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Probing Non-Abelian Statistics of Majorana Fermions in Ultracold Atomic Superfluid

Shi-Liang Zhu,' L.-B. Shao,” Z. D. Wang,? and L.-M. Duan’

lLaboratory of Quantum Information Technology and SPTE, South China Normal University, Guangzhou, China
“Department of Physics and Center of Theoretical and Computational Physics, The University of Hong Kong,
Pokfulam Road, Hong Kong, China
3Department of Physics and MCTP, University of Michigan, Ann Arbor, Michigan, USA
(Received 1 November 2010; published 8 March 2011)

We propose an experiment to directly probe the non-Abelian statistics of Majorana fermions by
braiding them in an s-wave superfluid of ultracold atoms. We show that different orders of braiding
operations give orthogonal output states that can be distinguished through Raman spectroscopy.
Realization of Majorana states in an s-wave superfluid requires strong spin-orbital coupling and a
controllable Zeeman field in the perpendicular direction. We present a simple laser configuration to
generate the artificial spin-orbital coupling and the required Zeeman field in the dark-state subspace.
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Quantum statistics is a fundamental concept in physics
that distinguishes fermions from bosons. The discovery of
the fractional quantum Hall (FQH) effects opens up the
possibility to study exotic quasiparticles beyond bosons
and fermions, which are called anyons [1,2]. There are two
types of anyons, with Abelian or non-Abelian statistics.
For Abelian anyons, the winding of one quasiparticle
around another gives a phase factor to the wave function
which is a fraction of 27. For non-Abelian anyons, a
winding of one quasiparticle around another is associated
with a unitary transformation in the subspace of degenerate
ground states [3]. Such unitary transformations form a
representation of the braid group where the elements in
general are noncommutative. Recently, the systems with
non-Abelian anyons have attracted considerable interest as
candidates for realization of fault-tolerant quantum com-
putation [4,5].

Probing quantum statistics is a challenge for both
Abelian and non-Abelian anyons. Recent theoretical works
suggest that interference experiments in a well-designed
point contact geometry may serve as a probe of Abelian [6]
or non-Abelian anyons [7] in the FQH system. Besides the
quasiparticles in the FQH system, a vortex excitation in
px T ip, superconductor traps a zero-energy bound state
which represents a kind of self-conjugate particles called
Majorana fermions [8]. Majorana fermions have the feature
of non-Abelian statistics and have raised significant interest
in condensed matter physics [5,8—12]. Several inspiring
proposals have been suggested very recently to realize
Majorana fermions in different materials [10,11]. A scheme
to observe Majorana fermions has also been proposed in
the p-wave superfluid state of ultracold atoms [12].

In this Letter, we propose an experiment to probe non-
Abelian statistics of the Majorana fermions with an ultra-
cold atomic gas in the s-wave superfluid state. In contrast
to the p-wave superfluid state, which still remains to be
realized experimentally due to challenges associated with
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instability of the p-wave Feshbach resonance [13], the
s-wave superfluid state is stable and has been observed in
many experiments [14]. It has been noted recently that an
s-wave superfluid with spin-orbital (SO) coupling emu-
lates properties of the p-wave superfluid [10,11,15,16].
Realization of Majorana fermions in an s-wave superfluid
state requires SO coupling and a controllable Zeeman field
on the effective spins [11]. For ultracold atoms, an effective
SO coupling can be generated through gradient of spatially
varying Berry phase induced from laser beams [17-19].
We propose a scheme to realize both SO coupling and the
required perpendicular Zeeman field on the effective spin,
with a laser configuration compatible with the current
experiment and significantly simpler than the previous
proposal [19]. The Majorana fermions can be adiabatically
moved around each other through control of the pinning
potentials from focused laser beams. We construct explic-
itly two composite braiding operations A and B, for which
the different orders of braiding operations AB and BA,
acting on the initial vacuum, give orthogonal output states
that can be distinguished through the Raman spectroscopy.
The proposed experiment thus provides a promising ap-
proach to directly probe the fundamental non-Abelian
statistics of the anyons. Realization of Majorana fermions
has been proposed in other systems [10,11]; however, for
typical condensed matter materials, it is very challenging
to directly demonstrate the non-Abelian statistics of the
Majorana fermions by braiding them in space. The pro-
posed realization of Majorana fermions in an s-wave
atomic superfluid therefore offers a unique opportunity to
adiabatically rotate them in space with focused laser beams
to observe the non-Abelian fractional statistics, which is
the most interesting property associated with these exotic
quasiparticles.

