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In contrast with the stability effects of trapped energetic ions on tearing modes, the effects of circulating

energetic ions (CEI) on tearing modes depend on the toroidal circulating direction, and are closely related

to the momentum of energetic ions. CEI provide an additional source or sink of momentum to affect

tearing modes. For co-CEI, tearing modes can be stabilized if the momentum of energetic ions is large

enough. On the other hand, the growth of tearing modes can be enhanced by counter-CEI. Further, a

possibility to suppress the island growth of neoclassical tearing modes by co-CEI is pointed out.
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The tearing mode, one of the most dangerous magneto-
hydrodynamics (MHD) instabilities in tokamak dis-
charges, can change the topology of the magnetic field,
lead to the formation of magnetic islands, increase local
radial transport, and degrade plasma confinement. If the
island becomes large, tearing modes can cause a macro-
scopic relaxation event. The neoclassical tearing mode
(NTM) is driven by bootstrap current and can limit the
� ¼ 8�P=B2 value (where P is pressure, B is the magnetic
field) in tokamak discharges [1]. Hence, understanding the
physics of tearing modes (including NTMs) in tokamak
plasmas is one of the critical physics problems to achieving
steady-state and high confinement plasmas [2].

Recently, some theories and experiments have shown
that energetic ions can interact with tearing modes effec-
tively [3–8]. Many works have been devoted to the influ-
ences of energetic ions on ideal MHD instabilities [9–13],
such as the internal kink mode and the Alfvén eignmodes.
For example, it has been shown that energetic ions can
stabilize the internal kink mode [10]. However, the study of
the interaction between energetic ions and resistive stabil-
ity of m> 1 modes (such as tearing modes) has only
begun. The redistribution and loss of energetic ions due
to NTMs and the stabilization of energetic ions on NTMs
were found in some experiments [3–5]. In 1990, Hegna
et. al. [7] showed that energetic ions have stabilizing
effects on nonlinear tearing modes by the interaction
with the inner region. In the presence of the nonlinear
magnetic island, the island current generated due to the
magnetic drift of energetic ions depends on the density
gradient of energetic ions outside the rational surface and
affects the stability of nonlinear tearing modes. Recently,
the effects of energetic ions on linear tearing modes have
been simulated by Takahashi et. al. [8]. It has been found
that the kinetic effects of energetic ions can play a crucial
role in the stability of m=n ¼ 2=1 tearing modes, and
energetic ions affect the stability of tearing modes through
the interaction with the ideal outer region. Since the drift
orbit radius of energetic ions is much larger than the island

width of linear tearing modes, the effects of energetic ions
on tearing modes in the nonideal region can be assumed
unimportant. Hence, we will focus on the interaction be-
tween energetic ions and the outer region in this article.
To understand the underlying physics, a heuristic inter-

pretation is shown. In the outer region of tearing modes,
B � rJk ¼ 0 (where Jk is the parallel current) in the low-�
plasmas, so Jk ¼ Jkð�Þ is the flux function, where � ¼
Qðc Þ þ �c , dQ=dc ¼ 1� q=qs (c and �c are the
equilibrium and perturbed poloidal magnetic flux, respec-
tively, q is the safety factor, qs ¼ m=n is the value of
q on the resonant surface), satisfying B � r� ¼ 0.
Then the perturbed current can be obtained as �Jk ¼
ðdJk0=dQÞ�c in the outer region. However, due to the

magnetic drift of energetic ions, Jk is not a flux function,

since B � rJk ¼ �r? � J?;h, where J?;h is the diamag-

netic current due to the kinetic parts of energetic ions.
Separating the current into Jk ¼ Jk;1 þ �Jk;2, where Jk;1 ¼
Jk;1ð�Þ is still a flux function, and B0 � r�Jk;2 ¼ �r? �
�J?;h, then the perturbed current �Jk ¼ ðdJk0=dQÞ�c þ
�Jk;2. Consequently, �Jk;2 must be a function of �c , and

the equation in the outer region is changed. Thus, it can be
considered that energetic ions affect the outer region of
tearing modes by providing an additional source or sink for
the exchange of momentum with waves.
Now, the details of the calculation are shown. In the

outer region, the linearized equations are

�r�pc �r � �ph þ �J�B0=cþ J� �B=c¼ 0; (1)

�ph ¼ �p?;hIþ ð�pk;h � �p?;hÞbb; (2)

where �pc is perturbation of the core plasma pressure,
which is assumed to be isotropic. �ph is the perturbation
form of Chew-Goldberger-Low [14] pressure tensor of
energetic ions. I is the unit tensor, b ¼ B0=B0 denotes
the direction of equilibrium magnetic field. The magnetic
field is written as B ¼ Ir� þr� �rðc þ �c Þ, where
the toroidal geometry is assumed to be axisymmetric.

PRL 106, 075002 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

18 FEBRUARY 2011

0031-9007=11=106(7)=075002(4) 075002-1 � 2011 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.106.075002


(c , �, �) are chosen as flux coordinates. � and � are the
poloidal and toroidal angle, respectively.

