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Wet foams are random-close-packed assemblies of approximately spherical gas bubbles in a liquid.

We report rheological experiments with this material, showing that even though the stiffness and frictional

interactions of bubbles strongly distinguish them from solid spherical grains, jamming and flow of wet

foams and granular materials are governed by closely analogous laws.
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The collective mechanical response of close-packed
spherical bubbles, droplets, or grains can be either solidlike
or liquidlike [1–4]: When a shear stress � larger than the
yield stress �y is applied, the material flows due to local

rearrangements in the packing. The dependency of �y on

packing fraction � has been represented in a generic jam-
ming phase diagram [5], and it has been suggested that the
jamming and flow behavior of the materials considered
here could be governed by analogous laws and mecha-
nisms [5,6]. We report an experimental test of this con-
jecture, focused on the rheological behavior of foams and
granular materials in a region of the jamming diagram
close to a point called J [7,8], where � approaches the
random close-packing fraction �c ffi 0:64 [9] and where
�y goes to zero. To compare foams and granular materials

under these conditions, both materials should be probed in
the same way, but this is not straightforward: Foams are
usually characterized by measuring shear stress versus
strain rate at fixed �, and such data are often analyzed in
terms of the phenomenological Herschel-Bulkley law [3].
Granularmaterials subjected to shear strains dilate so that�
cannot be maintained constant. Therefore, shear experi-
ments and simulations are generally carried out without a
constraint on � but with an imposed confining pressure
P [10]. This pressure which enhances contact forces
between neighboring grains is created by applying a con-
trolled normal stress. In foams and emulsions, P corre-
sponds to the osmotic pressure �ð�Þ which describes how
the material resists to the squeezing of the bubbles upon
extraction of the foaming liquid at constant gas volume [11].

Experiments and simulations have shown that jamming
and flow of granular materials are controlled by a macro-
scopic friction coefficient �, defined as the ratio of shear
stress � to confining pressure P [2,10]. The control of
jamming by � is evidenced by the existence of an upper
bound of the slope angle � for which a granular pile can be
in static equilibrium, called the angle of repose �� [10]:
Since � and P are determined by projecting the forces of
gravity to the tangential and normal directions of the pile
surface, we have � ¼ tan�, so that �� corresponds indeed

to a critical macroscopic friction coefficient �� ¼ tan��.
For �>��, the flow of granular materials is governed by
a constitutive law of the following form [10]:

���� ¼ fðIÞ: (1)

The dimensionless shear rate I is the product of the shear
rate _� and the typical duration of a rearrangement, set by
the interplay between confining pressure and inertia or
viscous friction. f is a function for which empirical ex-
pressions have been proposed [12,13]. Both the existence
of a nonzero angle of repose and the scaling described by
Eq. (1) have been considered as features specific to mate-
rials with frictional particle interactions, such as granular
matter [2,10]. In the case of foams or emulsions where
static friction between neighboring bubbles or droplets
does not exist, one might expect that the packing has so
many possibilities to relax that the angle of repose ��
should be zero. However, numerical simulations of closely
packed hard spheres without static friction have evidenced
small but finite angles of repose [13,14]. This raises the
question whether the class of materials where jamming and
flow are governed by the ratio �=P includes even close-
packed bubbles.
To provide an answer using conventional rheological

measurements of stress versus strain rate, such experiments
with foams for different fixed bubble packing fractions �
close to�c would have to be compared to measurements of
confinement (or osmotic) pressure P under the same con-
ditions. Rather than following this technically challenging
approach, we directly impose a controlled ratio �=P to
foam samples, using a setup analogous to a classical ex-
periment where granular materials flow down an inclined
plane [10,12,15]. We study randomly close-packed sheets
of bubbles, rising below an immersed inclined plane
(cf. Fig. 1). The buoyancy force driving this foam induces
shear stress � and confining pressure P, both depending on
liquid density �, �, the acceleration due to gravity g, the
distance z from the bottom of the foam sheet, and the
inclination angle �:
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� ¼ ��gz sin�; P ¼ ��gz cos�: (2)

Thus, in an inclined plane experiment the ratio �=P can be
imposed by choosing �. The gas volume fraction � in-
creases slightly with z, beyond its value�c at z ¼ 0, due to
the balance between the buoyancy induced confining pres-
sure P and the osmotic pressure �ð�Þ [11].