We consider a cloud of ultracold fermionic atoms with
three relevant spin components in the ground-state
manifold, labeled as |1), |2), |3) (e.g., they can be taken

© 2011 American Physical Society


http://dx.doi.org/10.1103/PhysRevLett.106.100404

PRL 106, 100404 (2011)

PHYSICAL REVIEW LETTERS

week ending
11 MARCH 2011

as the lowest three Zeeman levels of °Li atoms near the
broad s-wave Feshbach resonance). To generate the effec-
tive SO coupling, we apply three traveling wave laser
beams in the x and y directions which couple the atomic
levels |1), [2), |3) resonantly to the excited state |e) through
the standard tripod configuration as shown in Fig. 1 [17-
19]. The single-particle Hamiltonian for each atom takes
the form H, = p?/2m + H,;, where p denotes the mo-
mentum operator and m is the atomic mass. The light-atom
interaction Hamiltonian H,; is given by H,; =
thZ?(leerl + H.c.) = hQ|eXB| + H.c., where the
corresponding Rabi  frequencies take the form
Q, = QsinBcospe *, O, = QcosBe ™, and Q; =
Q sinfB singe*, with k the wave number of the light, ) =

VIO 12+ Q52 + 1Q5]%, and the bright state |B) =
(Q711) + Q312) + Q313))/Q. We assume uniform plane
wave laser beams so that (), B, ¢ are all constants
and the values of B, ¢ will be specified below. The
diagonalization of H,; yields two orthogonal dark states,
|D,) = singpe 091} — cospe k0T |3), |D,) =
cosBcospe K091y — sinB|2) + cosB singpe k0 TI|3),
which are not coupled to the excited state |e¢) and thus
immune to spontaneous emission. We assume the atoms
are initially pumped to these dark states and they remain in
the dark states as long as the typical velocity v of the atoms
satisfy the condition nvk < ) [20], where the prefactor
n = 1.3 for the isotropic SO coupling discussed below. In
typical experiments, the wave number k = 10’ m~! and
the Rabi frequency () of the order of magnitude 27 X
20 MHz can be readily obtained, so the condition nvk <K
Q) is fully satisfied for ultracold atoms with the typical
atomic velocity about several centimeters per second. The
probability of nonadiabatic excitation, estimated by
(nvk/Q)?, is negligible (about 107%). In a resonant cou-
pling configuration as shown in Fig. 1(a), the effective
atomic spontaneous emission rate is reduced from the
original rate y, by a factor of the nonadiabatic excitation

FIG. 1. Schematic representation of the light-atom interaction
configuration for generation of the effective Hamiltonian with
SO coupling and a perpendicular Zeeman field. (a) The relevant
atomic levels and the coupling Rabi frequencies to correspond-
ing laser beams with specified polarizations o, o_, or .
(b) The spatial configuration and propagating direction of the
laser beams.

probability and thus estimated by y,(gvk/Q)?, where is at
a few Hz level. Thus, the atomic spontaneous emissions
induced by these laser beams are negligible if the experi-
mental time is within 100 ms. The effective atomic sponta-
neous emission rate can be further reduced if one uses
off-resonant coupling configuration or increases the Rabi
frequency ) with more laser power. Under the above
condition, we can project the Hamiltonian H; to the sub-
space spanned by these two dark states, and the projected
Hamiltonian takes the form

(px B Ax)2 + (p) - Ay)z’ (1)
2m 2m

where A, = —hkcosBo,, A, = (hk/2)sin’Bo, +
(hk/2)(1 + cos?>B). In the derivation, we have assumed
¢ = /4 and defined an effective spin with the basis
vector | 1) = (D) +ilD,)/¥2 and | ]) = (ilDy) +
|D,))/+/2. The Pauli matrices o, o, are defined in asso-
ciation with these spin basis vectors. Equation (1) de-
scribes the atom in a spin-dependent synesthetic gauge
field [17-19], and a spin-independent version of this gauge
field has been demonstrated in recent experiments [21]. To
get the standard form of the SO coupling, we choose the
value of B to satisfy sin?8 = 2cosf =2(v/2 — 1) and
observe the system in the moving frame with the velocity
v, = (hk/2m)(1 + cos?f3), so that we can drop the con-
stant term (71k/2)(1 + cos?B) in A,.

