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Holography and Entanglement in Flat Spacetime

Wei Li (Z% ) and Tadashi Takayanagi (F=i¥lIE)
Institute for the Physics and Mathematics of the Universe (IPMU), University of Tokyo, Kashiwa, Chiba 277-8582, Japan
(Received 22 October 2010; published 5 April 2011)

We propose a holographic correspondence of the flat spacetime based on the behavior of the
entanglement entropy and the correlation functions. The holographic dual theory turns out to be highly
nonlocal. We argue that after most part of the space is traced out, the reduced density matrix gives the
maximal entropy and the correlation functions become trivial. We present a toy model for this holographic
dual using a nonlocal scalar field theory that reproduces the same property of the entanglement entropy.
Our conjecture is consistent with the entropy of Schwarzschild black holes in asymptotically flat

spacetimes.
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Introduction.—One of the most powerful tools to study
quantum gravity is the holographic duality conjecture: the
quantum gravity in spacetime M is equivalent to a quantum
field theory living on the boundary dM [1]. In particular,
the quantum gravity in anti—de Sitter space has been well
developed via the AdS/CFT correspondence [2] from
string theory. However, to understand our Universe, we
need to study quantum gravity in other spacetimes such as
flat space, de Sitter space, and the big bang spacetime. The
purpose of this Letter is to investigate holography in flat
spacetime and to present a consistent outline of its basic
properties and mechanism. We will focus on the Euclidean
flat spacetime RY"! since the Euclidean formulation is
often simpler and better defined than the Lorentzian ver-
sion, as in AdS/CFT [3].

In polar coordinates, the metric of the Euclidean space-
time RY"! is

ds?

2 = dp? + pds? ()

5¢

The holographic principle dictates that the boundary dual
theory of the gravity in R?*! lives on the unit-radius sphere
S4 at p = p, Where p,, is the bulk cutoff radius and is
related to the UV cutoff in boundary field theory (as in
AdS/CFT); we take the limit p,, — 0.

The assumptions we adopt in this Letter are the follow-
ing: (1) the dual field theory allows a path-integral formu-
lation even if it is nonlocal; (2) the bulk-to-boundary
correspondence holds, i.e., the partition function of
gravity in R?*! equals that of holographic dual theory on
S [3]. In Lorentzian holography, S¢ is replaced by the
d-dimensional de Sitter space (see [4,5] for earlier studies).
See [6-8] for other approaches to holography in flat space.

Holographic entanglement entropy.—When a quantum
system is divided into two subsystems A and B, the
von Neumann entropy S, = —Tr[p4 logps] (Where py is
the reduced density matrix after tracing out B) is called the
entanglement entropy of the subsystem A. The scaling
behavior and certain universal coefficients of the entangle-
ment entropy encode important information on the degrees
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of freedom and nonlocal correlations of the system.
Furthermore, the entanglement entropy is a general-
purpose quantity since it can be defined in any quantum
many-body system that allows a path-integral formalism—
even in nonlocal field theories, as will be shown later. Thus
the entanglement entropy is particularly useful when we
know little else about the holographic dual of a given
gravity theory as in our case.

On the gravity side, there is a general prescription to
compute the entanglement entropy holographically: when
the d-dimensional boundary system is divided into two
parts A and B, the holographic entanglement entropy of
the subsystem A is given by the formula [9]

Shol _ area(YA)

F e ?

where area(y,) is the area of the minimal surface 7y, that
lies inside the (d + 1)-dimensional bulk and borders on the
boundary dA of the subsystem A; GX,HI) is the (d + 1)-
dimensional Newton’s constant.

Now we apply (2) to compute the holographic entangle-
ment entropy of a Euclidean field theory on the boundary
5. We divide the spatial slice S¢~! into two spherical caps
A and B using a subsphere S?~2, whose radius in R¢*! is
Poosing, where a € [0,27] and pa is the geodesic
distance in S of antipodal points of $S¢72 (see Fig. 1).
The holographic entanglement entropy is

ad=D/2 pﬁo_l(sin%)d_l
d+1 d
F(T) 4G§V+l)

3)

hol — ¢hol —

First we notice that for a small subsystem A (a <K 1), (3)
approaches A’s volume instead of its area. Moreover, S,
with generic « is extensive since it is proportional to the
spatial volume of the full boundary system (see also [10]).
These two facts are in sharp contrast with the behavior both
in local field theories [11] and in AdS/CFT. In a local field
theory at its ground state, the leading divergence of the
entanglement entropy is always proportional to the surface
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FIG. 1 (color online). The geometric computation of the
entanglement entropy S, in the flat space holography.

