted for ceria. The magnitude of this effect is

consistent with anomalous lattice parameter increases that occur in ceria nanoparticles. These stresses

should significantly alter defect concentrations and key transport properties in a wide range of materials

(e.g., ceria electrolytes in fuel cells).
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Space charge models are widely used to describe the
electrochemical behavior of surfaces and interfaces in
ionic solids [1–11]. The premise for these descriptions is
that defect formation energies at surfaces differ from those
in the bulk. This leads to an electric potential gradient near
the surface, to maintain thermodynamic equilibrium.
Figure 1 shows the regions associated with this phenome-
non near a simple surface. In the standard analysis, surface
defect energies are reflected only in the total electric
potential difference between the surface and bulk, and
the description focuses on evaluating defect concentration
variations across a space charge (SC) layer. The standard
analysis also ignores the volume changes that should be
associated with these defect concentration variations.
This expansion or contraction is constrained by the bulk
crystal, and can thus induce a corresponding compositional
stress in the SC region. Extending the standard SC treat-
ment to incorporate these stresses is the primary objective
of this Letter.

Stresses in the SC layer should significantly influence
surface-related properties. To demonstrate this with a
meaningful example, our analysis focuses on CeO2��
which is used as a fuel cell electrolyte and a catalyst.
Stresses induced by nonstoichiometry in ceria are docu-
mented [12–15], and in polycrystalline ceria it is widely
believed that SC effects at grain boundaries lead to sub-
stantial variations in ionic and electrical conductivity
[5,16,17]. In particular, SC induced decreases in ionic
conductivity are a critical limitation in fuel cell electro-
lytes. Several recent reports also suggest that stresses
associated with ceria interfaces may increase ionic con-
ductivity [18–20].

Ceria exhibits substantial nonstoichiometry. Oxygen
vacancies dominate the defect chemistry [21–25], with
oxygen removal given by:

OO þ 2CeCe! V��O þ 2Ce0Ce þ
1

2
O2ðgÞ (1)

where V��O are oxygen vacancies and Ce0Ce is Ce3þ on a

Ce4þ site (i.e., an extra electron). Analogous expressions

for other nonstoichiometric crystals include cation defi-
ciencies, interstitial defects, etc., The key feature here is
dominant defects with net positive and negative charges
[e.g., V��O and Ce0Ce in Eq. (1)]. The nonstoichiometry in

Eq. (1) produces significant volume changes in CeO2��
[23,24]; however, the implications of these changes on
stress in the SC layer have not been evaluated. The key
thermodynamic property here is the partial molar volume
of oxygen:

V O ¼
�
@V

@NO

�
T;P;NC

(2)

where V is the total volume and NO and NC are the
numbers of anions and cations. This quantity describes
volume change in the bulk; however, point defect varia-
tions in the SC layer should produce different volume
changes and thus give rise to stress. Here, it is necessary
to separate the partial molar volumes for V��O and Ce0Ce into

FIG. 1 (color online). The solid lines show the defect concen-
tration profiles, ĉV and ĉe, obtained by solving Eq. (12) with
� ¼ 2:31, � ¼ 2:7, � ¼ 0:01, and �̂o ¼ 7:57 (conditions for
CeO2�� at T ¼ 1073 K and ��o ¼ 0:7 eV). The analogous

results without considering stress contributions are shown as
dashed lines.
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VV and Ve. With a fixed number of cations, the following
basic relationship follows from Eqs. (1) and (2):

dV ¼ VOdNO ¼ VVdNV þ VedNe: (3)

In the bulk crystal, electric neutrality associated with
V��O and Ce0Ce requires that dNe ¼ 2dNV ¼ �2dNO.

Combining this with Eq. (3) then gives:

V O ¼ �VV � 2Ve: (4)

In the bulk, separating VO into the two components in
Eq. (4) is unnecessary because of electric neutrality.
However local neutrality does not hold in the SC layer,
and thus VV and Ve should be treated as separate
contributions.

We initially assume that the SC layer behaves like a
thin film on a thick substrate. With isotropic linear elastic
behavior, the SC layer stress is biaxial, with �ðzÞ ¼
�xx ¼ �yy and �zz ¼ 0. The relationship between � and

the point defects is then given by:

�ðzÞ ¼ �Mð½fVðzÞ � f1V � þ ½feðzÞ � f1e �Þ (5)

where M is the biaxial modulus. The f’s are linear strains
due to the compositionally induced expansion, where 1
refers to bulk values. Total strain is divided into oxygen
vacancy (subscript V) and extra electron (subscript e)
contributions, following Eq. (1). With expected strains
<� 1%:

fiðzÞ � f1i ffi
2

3Vm

Z ci

c1i
Vidci (6)

where Vm is the molar volume of stoichiometric ceria, i
refers to either V or e, and the c’s are mole fractions
(normalized to the number of O lattice sites). Assuming
further that VV and Ve are constants (valid for dilute
solutions), then Eqs. (5) and (6) can be combined to give:

�ðzÞ ¼ � 2M

3Vm

fVV½cVðzÞ � c1V � þ Ve½ceðzÞ � c1e �g: (7)