The effective Hamiltonian Hgo has the required SO
coupling, but we still need to generate a perpendicular
Zeeman field on the effective spin | 1), | |) with the cou-
pling term /o ,. For this purpose, we apply two additional
laser beams that couple the states |1) and |3) to the excited
state |e) off resonantly with a large detuning A, [see
Fig. 1(a)], with the corresponding Rabi frequencies de-
noted by Q,, = i|Q_le”** and Q5. = |Q_|e***. With the
driving |Qq,[, |Q3,] < Ay, it leads to a perturbation
Hamiltonian given by H, = —ihQ,e**[1)(3| + H.c,
where , = [Q_[*/A, [22]. We assume ), < (), so the
Hamiltonian H, cannot pump the atoms outside of the
dark-state space spanned by the | 1) and | |) levels; how-
ever, it splits the degeneracy of these two levels and leads
to a coupling Hamiltonian of the form H, = (72}, cosp)o,
in the dark-state space, which gives exactly the effective
Zeeman field term h, o, with h, = h{), cos 3. The Zeeman
field h_/h can be continuously tuned from zero to about
27 X 50 kHz (enough for our later applications), and
under this condition, the requirement () <K Q is well
satisfied with the off-resonant excitation probability
(Qp/Q)2 < 107°. Note that in this scheme we need only
two laser beams shined from the same direction as (1, (),
to create the required Zeeman field. This significantly
simplifies the experimental requirement compared with
the scheme in Ref. [19] which needs five additional laser
beams and more complicated optical configuration to cre-
ate the Zeeman field.

Hso =
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Now we have the effective single-particle Hamiltonian
Hgo + H, of the right form. The atomic interaction is
described by the s-wave scattering. In the second quanti-
zation formalism, it is described by the Hamiltonian H;,, =
S [V (W)W, (r)¥,(r)d’r, where W,(r) denote
the fermionic field operators, 7, j are summarized over the
three spin components 1, 2, 3, and g;; are proportional to
the s-wave scattering lengths in the corresponding channel.
In the s-wave superfluid state, the Hamiltonian H,,, can be
replaced by the effective mean-field BCS-type
Hamiltonian Hges = Y,; [ A;;(r)¥;(r)V;(r)d°r + H.c.,
where A;(r) = g; J<\I’:r (r)\If;-r (r)) correspond to the super-
fluid order parameters. The typical s-wave pairing poten-
tial A;; in experiments is about 277 X 3.5 kHz [14], which
is much smaller than (), so the interaction Hamiltonian
Hycg cannot pump the atoms outside of the dark-state
subspace. Under this condition, we can project Hgcg to
the dark-state subspace, and the projected Hamiltonian Hp
takes the form Hp = [ A(r)W;(r)¥(r)d’r + H.c., where
A is a linear superposition of A5, A3, A,3 with the super-
position coefficients determined from the transition matrix
between |1), |2), |3) and | 1), | 1), |B). If we write the wave
function ®(r) as P(r) = [u;(r), u)(r), v)(r), v1(r)]" in the
basis specified by the operators (W;(r), ¥ (r),
\Iff (r), —‘I’TT (r))7, the Schrodinger equation for the total
Hamiltonian H = Hgg + H, + Hp with eigenenergy E
takes the form of the Bogoliubov—de Gennes equation

A(r) _
o (g o, >(I>(r) — EdD(r). ()
If we introduce 7

+y,- t0 denote Pauli matrices in the Nambu
spinor space, the Hamiltonian H can be written in the form

Hgo + H,
( A*(r)

2
p
H= I:% — M]TZ + aloyp, + oyp,)7, + h,0,

+ (7,ReA — 7,ImA), 3)

where the laser induced SO coupling rate o = —hk(\2 —
1). All the constant potentials have been included in the
definition of the chemical potential w which is self-
consistently determined from the particle density. For ul-
tracold atoms in a global spin-independent confining trap
V(r), under the local density approximation, the global trap
can also be included in the definition of the chemical
potential with the substitution u — u — V(r).

The Hamiltonian H in Eq. (3) has been investigated in
the context of a recent proposal for realization of non-
Abelian anyons in a solid state heterostructure consisting
of a superconductor, a 2D electron gas with Rashba SO
coupling, and a magnetic insulator [11]. It is known that for
this Hamiltonian a Majorana fermion zero mode emerges
from a vortex core if the parameters in the Hamiltonian

satisfy the condition h, > h, = +/u? + |A]> [11,16]. For
ultracold atoms, /. is comparable with the Fermi energy

E; since the chemical potential |u| ~ E, and the pairing
potential [A| ~ 0.35E,. The condition h, > h, can be
easily satisfied since we assume &, /h can be tuned up to
27r X 50 kHz, while E;/h is around 27 X 10 kHz [14].
A vortex is needed for emergence of the Majorana fermion
in a central potential because the Hamiltonian has the
particle-hole symmetry [11]. Vortices in atomic superfluid
can be created with several methods and have been ob-
served in many experiments [23,24]. For instance, the
required angular momentum associated with the vortices
can come from initial rotation of the atomic cloud [23] or
be imprinted from nonzero orbital angular momentum of
laser beams [24].