area of the subsystem (so-called “area law’’) [11]. The
entropy becomes extensive only when the system is in
highly excited states with energy around the UV cutoff
[12,13]. However, the holographic dual of the gravity in
flat space should not be restricted to any particular type of
states in the boundary theory since this “volume law”
applies to the holographic entanglement entropy of any
asymptotically flat space. Taking all of these into account,
we conjecture that the holographic dual is described by a
certain nonlocal field theory. Below we will construct one
such example based on the scalar field theory.

Also note that in the @ — 0 limit S, saturates the holo-
graphic bound [14] (here given by the volume of A in §%).
Therefore although our total system is in a pure state as
evidenced by S, = S, an infinitesimal subsystem A has a
density matrix p, with maximal entropy (= log dimJH 4
where HH 4 is the Hilbert space of A). Namely, an infini-
tesimal subsystem A is maximally entangled with its
complement B.

Let us consider a generic (not necessarily local) free
scalar field theory on S¢ defined by the action

Sboundary = /de[¢f(_A)¢]r (4)

where A is the Laplacian on S¢ and f(x) is a smooth
function (see [15] for an analogous computation in R).

To see the extensive behavior of the entanglement en-
tropy, it suffices to consider the simplest configuration
with @ = 7. In this case, S, can be expressed as follows
(similar to the geometric entropy in [16]):

KB Zn
5 (Z Z)N [ y=r ©)
where Zy is the partition function of (4) on the orbifold
84/Zy; the Zy action is defined by a 27 rotation of S9.
The partition function can be evaluated via Schwinger
representation: logZy =1 [ 4 Tr(y e /%), where € is
related to the UV cutoff i 1n the ﬁeld theory.

Spherical harmonics on ¢ are labeled by angular mo-
menta (I, my, ..., my_1), whichrange as [ =m; = ... =
mg, =0 and my_, = |my_;|. The eigenvalues of the
Laplacian A are —[(l + d — 1). The Z, orbifolding acts
by multiplying a phase factor e@7/Nma-i The relevant
trace of kernel Tr = Trpye /4 — LTr e /04 s
then

Tr=— Z Ze-‘ﬂmd 1>>g(1 d, ) (6)

where g(l, d, ﬁ) = Z{mi}e”"("/ N)ma-i incorporates the sum
over all magnetic angular momenta m; and is computed
to be

k Lin+d—-3\ & :
() 3(12) £ e o
n= m=—(l—n

for d = 2, the binomial is J,,.
Lower dimensional spheres have more compact results:

g(l, 2, %) _ sin[ZK(21+1)] and g(l, 3, %) _ (sm[—(l+l)])2 and

sin("ﬁk) gm(”")
need to be treated separately. For higher dimensional
spheres (d = 4), g(l, d, %) is a degree (d — 3) (pseudo-)

polynomial of / with leading term m Summing
over all twisted sectors using > ' sin 72 7k = L(N? — 1)

and then applying limy_, %, we obtain the leading diver-
gence of the entanglement entropy:

ds 43
6 s & (d—3)!

§9=t = e s/UHA=) [ (8)

Now we impose the UV cutoff. For S¢ with radius L
and lattice spacing a, the azimuthal angular momentum /
has an upper bound given by /., = % This translates
into a lower bound on the integration parameter

—
$152 €=

First, let us look at actions with f(x) = x”; in particular,
p =1 gives the standard massless scalar. The leading
divergence of the entanglement entropy is

N

Although this result is obtained for d = 4, an exact com-
putation for d = 2, 3 shows that it actually holds for all
d = 2. In particular for d = 2, (9) gives S, = & log% (after
an infinite constant term is dropped). Therefore all theories
with f(x) = x” are local and obey the area law.

