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The spin Hall effect is a promising way for transforming charge currents into spin currents in spintronic

devices. Large values of the spin Hall angle, the characteristic parameter of the yield of this trans-

formation, have been recently found in noble metals doped with nonmagnetic impurities. We show that

this can be explained by resonant scattering off impurity states split by the spin-orbit interaction. By using

as an example copper doped with 5d impurities we describe the general conditions and provide a guide for

experimentalists for obtaining the largest effects.
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The spin hall effect (SHE), first described by Dyakonov
and Perel in 1971 [1], is a subject of intense research as it
allows for the generation of spin currents in nonmagnetic
conductors and the developments of spintronic devices
built without ferromagnetic materials. While much has
been said about the SHE in semiconductors and two di-
mensional electron gases, in this Letter we focus on metals
and present a calculation and discussion of the SHE in-
duced by resonant scattering from impurity levels on non-
magnetic impurities in Cu. Whereas recent ab initio
calculations of the SHE induced by nonmagnetic impuri-
ties in metals [2] considered only the skew scattering
contribution (except for a recent Letter that appeared after
submission of this Letter [3]), we calculate both the skew
scattering and side-jump terms in an analytical model
which aims at a general description of the main features
of the impurity-induced SHE and at a prediction of the best
conditions for large effects. By comparing the spin Hall
angles due to skew scattering and to side-jump, we can
predict the threshold concentration at which the side-jump
contribution becomes predominant and can generate very
large effects.

The SHE is due to spin-orbit (S-O) interactions and is
associated with off-diagonal terms of the resistivity tensor
having opposite signs for spin up and spin down electrons,
respectively �xy and -�xy for sz ¼ �1=2. It can include an

intrinsic contribution due to the effect of S-O interactions
on the wave functions of the pure material [4,5] and an
extrinsic one resulting from spin-orbit interactions on im-
purity or defect sites [6,7]. Two mechanisms can contribute
to the extrinsic SHE, the skew scattering [6,8] and the
scattering with side-jump [7,8].

When the SHE is used to produce a transverse spin
current, the maximum yield of the transformation of a
longitudinal charge current into a transverse spin current
is related to the Spin Hall Angle (SHA), defined as �H ¼
�xy=�xx where �xx is the diagonal term of the resistivity

tensor, i.e., the conventional resistivity for spin � ¼"# (�)
channels. Consequently �H is the important parameter for
practical applications in spintronics. Until 2007, the largest
values of �H obtained for pure materials, metals, or semi-
conductors, had been obtained for Pt (�H � 0:5%) [9,10].
The much larger value of 5% found in 2008 for Au [11]
was surprising and has been ascribed to skew scattering by
Fe or Pt impurities [12]. An even larger SHE (� 15%) was
recently obtained by doping Au with Pt impurities [13].
Actually, this brings to mind the large values of �H of a
few percent found 30 years ago [14,15] for the SHE
induced by nonmagnetic 5d impurities in Cu, e.g., �H ¼
2:6%, for Cu doped with Ir. This large SHE, with a typical
change of sign between the beginning (Lu) and the end (Ir)
of the 5d series, was ascribed to resonant scattering on the
impurity 5d states split by the S-O interaction [14].
Recently measurements by Niimi et al. [16] on Cu doped
with Ir have confirmed the large value (�H � 2:1%) of the
SHE induced by Ir in Cu and confirmed its skew scattering
mechanism. Thus, impurity scattering appears as a prom-
ising way to obtain the most efficient transformation of
charge currents into spin currents by SHE.
Our calculation done for T ¼ 0 K is based on a partial

wave analysis of the resonant scattering of free electrons
from the j ¼ 5=2 and j ¼ 3=2 states of 5d impurities in a
metal like Cu, as illustrated in the inset of Fig. 1. From the
splitting between the 5=2 and 3=2 levels, E5=2 � E3=2 ¼
5�d=2, where �d is the impurity 5d S-O constant
and by using the classical expression of the phase shift
at the Fermi energy "F as a function of the resonant
level energy Ej, cotð�jÞ ¼ ðEj � "FÞ=� where � is the

resonance width, we find to first order in �d=�, �� ¼
�3=2 � �5=2 ¼ 5=2 �d

� sin2�2, where �2 is the mean phase

shift at the Fermi level expressed as a function of the
number Zd of 5d electrons on the impurity by Friedel’s
sum rule, �2 ¼ ð2�3=2 þ 3�5=2Þ=5 ¼ �Zd=10 [17]. By

using the canonical expression for the scattering T matrix
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at the Fermi level as a function of the phase shifts [17], and
after expanding the states jj;mji in terms of jm;�i states
and keeping only terms that will contribute to �xx and �xy,

we find the following expression (to first order in �d=�
only non-spin-flip terms contribute),