We now turn to the important question of probing non-
Abelian statistics associated with Majorana fermions. For
an unambiguous demonstration of the non-Abelian statis-
tics, we need to construct two braiding operations A and B.
When applied to the initial state, the composite braidings
AB and BA give orthogonal output states which can be
distinguished through experimental detection. In the fol-
lowing, we explicitly construct these braiding operations
for Majorana fermions and discuss the experimental detec-
tion of the output states.

Let us consider 2N Majorana fermions confined in 2N
vortex cores, denoted by vy; (i=1,2,...,2N). The
Majorana fermions can be combined pairwise to form N
complex fermionic states ¢; = y,; + iy,j—;. Each fermi-
onic state can be occupied or unoccupied and therefore the
ground state is 2V-fold degenerate. If we exchange one
Majorana fermion j with its nearest neighbor j + 1 by
adiabatically moving the pinning potential, we get a uni-
tary operation 7; = exp(my;4+1y;/4) = (1 + ¥;417,)/2
acting on the 2"-dimensional degenerate Hilbert space [9].
The elementary interchange operations 7; (j =1,
2,...,2N — 1) form a complete set of generators for the
braid group. To demonstrate the non-Abelian statistics, we
need at least four Majorana fermions due to the existence of
the superselection rule. For four Majorana fermions, they
combine into two complex fermions ¢y, ¢,. The ground state
has degeneracy four, but the Hamiltonian H conserves
parity of the fermion number, and the even-number sub-
space spanned by {|0), cIr c;r |0)} is decoupled from the odd-
number subspace spanned by {C“O), c;r |0)}. At low tem-
perature (temperature significantly below the superfluid
gap), the initial state is typically a vacuum state |0) [12],
and in the even-number subspace {|0), c;r c;r |0)}, only two of
the three generators 7, 75, 73 are independent with

;o — L/—-i 0 )
RN 0 1+

S L1 =i

2 L\-i 1)
From these generators, we construct two composite braid-
ing operations

“4)
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A=T117]}, B =717} 5)
with the property
AB =io,, BA = —io,, (6)

where 7| ! represents a braiding along the reverse direction.
With the initial state |0), the braiding operations AB and BA
yield two orthogonal output states, either i|0) or —i cifc; [0),
demonstrating the non-Abelian nature of the anyons.
During braiding, we need to fulfill the adiabaticity. The
gap to the first excited state in the vortex core is estimated
by wg ~ A?/E; ~ 27 X 1.2 kHz. If the braiding time #, is
of the order of tens of ms, the nonadiabatic excitation
probability estimated by 1/(wyt,,)? is negligible.

The two output states i[0) and —ic¢l|0) can be distin-
guished through the Raman (or rf) spectroscopy [25]. For
the state cIrc;rIO), we have two fermionic atoms at zero
energy trapped at the vortex cores. We can apply a Raman
7 pulse to resonantly bring these zero-energy atoms to a
different hyperfine state |D) [12], which is outside of
Feshbach resonance and thus only weakly interacting
with other atoms. If we choose the Rabi frequency of the
Raman pulse to have a Gaussian shape Q=
Qqexp(—r?/w?) exp(—w§r?) (where —t; =t =1, and
the center of the vortex core is at » = 0), it will not break
up the Cooper pairs or excite other quasiparticles at the
vortex core which are detuned typically by an energy scale
comparable with |Al. It is estimated that the error is about
4 X 10™* and thus negligible under typical experimental
parameters A =27 X 3.5 kHz, w,= 0.35A, Q=
L7wy, ty =5/wy, and w =15 um. If the two laser
beams for the Raman pulse propagate along different
directions, it also applies a momentum kick to the target
atoms to push them outside of the atomic cloud. These
target atoms in a different hyperfine state |D) can then be
detected with the standard quantum jump technique.

In summary, we have proposed an experimental scheme
to create and observe Majorana fermions in an s-wave
superfluid of ultracold fermionic atoms with laser induced
SO coupling. The non-Abelian statistics of the Majorana
fermions can be directly probed through laser-controlled
braiding and detection based on the Raman spectroscopy.
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