Now we make the theory nonlocal by choosing f(x) =
e . For all S with d = 2, the leading divergence becomes

S 2g L\d—2+2q 0
A_6~(d—2)!(d—2+2q)<2) ‘ (10)
Therefore S, obeys the volume law when ¢ = 5, in any

dimension d. To summarize, we find that a nonlocal scalar
field theory defined by the action

Sboundary = [dﬂd[(ﬁemd)]) (11)

has entanglement entropies that exhibit the volume law.
The bulk Bekenstein bound requires that the maximal
boundary statistical entropy is bounded by the volume law.
We have computed, for the ground state in the Euclidean
theory on S¢, the entanglement entropy when exactly half
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of the system is traced out. This directly translates into the
statistical entropy of the Minkowski theory on dS,, thus
the boundary statistical entropy for the ground state sat-
isfies the volume law. For thermal states we simply replace
the flat space with Schwarzschild black holes. The entan-
glement entropy computed holographically still obeys the
volume law. Hence the bulk Bekenstein bound is always
satisfied.

We have used a free scalar theory to show that a
nonlocal theory is needed to realize the volume law for
entanglement entropies. We speculate that the holographic
dual of the flat space is given by the nonlocal general-
ization of a non-Abelian gauge theory on S¢: the theory
now has a nonlocal kinetic term like (11). Indeed, a similar
nonlocal structure is known to appear in open string field
theory (see, e.g., [17]). Moreover, the unconventional ki-
netic term in (11) is natural when we rewrite our flat space
metric into ds?> = dr—r; + (logr)?dQ? and draw a parallel
with AdS metric ds* = dr—’; + r2dx*: the boundary kinetic
terms of these two spaces scale the same since e?o~
r ~ d,. This comparison also shows that p = logr should
be regarded as the energy scale, hence p, is the UV energy
cutoff—corresponding to the UV cutoff from the viewpoint
of open string theory [18]. This argument can be seen as a
logarithmic generalization of the holographic correspon-
dence of Lifshitz-like fixed points introduced in [19].

Holographic correlation functions.—Another important
quantity in establishing the holography is the correlation
function. Now we extend the bulk-to-boundary procedure
[3] to the flat space (1) and compute its holographic
correlation functions.

Consider a scalar field theory in the bulk

1
W fdd+1x@(8#¢6”¢ + M2¢2). (12)
N

Shuk =
e 3G

Under the Dirichlet boundary condition, the boundary/bulk

correspondence  is <€fdﬂdq)0>sd = Zpi[P(poo, Q) =
®(Q)], where the left-hand side is the generating func-
tional of correlation functions on the boundary S¢ and the
right-hand side is the bulk partition function under the
Dirichlet boundary condition; @ is the boundary scalar
field, which sources the operator O in S¢. In the classical
limit, Zga«[P] ~ exp(—Sshel[d]). Since the boundary

(d+1)

Newton’s constant is G%I) = in the limit of

N
W >
P — 0 the boundary theory decouples from gravity.

For the massless scalar, ¢(p, {}) can be solved using the
bulk Dirichlet Green’s function. The on-shell action gives

the boundary two-point function
1 pdl 1
24527 Ay GOV (1 = cosf)@ D2’
(13)

(0(Q)0(,)) =

where cosf = ()1 'flz and A, is the area of the unit
sphere S?. This agrees with the analysis in [20], though

our interpretations are slightly different. Since (13) con-
tains only a divergent term, the physical two-point function
vanishes after nonlocal boundary counterterms are added
to cancel the divergence. Nonlocal counterterms were also
used in the holography of NS5-branes [4,21].

For the massive scalar, we decompose the boundary field
as ®(Q) =3, ic1nY17(), where Y, ;(€) are the ortho-
normal spherical harmonics on §¢. Then the same bulk-to-
boundary procedure produces the boundary two-point
function

d
(OO = —L2 3 Fi(pe) V1,1 (2,)Y,3(42,)
327Gy

N
(14)

where Fi(p) = a,log(p" =21, (1) 2(Mp)) and 1,(2) is
the modified Bessel function of the first kind. p% F(p.,) as
a polynomial of p,, has a nonzero constant term, which is a
degree [%] polynomial of I(I + d — 1) (eigenvalue of —A).
Using the ldentlty ZI,ﬁzYlﬁ/l(Ql)Ylﬁt(Q2) = 5(91 - 92),
we see that in the limit p, — o0, after counterterms are
added to cancel the divergence, the two-point functions
consist of 6 functions and their derivatives by Laplacian.
Therefore, the holographic correlation functions for a mas-
sive scalar are essentially zero.

Next one could explicitly compute higher-point func-
tions following the bulk-to-boundary principle. However,
if we assume the dilaton-type massless scalar Lagrangian
of the form £ = (9, ¢)>P(¢p) where P(¢) is a polynomial,
the correlators always scale as p&!. Therefore they can all
be eliminated by adding boundary counterterms.