Tk0�;k� ¼ 2

nð"FÞ
�
�
�d

�
ei2�2 sin2�2

X
m

mYm�
2 ðk̂ÞYm

2 ðk̂0Þ

� 2
X
lm

ei�l sin�lY
m�
l ðk̂ÞYm

l ðk̂0Þ
�
; (1)

where � ¼ �1 and nð"FÞ is the DOS for one direction of

the spin. Note that interchanging k̂ and k̂0 in the first term
in the bracket changes its sign, because the factor m in the
sum over m becomes �m; this is the signature of the
antisymmetric scattering. The second term is the usual
symmetric term associated with charge scattering, and
these phase shifts do not depend on m.

From the antisymmetric part of the scattering probability
Wantisymðk� ! k0�Þ, associated with cross terms between

the antisymmetric and symmetric parts of the T matrix, we
find a term which produces transverse scattering at the
Fermi level,
X
k0
Wantisymðk� ! k0�Þgðk0; �Þ � e!skewð�Þê � k̂� ẑ;

(2)

where ê is a unit vector along the electric fieldE, ẑ the spin
quantization axis, and we have used the normal out-of-

equilibrium distribution function gðk0;�Þ��e�0vFEê � k̂0

where �0 is the isotropic relaxation time to arrive at this
result. Only the cross terms in the T matrix between the
l ¼ 2 and l� 1 terms contribute to Eq. (2). As our aim is a
general rather than numerical description we consider only
l ¼ 2 and l� 1 ¼ 1, i.e., we neglect lþ 1 ¼ 3, and find

!skewð�Þ ¼ ��
6Ni�0vF

�@nð"FÞ
�d

�
sinð2�2 � �1Þsin2�2 sin�1;

(3)

where Ni is the number of impurities.
The contribution to the Hall effect from the side-jump

mechanism, i.e., the anomalous velocity, arises from cur-
rent driven electric dipoles transverse to the flow [18,19].
The expression for the anomalous velocity waðk; �Þ,
Eq. (2.13) in Ref. [19] is,

waðk; �Þ ¼ 2Ni

@
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(4)

Only the last term contributes to the Hall effect [19] and by
using Eq. (1), we find at T ¼ 0 K,

w aðk; �ÞjT¼0 ¼ !að�Þk̂� ẑ; (5)

where,

!að�Þ¼�
12Ni

�nð"FÞ@kF
�d

�

EF

�
cosð3�2��1Þsin3�2 sin�1:

(6)

The transverse Hall current comes from terms propor-
tional to ẑ� ê; see Ref. [19] for the details. For the
anomalous velocity contribution the electric field enters
when we use the out-of-equilibrium distribution function

gðk; �Þ � �e�0vFEê � k̂ in the expression for the current
J ¼ �e

P
k;�½vk þ waðk; ��fðk; �Þ; see Ref. [19]. When

we consider spherical conduction bands and average over
�k we find there are two transverse components in
�H � �yx. The skew scattering one at T ¼ 0 K is,

�skewð� ¼"#Þ ¼ �1
3e

2nð"FÞvF�0!skewð�Þ; (7)

and the anomalous velocity or side-jump contribution is

�anomð� ¼"#Þ ¼ �2
3e

2nð"FÞvF�0!að�Þ: (8)

The normal conductivity at T ¼ 0 K for each spin
channel is

��1
N ¼ 20�@Ni

n�e
2kF

sin2�2; (9)

where kF is the momentum at the Fermi level, and
n� ¼ 1

2ntotal.

