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In this Letter we propose a fully scalable randomized benchmarking protocol for quantum information
processors. We prove that the protocol provides an efficient and reliable estimate of the average error-rate
for a set operations (gates) under a very general noise model that allows for both time and gate-dependent
errors. In particular we obtain a sequence of fitting models for the observable fidelity decay as a function
of a (convergent) perturbative expansion of the gate errors about the mean error. We illustrate the protocol

through numerical examples.
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The challenge of characterizing the level of coherent
control over a quantum system is a central problem in
contemporary experimental physics and a fundamental
task in the design of quantum information processing
devices. Full characterization of any quantum process is
possible though quantum process tomography (QPT) [1]
which has been successfully applied to the measurement of
up to three coupled qubits (two-level systems) in NMR
[2,3], linear optics [4], atomic ions [5] and superconduct-
ing qubits [6,7]. However, QPT suffers from two
shortcomings: the first is the often unrealistic assumption
that measurements and state preparations admit much
lower errors than the process which is being characterized;
the second is that the number of experiments required
grows exponentially with the number of qubits, and hence
QPT becomes impractical for even moderately large
systems.

Recently there has been significant interest in scalable
methods for partial characterization of the noise affecting a
quantum process [8—12], and, in particular, randomized
benchmarking (RB) protocols [8,13]. For example, the
RB protocol proposed in Ref. [13] is conjectured to pro-
vide an experimental means for estimating the average
error rate for single-qubit Clifford gates. The simplicity
of this protocol has motivated experimental implementa-
tions in atomic ions [13,14], NMR [15], superconducting
qubits [6,16], and atoms in optical lattices [17].

However the above RB protocols leave open the ques-
tion of how to implement a scalable multiqubit protocol in
an unambigious manner. Another open issue is to deter-
mine sufficient conditions under which a RB protocol gives
a reliable estimate; it is easy to construct examples where
the decay rate estimated via RB protocols is not reliable.
An unrealistic but simple example is when the error is gate-
dependent and equal to the exact inverse of the target gate.
In this example, implementing any gate results in the
identity operation and so the error rate given by the proto-
col is always equal to zero, whereas in actuality there is
substantial error on each gate.
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In this Letter we propose a scalable randomized bench-
marking protocol for Clifford gates on n-qubit quantum
processors, requiring at most O(n?) quantum gates, O(n*)
cost in classical preprocessing (to select each gate-
sequence), and a number of single-shot repetitions that is
independent of n. We give a rigorous analysis of the form
of the observed fidelity decay for arbitrary time- and gate-
dependent errors by developing a perturbative expansion of
the errors about the average error. We prove that for time-
independent and gate-independent errors the fidelity decay
is exponential at a rate that determines the average error-
rate of the noise model. By deriving conditions for when
our perturbative expansion is convergent we are also able
to prove that the protocol gives a reliable estimate of the
average error-rate if the gate-dependent component of the
error is sufficiently weak. In particular, we derive a fitting
model for the observed fidelity decay which includes first-
order correction terms due to gate dependence in the errors.
This formula shows that weak gate dependence in the
errors can lead to a deviation from the exponential decay,
defining a partial test for such effects in the noise.
Moreover, the model accounts for state preparation and
measurement errors as they show up as independent fit
parameters in the formula.

Our motivation for restricting to the Clifford group, as
opposed to the full unitary group, is that our protocol is
provably scalable in this case. In contrast, benchmarking
the full unitary group is not a scalable task since generating
a uniformly random unitary is an inefficient task. In spite of
this limitation our method still provides significant infor-
mation regarding the reliability of a quantum information
processor for several independent reasons. First, the
Clifford group is generated by a two-qubit entangling
gate (such as the C-NOT) coupled with a set of single-qubit
gates (such as the Hadamard and 7 gates), and the unitary
group can be generated by adding just one additional
single-qubit gate not in the Clifford group (such as the
gate). For many implementations the error-rate for a par-
ticular single-qubit rotation would not be expected to differ
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significantly from single-qubit rotations in the Clifford set.
Furthermore, quantum computation is possible using only
Clifford gates combined with ancilla states and measure-
ments [18]. Lastly, most fault-tolerant schemes are based
on stabilizer codes [19], which implies fault-tolerant quan-
tum computation will likely be dominated by Clifford
gates. Hence, scalably benchmarking Clifford gates is
important for error estimation in universal quantum
computation.