At the beginning of each experiment, we produce almost
monodisperse bubbles by injecting nitrogen gas and the
foaming solution (pure water, Millipore milli-Q, in which
3% g=g of tetradecyl trimethyl ammonium bromide,
Sigma, 99%, No. T4762 are dissolved) into a microfluidic
flow focusing device [16]. Gas-liquid interfaces of this
solution are known to be mobile [17]. The bubbles are
stored in a reservoir at the lower end of an inclined plane
immersed in the foaming solution (cf. Fig. 1). Here, the
bubbles progressively coarsen, due to diffusive gas transfer
among neighbors driven by the Laplace pressure. After
10 min, the polydispersity has reached 10% and the aver-
age diameter is 120 �m. We then open a gate to release the
bubbles at a controlled rate. The foam produced in this way
rises upwards along the plane, between two smooth paral-
lel sidewalls held at a distance of 15 mm (125 bubble
diameters). The thickness h of the foam is measured by
illuminating its bottom surface with a laser light sheet at
grazing incidence. The plane that confines the flow at the
top is 10 cm long, transparent, and its surface is smooth so
that the motion and structure of the foam in contact with it
can be observed. For the range of thicknesses h up to 3 mm
used in our experiments, the bubbles are to a good approxi-
mation spherical. Two video cameras monitor the bubble
shape, packing, and motion at the top surface (in contact
with the plate) and at the bottom surface (in contact with
the surrounding liquid). Correlating successive images
taken by the same camera yields the foam velocities at
each of the two surfaces. We have measured these veloc-
ities for a fixed coordinate x as a function of y, the hori-
zontal coordinate perpendicular to the direction of flow
(cf. Fig. 1). These data show that at a distance of more than
1 mm from the lateral walls, the flow profile is to a good
approximation independent of y. Therefore, the lateral
boundary conditions have no impact on the velocity data
discussed in the following, all measured in the middle
between the two sidewalls. Furthermore, we find that for
the investigated range of experimental conditions, the flow
is stationary: the velocities at two positions at a distance of
5 cm along the x axis are the same within experimental
accuracy. Finally, we check experimentally that the viscous
shear stress exerted on the foam by the liquid below is
negligible compared to the foam shear stress induced by
buoyancy, using a method described in [18]. To detect
shear flow inside the foam, related to a velocity gradient
in the z direction (cf. Fig. 1), we determine the difference
of the top and bottom speeds of the sample �V. The foam
gas volume fraction � is determined in situ using a con-
ductivity probe: we measure the resistance between two
flush mounted electrodes inserted into the inclined plane at

a distance of 1.2 mm. To analyze these data, we model the
foam as a homogeneous continuum and perform numerical
finite element simulations of the conduction, taking into
account the conductivity of the liquid below as well as the
anomalous packing density of the bubble layer that touches
the plane and that we observe directly. We adjust the foam
conductivity in the numerical model until the calculated
resistance between the electrodes matches the measured
one. Using a robust empirical relation [19], we deduce the
average gas volume fraction from the bulk foam conduc-
tivity divided by the conductivity of the liquid. For a static
foam sheet we obtain � ¼ 0:63� 0:01, very close to �c.
Shear flow in the sample induces a small reduction of �
which reaches 0:58� 0:01 for the largest investigated �.
This dilatancy effect is consistent with numerical simula-
tions of frictionless granular materials [13].
Figure 2 illustrates our main experimental result:

Depending on inclination angle � and thickness h scaled
by the average bubble diameter D, we distinguish solidlike
behavior where the foam sheet is translated as a whole
(�V ffi 0) and liquidlike shear flow where �V is larger
than 0:35 mm=s, a threshold value chosen close to the
experimental limit of detection. Because of the coarsening
process, we expect some residual creep flow in the solid-
like regime [20] which is, however, beyond our experi-
mental resolution. In the full investigated range of
thicknesses h=D, solidlike behavior is observed for an
inclination angle below 5:2� � 1�. To refine this estimate
of �� we plot �V versus � for a fixed foam thickness h
(cf. inset of Fig. 2). The velocity difference �V remains
close to zero in the solidlike regime and it rises sharply
with inclination angle in the liquidlike regime. A linear
regression of this increase, shown by the straight line,
indicates that the angle where �V reaches the threshold
0:35 mm=s is typically 0.6� larger than the extrapolated
intercept with the abscissa where �V ¼ 0. Therefore, the
angle of repose is �� ¼ 4:6� � 1�. This result agrees with
two recent numerical simulations, showing a small
but finite angle of repose for spherical close-packed parti-
cles without any static friction, equal to 3.5� [14] or
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FIG. 1 (color online). Experimental setup. Foam rises below
an immersed plane inclined by an angle � with respect to the
horizontal direction. Two CCD cameras monitor the foam speed
at the upper and lower foam surfaces. Two electrodes are used to
measure the foam’s conductivity. The inset shows a typical
sample structure.
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5:76� � 0:22� [13]. Moreover, the convergence of the
measured angle of repose to a constant value for the largest
investigated thicknesses h suggests that�� is insensitive to
the variation of ���c with z. Since �� is the ratio of �
and � under conditions where the sample yields, yield
stress and osmotic pressure must scale in a closely similar
way with ���c near to the point J. This experimental
result agrees with recent numerical simulations of 3D soft
sphere assemblies close to the point J [21,22], while two
other such simulations, based on 2D assemblies, yield a
different scaling behavior [23,24]. Far away from J, �� in
foams cannot remain independent of ���c: For � ! 1,
� diverges as ð1��Þ�0:5 whereas �y goes to a constant