FIG. 1 (color online). Skew scattering (squares) and side-jump
(triangles) contributions to the spin Hall angle calculated from
Eqs. (11) and (13) as a function of the number of d electrons, Zd,
for 5d impurities in Cu. Zd increases from about 1 for Lu to
about 9 for Pt (the calculations in the text for Ir have been done
with Zd ¼ 8, see text and Ref. [23]). All other parameters are
indicated in the text. The side-jump contribution is calculated for
an impurity concentration of 2%. Inset: Density of states (DOS)
of a 5d virtual bound state with S-O splitting between j ¼ 3=2
and j ¼ 5=2 states.
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By placing the expression for !skewð�Þ, see Eq. (3), in
the expression for �skew, Eq. (7), and dividing by �2

N we
find to first order in �H=�N the skew scattering contribu-
tion to the Hall effect at T ¼ 0 K is,

�skew
xy ð� ¼"#! �Þ
¼ � 12�Ni@

n�e
2kF

�d

�
sinð2�2 � �1Þsin2�2 sin�1: (10)

The Hall angle from the skew scattering is

�skew
H ¼ �3=5

�d

�
sinð2�2 � �1Þ sin�1: (11)

By placing !að�Þ, see Eq. (6), in Eq. (8), and dividing
by �2

N we find the anomalous velocity contribution to the
Hall effect at T ¼ 0 K is

�anom
xy ð� ¼"#! �Þ
¼ 	 320Ni@

n�e
2kF

c

z

�d

�

EF

�
cosð3�2 � �1Þsin5�2 sin�1;

(12)

where c is the impurity concentration, and z � ntotal
Ns

¼ 2n�
Ns

,

i.e., the number of conduction electrons per lattice site.
Finally, the Hall angle from the side jump is

�anom
H ¼ 	16=�

c

z

�d

�

EF

�
cosð3�2 � �1Þsin3�2 sin�1:

(13)

Similar calculations can be performed in the presence of
crystal field. With completely crystal field split t2g and eg
states, for example, the prefactors of Eqs. (11) and (13) for
the t2g states are multiplied by 1

3 and
1
5 respectively, and �2

is replaced by �t2g ¼ �
6 Zt2g , where Zt2g is the number of

electrons in the t2g states.

We begin the discussion of our results by a glance at
the expressions of the spin Hall angle (SHA), Eqs. (11) and
(13), for the case without crystal field splittings. �skew

H is

proportional to �d

� , and �anom
H 
 �dEF

�2 . Large effects are

thus expected for narrow resonances when the S-O split-
ting induces significant differences in the scattering on 5=2
and 3=2 states. In the corresponding expressions for the
intrinsic contribution to the SHA [4,5] the denominator �
is replaced by an energy of the order of the bandwidth,
therefore extrinsic effects due to resonant scattering should
be generally larger in the usual case where the width of the
resonance is smaller than the bandwidth.

The second important feature in the expressions for the
Hall angle, arising from the symmetry rules for the SHE, is
the interplay between the asymmetric scattering amplitude
in the channel l and the symmetric amplitudes in the
channels l� 1. It follows that the spin Hall angle,
Eqs. (11) and (13), depends not only on the phase shift
�2 in the resonant channel (l ¼ 2) but also on the phase
shifts in the nonresonant channels l� 1. As the scattering
in a nonresonant channel is generally weaker than in a

resonant one, this selection of cross terms (rarely described
in theoretical papers) contributes to the general smallness
of the SHA. Here we will take into account �1 and
neglect �3.
We now focus on the skew scattering. If one supposes

that the main contribution to the scattering by 5d impurities
in noble metals comes from the resonance on their 5d
states [17], �2 is much larger then �1 and, in first approxi-
mation, �H is proportional to sin2�2; see Eq. (11).