Our RB protocol consists of the following steps
(repeated for several values of m):

Step 1—Generate a sequence of m + 1 quantum opera-
tions with the first m chosen uniformly at random from the
Clifford group and the final operation chosen so that the net
sequence (if error-free) is the identity operation. Since the
Cliffords form a group, this m + 1th correction gate will
also be a Clifford element. In practice each operation Ci/_
will have some associated error and the entire sequence can
be modeled by S; = O (A, ;o C;), where iy, is the
m-tuple (iy, ..., i,,) and i,,, | is uniquely determined by ip,.
In the above, A ini is a quantum operation representing the
error associated with the operation C,-j, and is allowed to
depend independently on the time-step j. This is a very
general noise model—the only assumption is that correla-
tions in the noise are negligible on time scales longer than
the time of the operation C; (so that A, ; does not depend
on earlier operations). This assumption becomes very well-
motivated as n increases (see below).

Step 2—For each sequence measure the survival proba-
bility Tr{E,,S; (p,)]. Here py, is the initial state taking
into account preparation errors and E, is the POVM
element that takes into account measurement errors. In
the ideal noise-free case p,, = E,, = [y}

Step 3—Average over random realizations of the sequ-
ence to find the averaged sequence fidelity,

Fseq(m) lp) = TT[E;/;Sm(Pzp)], (1)
where S, is the average sequence operation
Him }1

1
=1 Si. -
i)l & 7

Step 4—TFit the results for the averaged sequence fide-
lity (1) to the model

S 2

Fllm, )= Aip" + By +Cym = (g = p2)p" > ()

derived later. A;, By, and C; absorb state preparation and
measurement errors as well as the error on the final gate.
The average error rate r, defined below, is obtained from
the relation r = 1 — p — (1 — p)/d. For gate-independent
errors the fitting results simplify to

FO(m, ) = Agp™ + By, )

where A, and B, absorb state preparation and measurement
errors as well as the error on the final gate. Hence a nonzero

fit value for ¢-p? is an indication of weak gate dependence
in the errors.

The parameters r and p determined by the above proto-
col are defined as follows. Define A to be the average error
for the set of error operators {A,»/_y i

1 G )

Ao 2

Ay 5)

The standard experimental figure of merit for a
noise model A is the average gate fidelity F. =
Jady(yIA(g )X DIy), which is the survival probabi-
lity averaged over all pure input states. This naturally
defines the average error rate as r = | — F,,.. Note that
F,.. is equivalent to the average process fidelity and en-
tanglement fidelity, up to normalization factors [18]. To
define p, a key result in our analysis is that the Clifford
group is a unitary 2 design. Therefore “twirling”” A over
the Clifford group gives %Z,CIT o Ao (= Agep, Where
Agep(p) = pp + (1 — p)L is the unique depolarizing chan-
nel with the same average fidelity as A [20]. Hence, F,,, =
p + (1 — p)/d, which relates the fidelity decay parameter
p to the average error rate r as given above.
Derivation.—In the idealized case of gate and time

independent errors we have Aij, j= A for each i, ;.
Repeated application of the identity operation C;, © C}Lj in
S;, givesS; = Ao O;’;l(fD;f/_ oAo fD,»j) where we have
used C; .~ o---oC; =1 and for each j defined a new
gate D; =C; o---o(; that is independent from the
gates which where performed at time-steps earlier than j
(Ci,_,, etc.). Substituting this into Eqgs. (1) and (2) the
average sequence fidelity is Fgg()](m, ) =TiE,A o
Adia(p )l where Awin =3 A /K with A; = D,T,. °
Ao Di/_. Thus we are left with an m-fold composition of
gate-independent twirls over the Clifford group, and
F§221(m, ) reduces to Eq. (4) with Ay = Ti[E,A(p, —
1/d)] and By = Tr[E, A(1/d)].