Existing SC models are based on thermodynamic equi-
librium; however, they do not incorporate strain energies.
To include this, we start with a thermodynamic potential,
�i, that includes both elastic and electric field effects:

�i ¼ �0
i þ RT lnai þ ziF�� 1

3
Vi�jj (8)

where �0
i and ai are the reference chemical potential and

the activity of species i. The third term on the right side
is the contribution from the electric potential, �, where F
is the Faraday constant and zi is the valence. The last term
describes elastic effects. An additional elastic contribution
should be added to Eq. (8) if M varies with composition.
However, this can be neglected in ceria, because O vacancy
concentrations in the SC layer are small even when � is
large in the bulk (experiments show essentially constantM
for small � [26]). The present analysis demonstrates that

the remaining elastic term in Eq. (8) can have a significant
impact.
Thermodynamic equilibrium across the SC layer corre-

sponds to equating �i‘s between the surface region and the
bulk. Again assuming dilute solutions, this gives:

cVðzÞ ¼ � exp
2VV

3RT
�ðzÞ

" #
exp � 2F

RT
��ðzÞ

� �
(9a)

ceðzÞ ¼ c1e exp
2Ve

3RT
�ðzÞ

" #
exp

F
RT

��ðzÞ
� �

(9b)

where ��ðzÞ ¼ �ðzÞ ��1, and � is the bulk nonstoichi-
ometry (i.e., in CeO2��). Because � specifies the bulk

composition, it is appropriate to use � in place of c1V in
Eq. (9a) when vacancies are the dominant point defect
(i.e., each missing O corresponds to a vacancy). The results
in Eq. (9) are identical to the standard model, except for the
added stress term.
The potential difference across the space charge layer

can then be evaluated by solving the Poisson-Boltzmann
equation, given in one dimension by:

d2��

dz2
¼ � 2F

�Vm

ð2cV � ceÞ (10)

where � is the dielectric permittivity. The standard bound-
ary conditions are:

��ð0Þ ¼ ��o and ��ð1Þ ¼ 0 (11)

which correspond to equilibrium with the surface at z ¼ 0
(i.e., a fixed potential), and to the properties of the bulk
crystal at z! 1.
A complete description of the defect concentrations

and hence the stress across the layer is provided by
Eqs. (8)–(11). It is convenient to rescale this model in
terms of normalized defect concentrations:

d2�̂

dz2
¼ �

�2
ðĉe � ĉVÞ (12a)

ĉVðzÞ ¼ expf�2�̂� 2���ð�½ĉV � 1�
� ð1þ �Þ½ĉe � 1�Þg (12b)

ĉeðzÞ ¼ expf�̂þ ��ð1þ �Þð�½ĉV � 1�
� ð1þ �Þ½ĉe � 1�Þg (12c)

�̂ð0Þ ¼ �̂o and �̂ð1Þ ¼ 0 (12d)

where:

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�VmðRTÞ

p
2F

; �̂ ¼ F��

RT
; ĉe ¼ ce

c1e
;

ĉV ¼ cV
�

; � ¼ 2MVO
2

9RTVm

; � ¼ VV

VO

:

(12e)

If values of � and� are specified, Eq. (12) can be solved
to obtain the defect and stress concentrations across the SC
layer, for different values of � and the boundary condition,

�̂o. Most of the quantities in Eq. (12) are known physical
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properties. For ceria VO is known from experiments, and
thus � can be calculated. However, it is difficult to directly
measure the volume changes for the individual defects, VV

and Ve. Only one of these values is needed to determine �,
since the other can be obtained with Eq. (4). A simple
estimate of Ve is used here, based on the 18% increase in
ionic radius between Ce3þ and Ce4þ. A fluorite unit cell
with Ce3þ replacing Ce4þ then corresponds to Ve ¼
5:46 cm3=mole, which leads to � ¼ 2:7.

Calculated profiles obtained by solving Eq. (12) numeri-
cally are shown in Fig. 1. The impact of stress is clearly
significant here, based on comparisons with the conven-
tional SC model (i.e., the dotted lines obtained without
stress). For a given set of conditions, the maximum stress
occurs at the surface [�ð0Þ], and then decreases as one
moves towards the bulk. The calculated values of �ð0Þ in
Fig. 2(a) demonstrate that variations in the defect concen-
trations in the SC layer can produce substantial stresses.
Contours showing fixed values of �ð0Þ are also shown in
Fig. 2(b), as a function of ��o and �. The impact of these
stresses on the predicted values of ĉeð0Þ then follows
directly from Eq. (9b). For example, at 1073 K stresses
of �ð0Þ ¼ �1 GPa and�10 GPa decrease ĉeð0Þ by 47.1%
and 99.8%, respectively, (equivalent to ��o decreases of
0.06 V and 0.6 V). Thus the stress impact is significant for
most of the range shown in Fig. 2(b). While negative values

of��o lead to similar tensile stresses in the SC layer, these
values are not shown here, primarily because existing
experimental evidence corresponds to positive ��o values
for pure ceria.
When the underlying crystal is much thicker than hSC,

integrating over �ðzÞ gives:

�SC ¼
Z 1
0

�ðzÞdz

¼ 2MVO

3Vm

�
Z 1
0
fð1þ �Þ½ĉe � 1� � �½ĉV � 1�gdz:

(13)

As seen in Fig. 1, hSC is typically 2 to 3 times the Debye
length, �=

ffiffiffiffi
�
p

. Because this is typically on the nm scale,

�SC can often be viewed as a contribution to the surface
stress. The total effective surface stress is then �S ¼
�0

S þ �SC, where �0
S is the conventional value associated

with the actual surface atoms. The results in Fig. 3 were
obtained with Eq. (13), based on numerical solutions to
Eq. (12) at T ¼ 1073 K (since ceria defect chemistry is
usually studied at elevated temperature). This SC contri-
bution to the surface stress is negative because of the
volume expansion associated with Ce3þ ions. Since the
magnitude of �0

S is generally comparable to surface free

energies, the larger values of �SC that are predicted in
some regions of Fig. 3 will dominate the surface stress.
Ceria nanoparticles provide a basis for comparing ex-

perimental results to the predicted compressive surface
stresses. A number of researchers have observed significant
increases in the lattice parameter, a, as the particle radius,
r, decreases [27–33]. This has been attributed to volume
expansions induced by Ce3þ ions, which is consistent with
experiments showing higher Ce3þ concentrations as r de-
creases [28,31,32]. Higher Ce3þ levels have also been
observed near particle surfaces [31], which is generally
consistent with SC models.

FIG. 2. (a) Predicted stress at the surface, �ð0Þ, as a function of
the composition, �, for ��o ¼ 0:3 eV and 0.7 eV. (b) Contours
showing constant values for �ð0Þ, as a function of the surface
potential, ��o, and the composition, �. The point in both plots
corresponds to the case in Fig. 1.

FIG. 3. Predicted values of �SC obtained from Eq. (13), by
solving Eq. (12) with � ¼ 2:31 and � ¼ 2:7, for ��o values of
0.3 eV (�̂o ¼ 3:24), 0.7 eV (�̂o ¼ 7:57) and 1.0 eV (�̂o¼10:8).
The point plotted here corresponds to the case in Fig. 1.
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A relatively simple estimate of lattice parameter changes
in small spherical particles can be obtained from the
Laplace pressure:

�P ¼ 2�S

r
ffi �

�
E

1� 2	

� ða� a0Þ
a0

(14)

where a0 is the unstrained lattice parameter, E is Young’s
modulus, and 	 is Poisson’s ratio. In most materials,
�0

S > 0 (tensile surface stress) imposes compressive stress

on the particles and reduces a. This kind of comparison
between nanocrystal lattice parameters and �S for planar
surfaces generally gives good agreement [34]. The negative
�S values in ceria due to SC contributions are thus poten-
tially consistent with the experimentally observed increases
in a. The average strain in a small particle includes contri-
butions from both the pressure effect in Eq. (14) and the
direct lattice expansion due to defects inside the SC layer.
This additional contribution can be estimated as
��SC=MhSC. Accounting for both effects with r¼7:5 nm
then predicts an average increase in a of 0.5% for the case in
Fig. 1. Experiments with this particle size report increases
of 0.3%–0.8% [27–32], which is very good agreement with
our model given the nature of this simple comparison. A
more precise assessment is difficult because the oxygen
activity in these experiments is not reported (i.e., � is
unknown). At even smaller particle sizes a number of
researchers have reported larger lattice parameter increases
[27–33] which are also nominally consistent with large
compressive surface stresses. However, the Laplace pres-
sure approximation in Eq. (14) is only reasonable if the SC
layer thickness is much smaller than r. Even at r ¼ 7:5 nm
this approximation could be questioned (depending on the
exact values of ��o and �). As r decreases, the analysis
leading to Eq. (12) should be modified to properly evaluate
the stress field in small particles.

In principle, experiments with single crystal films could
also be compared directly to the model in Eq. (12).
However, we are not aware of any direct measurements
of this type. In polycrystalline titania and ceria films,
significant compositional stresses due to grain boundaries
have been reported [15,35]. These effects are consistent
with the proposed SC layer stresses; however, direct quan-
titative analysis of grain boundaries requires a more so-
phisticated model than Eq. (12).

In summary, the principle finding presented here is that
near-surface variations in point defects can induce stresses
that are large enough to significantly alter thermodynamic
equilibrium. These effects have generally been neglected
in standard space charge models. The predicted local com-
pressive stresses in CeO2�� are large enough to dominate

the effective surface stress, and the estimated values are
consistent with the large anomalous lattice expansions that
have been observed experimentally in ceria and other oxide
nanoparticles. This modified space charge analysis is di-
rectly applicable to a wide variety of nonstoichiometric
ionic solids. Similar effects should also occur at grain
boundaries and other solid-solid interfaces, where proper

treatment of the stress fields requires a modified analysis.
In general, negative surface stresses of several J=m2 are
large enough to significantly alter important surface and
grain boundary properties such as dopant solubilities and
ion diffusivities. Hopefully these predictions will motivate
more detailed investigations of these effects.
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