value [3,11].
Figure 2 illustrates that the angle of repose converges to

the constant �� only for h=D � 1 but that it increases when
h=D approaches 1. This finite size effect has been explained
by amesoscopic shear transformation zone model [25]. It is
based on the assumption that the probability of a rearrange-
ment is enhanced if other rearrangements have happened in
its neighborhood, as also considered in recent models of
emulsion fluidity [26]. Close to sample boundaries, the
volume of this neighborhood is reduced, so that jamming
occurs more easily than in the bulk. Moreover, the charac-
teristic range of interactions between rearrangements is the

only independent length scale in this model. A comparison
between the finite size effects observed for foams and
granular matter suggests that this range decreases with
increasing interparticle friction: in Fig. 2 the h=D scale
for bubbles is twice that for grains. However, the difference
between the smooth boundaries in our experiment and the
rough boundary conditions usually chosen in experiments
with granular materials could also be relevant.
We now consider the liquidlike regime in detail. To

compare our data to Eq. (1), we must first relate I to the
experimentally measured quantity �V. For flows suffi-
ciently slow so that inertial forces are irrelevant, the time
bubbles or grains take to rearrange into a new equilibrium
configuration is set by a balance between the confining
pressure P and a viscous friction stress that scales with the
viscosity� of the liquid in which the bubbles are dispersed.
A dimensional argument on this basis yields [18,27]
I ¼ � _�=P. If we assume that Eq. (1) holds, the choice of
an inclination angle � fixes not only the ratio �=P but also
the value of I. As in previous studies [18], we calculate on
this basis the foam velocity profile VðzÞ by integrating the
equation _� ¼ IP=�, using Eq. (2), and thus predict the
relation between �V, h, and I:
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FIG. 2 (color online). Domains of liquidlike (d) and
solidlike (�) behaviors, shown as a function of the difference
between inclination angle � and the angle of repose ��, as well as
h=D. h is the sample thickness and D is the average bubble or
grain diameter. The black line is the frontier between the two
domains reported for immersed granular materials, made of
spherical solid grains of average diameter 112 �m [18]. Data
for foams and granular materials, respectively, correspond to the
scales shown on the left and right vertical axes. The angle �� is
22� for the granular materials [18] and 4.6� for foams, as
explained in the text. The inset shows �V versus � for h in
the range 1:5� 0:2 mm. The region where �V < 0:35 mm=s is
shaded in gray. The straight line illustrates a linear regression of
the data for � > 7:5�.
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FIG. 3 (color online). (a) Schematic view of the foam flowing
below the inclined plane. The foam touches the plane at z ¼ h
and the surrounding liquid at z ¼ 0. VðzÞ is the velocity field.
(b) �V ¼ Vð0Þ � VðhÞ measured versus h for different inclina-
tion angles. The lines have a slope of 2, predicted by Eq. (3).
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�V ¼ Vð0Þ � VðzÞ ¼ I�g� cos�

2�
h2: (3)

Our data shown in Fig. 3(b) agree with the quadratic
scaling of �V with h predicted by Eq. (3). Moreover, in
Fig. 4, we plot ���� versus I, obtained using Eq. (3),
and find that for a wide range of angles and sheet thick-
nesses our foam data collapse on a master plot. These two
results validate our assumption that Eq. (1) holds and rule
out a dependence of I on h for a fixed angle �. Remarkably,
the master plots for foams and immersed granular materi-
als shown in Fig. 4 are described by power laws whose
exponents coincide within experimental accuracy. The
prefactors of these power laws and the angles of repose
are the only features that distinguish the observed macro-
scopic mechanical behavior of granular matter and foams
for � close to �c in the investigated range of experimental
conditions.

To conclude, our experiments show that jamming and
flow of randomly close-packed spherical units can be
described in a unified quantitative framework. Assem-
blies of soft or hard spheres interacting via viscous or solid
friction present generic collective mechanical behavior, up
to now thought to be specific to granular materials. The
similarity between the jamming transition and the glass
transition that motivates the term ‘‘soft glassy materials’’

[6] argues in favor of an even larger analogy [28], a
challenge that calls for more experiments and new theories.
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A. Lemaı̂tre, andM.Wyart and we thank O. Pouliquen who
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FIG. 4 (color online). Variation of ����, the viscous con-
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sionless shear rate I ¼ � _�=P for foams (�� ¼ tan4:6�) and
immersed granular materials (�� ¼ tan22�) [18]. The foam
data are obtained for thicknesses in the range 2:5< h=D< 24
and inclination angles 5� < �< 20�. The full lines are power
law fits, with exponents 0.38 for foam and 0.42 for immersed
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