More realistically, the noise operator can be both gate
and time dependent A — A; ;. We can predict the behav-
ior of Fq(m, §r) by considering a perturbative expansion
of each Aij, ; about the mean error A. Defining SA,»I_, =
A;,j — A for each i;, our perturbative approach will be
valid provided each 5A,<jy ; is small in a sense made precise
later. Using the same change of variables described above,
ie., D, =0 C. we find that S; =S + S| +
Sgi)... where Sg?n) corresponds to the gate-independent
case, Sgrln) is the first-order correction and so on. The first-
order correction consists of three terms defined by whether
the small gate-dependent perturbation acts (1a) on the first
gate, (1b) somewhere in the middle (there are m — 1 of
these terms), or (1c) on the final gate. Explicitly,
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Averaging Sgl“) over iy, gives
S = Ao AgnT! o (Q) = Ay (©)
where we define for each j, Q ; = 2 @;fj °oA;j° D /K.

Note the correlations between the noise and the gate op-
erations prevent this from being a depolarizing channel.

For the m — 1 terms with j € {2, ..., m} (case b) aver-
aging over i, gives

Si = 3 A0 ((Q)0 Nay = A 0 AL (D)
i=2

where ‘“‘dep” represents the
operator within brackets.

depolarization of the
The main trick used here

is to reexpand D; =C; o D; | in order to depolarize

C;rj ©8A; ;joC; oA under the twirling operation
T .

Zi,,vleij,l o-o0 Dij,]/K'

To find the expression for S we use the fact that the
Cliffords are a group. If iy, ..., i, are fixed, averaging
over the i,, index runs through every Clifford element
with equal frequency in the 7; random variable.

Since A; . ,+1 is the error associated with the gate
iD,T > AlmH mil © (fDJr o A oD, )/K is independent
of the zl, <+, I indices and

Sh? = (Ryer = Ao Agey) 0 ASIT, (8)

where R, 1 =3, Ay i1 © (C}Lm oAoC,; )/K. Here
Ay mt1 denotes the error that arises when the Clifford
operation C;r is applied at final time step m + 1.

Combining these three terms it can be shown that the
average sequence fidelity is given by Eq. (3) with

A= Tr[ElpA(w —py + DL ;dl)ﬂ)]
1 By Ry (% %)] ©)
B, = TrI:E¢Rm+,(%>], C = TrI:E¢A<p¢ - %)]

(10)

where ¢ =3",q;/(m—1) and g; is the depolari-
zing parameter defined by (2Q;° A)gep(p) = gjp+
(1 —g;)1/d. Note that A;, B, and ¢ can have a
dependence on m if the errors are time dependent.

An important issue is determining when the zeroth or
first-order expressions Eqs. (3) and (4), are valid

approximations, and, more generally, when our perturba-
tive expansion is convergent. To bound the error in fidelity
at a given order we use the “1 — 1” norm on linear
superoperators maximized over Hermitian inputs [21], de-

noted || - [|2,,. We find that for each order k,
k
IS = S vy (11)
Jk=>h
where y; = ZillAi/_ — A%, /K is a measure of the varia-

tion in noise at the jth time step. In the case where the noise
is time independent Eq. (11) becomes

m+1
”S(k)lll_,] = ( k )')’k,

and, hence,

m+1
|F(k+1) _ F(k)l = ”S(k)”l—»l - < k )yk

Note that our choice of norm is motivated by the fact that it
gives a tighter bound on the error in fidelity. Hence the
k + 1 order correction to the fidelity formula can be ne-
glected provided that

(m+1—-ky/0+k <1

Thus, we can ignore second order terms when the variation
in error strengths satisfies y << 2/m. Note that in practice
one also needs m >> 1 to have enough data points for a
reasonable estimate of p in the fitting model. This issue is
discussed further in Ref. [22].