As �2 ¼ �Zd

10 , sin2�2 changes sign from positive to nega-

tive between the beginning and end of the 5d series as
shown in Fig. 1. This change arises from the difference in
sign of the asymmetric resonant scattering on 5=2 and 3=2
states. This agrees with the observed change of sign for the
skew scattering SHE induced by 5d impurities in Cu
[14,15], �H ¼ �1:2% for Lu impurities (Zd½Lu� ¼ 1)
and�H ¼ 2:6% for Ir impurities (Zd½Ir� ¼ 8); the positive
SHE for Ir in Cu has been confirmed by recent experiments
�H ¼ 2:1% [16]. A similar change of sign is also observed
for the intrinsic SHE of pure 5d metals, which suggests a
similar explanation.
Now, we proceed to a quantitative discussion of the Hall

angle for Ir-doped Cu for which different type experiments
have consistently shown a predominant contribution from
skew scattering with reasonably consistent values of �H,
�H ¼ 2:6% in Ref. [14] and �H ¼ 2:1% in Ref. [16].
Typical values of � for 5d impurities in noble metals are
close to 0.5 eV from both experiments [20] and ab initio
calculations [12,21]. With � ¼ 0:5 eV, �d � 0:25 eV
[22], the more recent experimental value of the SHA for
CuIr,�H ¼ 2:1%, is obtained by introducing �1 ¼ �4:3�
in Eq. (11) if we suppose Zd ¼ 8 for Ir impurities in Cu
[23]. The decomposition of Eq. (11) into two factors,
3�d sinð2�2��1Þ

5� ¼ �0:277 and sin�1 ¼ �0:075, shows that

the interference between the resonant and nonresonant
channels induces a significant reduction. The calculation
for Ir in Cu can be extended to other 5d impurities. For an
insight of the variation of�H with Zd we took the values of
� and �1 used for Ir, the S-O constants �d for the 5d series

[22] and�2 ¼ �Zd

10 . As shown on Fig. 1, one obtains a wavy

variation reflecting mainly the variation of sinð2�2��1Þ�
sin2�2 modulated by the smooth increase of �d.
In contrast to the skew scattering contribution to the

SHA, the side-jump one is proportional to the impurity
concentration c. The side-jump SHA for c ¼ 2%, calcu-
lated with EF ¼ 7 eV for Cu and the values of the para-
meters �d, �, �1 already used for skew scattering, is
compared in Fig. 1 with the skew scattering one. For
impurities at the beginning and the end of the 5d series
(Lu, Hf, Ir, Pt) the side-jump contribution at c ¼ 2% is
much smaller than the skew scattering one. This is in
agreement with the result that there is only skew scatter-
ing for concentrations of a few percent of Ir in Cu [16].
For impurities in the middle of the series, like W, Ta, or
Os, concentrations as small as 2% yield side-jump and
skew scattering contributions of the same order of
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magnitude and very large contributions from the side-
jump (�anom

H * 10%) are expected for concentrations of
the order of 10%. This can be compared to the situation of
the Anomalous Hall Effect of Gd doped with Lu impuri-
ties [24] in which the side-jump contribution exceeds the
skew scattering for concentrations above about 6% of Lu.
Finally, we point out that in the limit �1 � �2 the ratio
between �anom

H and �skew
H does not depend on the free

parameter �1; this reinforces our conclusion as to the
relative sizes of the two contributions.

The above discussion is altered when a crystal field
splits the t2g and eg states. According to the results sum-

marized after Eq. (13), this introduces a change of sign at
midway through the filling of the t2g states at Zt2g ¼ 3, and

a reduction by 3 (skew scattering) and 5 (side-jump) in the
amplitudes of the Hall angles. This can change the varia-
tion through the 5d series but not really the order of
magnitude of the SHA’s. For quantitative predictions
only an ab initio calculation of the scattering phase shifts
can lead to realistic results. Our analytical calculation
rather aims to predict the main features expected from 5d
resonances and to identify the important parameters.

Summarizing, large SHE effects induced by the resonant
scattering from impurity states, here d levels, are expected
from the combination of: (i) a large S-0 coupling of the
impurity states and a narrow resonance, which is the con-
dition to obtain a large asymmetric scattering amplitude in
the resonance channel l, and (ii) a large symmetric scat-
tering in the channels (l� 1). The second condition is not
really fulfilled for 5d impurities in Cu so that skew scat-
tering SHA’s of only a few percent are expected in agree-
ment with the existing experimental results [14,16].
However, at least for some impurities (W, Ta, Os), large
side-jump effects can be expected with�H exceeding 10%
for c * 10%. Spin Hall angles above 10% would be ex-
tremely interesting candidates for generating spin currents
without magnetic materials in spintronic devices.
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