In summary, we argue that all n-point correlation func-
tions vanish after counterterms are added to cancel the
divergences. This seems surprising until one recalls our
previous observation from the holographic entanglement
entropy: A is maximally entangled with B when the size of
A approaches zero. Define an infinitesimal subsystem A as
the disjoint union of the n points in the correlation func-
tion: A = U/, x;. Our previous result implies that in this
case the entanglement entropy S, is maximal, therefore the
density matrix p, factorizes into a direct product p, =
®_,p., wWhere p, gives the maximal entropy for the sub-
system at point i, as in a system at an infinitely high
temperature. Therefore all correlation functions vanish:

(O(x))...O(x,)) = Ti{p,O(x)) ... O(x,)] = 0. (15)

We emphasis that this does not mean that the boundary
theory is empty: it stems from the fact that the boundary
theory is nonlocal and highly entangled. Based on this we
propose that the bulk physics in flat space should be
reproduced by the boundary entanglement entropies
(with all possible subsystems traced out).

The correlators of the free scalar toy model (11) are not
exactly zero, but the usual divergence (when two operators
coincide) already disappears. This leads us to expect that
choosing appropriate interactions can further reduce the
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correlators to zero. Indeed, such a theory already exists in
the discretized form: consider a spin model with the
randomized antiferromagnetic Heisenberg interaction
H=1JY;0; G;where J>0 and (i, j) are pairs of two
randomly chosen spins. Since the distance and orientation
between two spins inside a pair is randomly distributed, all
correlators are zero; and since generically the two spins in
a given pair are separated far away from each other,
the entanglement entropy obeys volume law. The contin-
uum limit of this type of spin models would provide
field theory candidates for the holographic dual of the
flat space.

Discussion.—Now we draw an analogy between the
boundary entanglement entropy and the bulk
Schwarzschild entropy in the spirit of the connection be-
tween Unruh effect and Hawking radiation. In the
Lorentzian version of (1) given by ds*>=dp*+
p?(—dr* + cosh’tdQ?_ ), a static observer at p = p; de-

tects a thermal state at the Unruh temperature 7, = 27T'p0 .

The entanglement entropy S, for maximal size A (o = )

. —d—1_(1-d)/2 .
can be rewritten as S, = —2-——7———_ Since S, measures
TGy Ty

the amount of information hidden in the subsystem B,
which is inaccessible to observers in A, it is analogous
to the entropy of Schwarzschild black hole with temp-
erature Ty = Ty. Indeed, the (d + 1)-dimensional
Schwarzschild black hole has
2241 7 2-d)/2 (g —9)d~]
reeGy Ty
constant. Thus our holographic interpretation is consistent
with black hole entropies.

This also suggests a string theory interpretation of our
holography. In AdS/CFT [2], the holographic dual theory
comes from the D-branes that originally sit at the horizon
r = 0. In our flat spacetime, in the limit of p — 0, the
Unruh temperature T;; becomes infinitely large and the
corresponding observer detects pair creations of many
D-branes. We speculate that their open string theory is
the nonlocal field theory conjectured to be the holographic
dual of the flat spacetime.

Finally, let us reexamine the connection between UV
cutoff in the field theory and the cutoff radius of the bulk.
Matching the entanglement entropy obtained from the
holographic computation [(3) with @ = 7r] and the field
theory one [(10) with g = %], we see that if we switch to
dimensionless coordinates defined by p = & where R is a
length unit, and accordingly consider the boundary
theory on a unit sphere S¢ with dimensionless lattice
spacing a = %, we can identify a = ﬁiw. Now §,, inter-
preted as the entanglement entropy for the holographic
dual on the unit sphere S4. scales as S L~ a,?—,l where the

an entropy Spy =

, which agrees with S, up to a numerical

. . d—1
dimensionless number n ~% counts the number of
N

fields in the holographic dual. Since the bulk metric
ds* = R*(dp* + p*dQ?) is invariant under the rescaling

(R, p) — (RA, p/A) for arbitrary A, there exists a corre-
sponding symmetry in the holographic dual theory:
(n, @) — (A?"'n, Xa@). Note that the total number of
degrees of freedom in the boundary field theory is propor-
tional to —7-r and therefore remains invariant. This symme-

try suggests that the theory is highly nonlocal and
entangled and will be useful when we go on to identify
the precise holographic dual. We leave these questions for
future study.
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