At this point we emphasize our results hold for any
number of qubits; however, there are two subtle remarks
in the multiqubit case. First, our protocol provides an
estimate of the average error rate associated with a
Clifford operation, which for n qubits, consists of O(n?)
generating gates. Hence our condition for weak variation in
the errors corresponds to the error set associated with
blocks of O(n?) gates. Second, we assume that non-
Markovian noise effects are limited to time scales less
than that of a typical Clifford operation. For large n this
corresponds to time scales less than O(n?)7, where 7 is the
time scale of a generating gate.

We now numerically illustrate the protocol by consider-
ing some physically motivated single-qubit noise models
and provide an example of when the first-order correction
term may be observed experimentally. First we consider
time-independent unitary errors corresponding to over-
under rotations. The unitary error was constructed by first
finding the Hamiltonian for each C; via C;(p) =
exp(—iH;)p exp(iH;). Next, exp(—iH;) was diagonalized
and to simulate the error one of the eigenvalues was multi-
plied by ¢’® and the other by e ?°. Two cases for § were
analyzed: 6§ = 0.1 (case A) and & chosen uniformly at
random in [0.075, 1.125] (case B). Numerical values for
Fyeq(m, ) are shown in Fig. 1 as blue points. The main
point is that for both cases the first-order formula (green
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FIG. 1 (color online). Average sequence fidelity as a function
of sequence length for unitary noise (see text for details). In these
examples B; = B, = 1/2 since the noise model is unital and we
assumed no state preparation or measurement errors. Hence, we
have subtracted off these DC offsets so that pure exponentials
will appear as straight lines (semilog plot). The nonexponential
behavior for case B is evident.

line) models the data extremely well, whereas the zeroth-
order formula (red dashed) only models the sequence
fidelity in case A (when there is no variation in 6).

We also considered two other error models of practical
relevance: unitary error with depolarizing noise and uni-
tary error with amplitude damping. The depolarizing and
damping parameters were chosen uniformly at random in
0.9875 * 0.01 with the unitary error chosen as in case A.
The results are summarized in Table [—in both cases the
simulations are well approximated by the zeroth-order
solution. These results further illustrate that the zeroth-
order model gives a robust estimate of the error-rate for a
variety of error models with small enough noise variation.

Lastly, we prove the efficiency of the protocol for arbi-
trary numbers of qubits. There are three main points to
analyze: Uniform sampling.—Each Clifford element is
uniquely determined by its action on the 2n-generating
elements of the Pauli group. Since randomly choosing 2n
elements of the Pauli group that satisfy the required com-
mutation relations is equivalent to inductively choosing
random solutions to 2n sets of linear equations [which
requires O(n’) operations], we can produce a random
Clifford element in O(n*) (classical) operations.
Implementing Clifford operations.—Any Clifford element
can be decomposed into a sequence of O(n?) generators in
O(n?) time [alternatively, there are slower methods for
such a decomposition into O(n?/logn) generators [23]].
Averaging.—The number of sequences of length m scales
as 2m0) and Hoeffding’s inequality states that, with con-
fidence 6 and accuracy €, the number of trials k£ needed for
approximating the average sequence fidelity is no larger
then k = In(2/8)/2€?, which is independent of m and n.

In conclusion, we describe a scalable protocol for esti-
mating average error-rates in noisy quantum information
processors that consists of applying random sequences of
Clifford gates and measuring the average sequence fidelity.
The analysis admits both gate and time-dependent errors

TABLE I. Numerical results for the parameter p, error rate r,
and our gate-dependence measure g-p? for the four cases of
noise models considered. See text for details.

Unitary Unitary
Unitary A Unitary B and Dep. and T}
p 0.980 0.943 0.982 0.988
r 1.05¢-2 2.85e-2 8.75¢-3 5.85¢-3
q-p? —2.73e-4 —6.83¢-3 —2.77¢-8 —2.80e-8

and is robust against state preparation and measurement
errors. We derive zeroth and first-order fitting models for
the experimental data and prove the validity of the models
provided the variation in the errors is not too strong. We
illustrate our results for some physically relevant noise
models and provide an example of when a zeroth-order
model fails to model the data.
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