For simplicity, the single helicity is considered. Then the

form of perturbation ½�c ; ��� ¼ ½�ĉ ; ��̂�ðrÞ expðim��
in�Þ can be assumed. Operating r � ðB0=B

2
0 � � � �Þ on

Eq. (1), one finds
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where �1 ¼ �ðr cos�=RÞð@c =@rÞ�1, �2 ¼ r sin�=R,
�Ak ¼ ��c =R is the perturbation of parallel magnetic

vector potential, R ¼ R0 þ r cos� is the major radius.
To obtain the expression of �ph, it is necessary to solve
the perturbed distribution of energetic ions. By ignoring
finite Larmor radius effects, the linearized gyrokinetic
equations are

�Fh ¼ ð@Fh0=@EÞe��=mh þ �Hh; (4)

ðvkb �rþvd �r� i!Þ�Hh¼ðie=mhÞQhð���vk�Ak=cÞ;
(5)

where Qh ¼ ð!@=@Eþ!�hÞFh0, !�h ¼ �iðb�
r lnFh0=�chÞ � r, vd ¼ ½ðv2

k þ v2
?=2Þ=�ch�b� � is the

magnetic drift velocity, and � ¼ b � rb. Here, E ¼ v2=2
is the energy per unit mass, Fh0 and �Fh are the equilib-
rium and perturbed distribution of energetic ions, respec-
tively. �ch ¼ eB0=ðmhcÞ is the cyclotron frequency, e and
mh are the ion charge and mass, respectively. �� is the
perturbed electrostatic potential.

By introducing the transforms �Ak ¼ �icb � r��r=!
and �Hh ¼ �e=ðmh!ÞQh��

r þ �G, ��r ¼ �� is ob-
tained, since Ek ¼ �b � r��þ ið!=cÞ�Ak ¼ 0 in the

ideal outer region. Then Eq. (5) becomes

vkðqRÞ�1ð@=@�þ q@=@�Þ�G� vdðr�1 cos�@=@�

þ ikr sin�Þ�G� i!�G

¼ �e=ðmh!ÞQhvdðim cos�=rþ ikr sin�Þ��; (6)

where vd ¼ ðv2
k þ v2

?=2Þ=ðR�cÞ and ikr ¼ @=@r. In this

article, only the effects of circulating energetic ions
(CEI) are considered. By introducing the transform
�G ¼ expðim�� in� � i�d cos�Þ�gðr; �Þ, where �d ¼
krvd=!t, !t ¼ vk=ðqRÞ, Eq. (6) can be written as
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(7)

where kk ¼ ðm� nqÞ=ðqRÞ. For CEI, we assume the order-

ing ! � !t for tearing modes and q	h=a � 1 [	h ¼
vd=ðq!tÞ], where q	h and a are the drift orbit radius of
energetic ions and minor radius, respectively. �h � �c is
also assumed (�h ¼ 8�ph=B

2
0, �c ¼ 8�pc=B

2
0). For the

region of kr � m=r, Eq. (7) can be expanded as

@�g0=@�¼�ie=ðmh!ÞQh�d sin���̂expði�dcos�Þ; (8)
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Equation (8) can be solved as

�g0 ¼ e=ðmh!ÞQh��̂ expði�d cos�Þ þ C0ðrÞ: (10)

Substituting Eq. (10) into Eq. (9) and making the integralH
d�=ð2�Þ, one can get

C0ðrÞ ¼ �e=ðmh!ÞQh��̂J0ð�dÞ; (11)

where Jnð�dÞ is the Bessel function. From Eqs. (9)–(11),
using the transform
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X
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one finds
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(13)

Thus, the perturbed distribution of energetic ions �Fh

is derived. Next, only �pk;h ¼ R
d3vv2

k�Fh needs to be

solved, since CEI is considered here, �pk;h � �p?;h.

Making the integral
H
d� expð�im�þ in�Þ=ð2�Þ on

Eq. (3), one yields
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where the terms about the core pressure and the adiabatic
part of energetic ion pressure, which are of order Oð"Þ
comparing with other terms, are neglected. " ¼ r=R0 is the
inverse aspect of ratio, and

�K ¼ �i
e
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R0

B0

r

�
@c

@r

��1 Z
d3v

v2
k

	h

Qh½1

� J20ð�dÞ��ÂkðrÞ; (15)

where �Ak ¼ �icb � r�=! is used. In fact, Eq. (14) is an

integrodifferential equation, as

Fr ¼ ½1� J20ð�dÞ��ÂkðrÞ
¼

Z 1

�1
dkr½1� J20ð�dÞ��ÂkðkrÞ expðikrrÞ: (16)

Note that Eq. (15) is only valid near the resonant surface,

where @r�Âk=�Âk � 1. In the region far from the resonant

surface, the effect of CEI can be neglected, since CEI have
only an adiabatic effect there [9]. On the other hand,
vd �E� 0 in this region for tearing modes, so the energy
exchange of energetic ions and tearing modes can be
neglected. Furthermore, the stability criterion �0 is mainly

determined by the behavior of �Âk near the resonant

surface. Thus, we focus on the effects of energetic ions
near the resonant surface in the outer region. To analyze the
nonlocal effect of energetic ions, the numerical calculation
about Fr is made, as shown in Fig. 1. From Fig. 1, one

concludes that Fr � 
0�ÂkðrÞ with 
0 	 1 near the reso-

nant surface can be approximated. The rough explanation
is that the nonlocal behavior of energetic ions due to the
magnetic drift couples the regions �d � 1 and �d �Oð1Þ,
and modifies the quantitative result, but it will not change

the qualitative result. Thus, the approximation Fr � �Âk is
modified. This is similar to the effect of finite thermal ion
Larmor radius [15]. Note that Cowley et al. [15] dealt with
the effect of thermal ion Larmor radius in nonideal inner
region, and discussed the nonlocal response of ions across
the nonideal region.

To proceed, it is assumed that the equilibrium distribu-
tion F ¼ P

�F
�
h0 satisfies the slowing-down model for a

population of CEI by a purely co-CEI (� ¼ þ) component

or a purely counter-CEI (� ¼ �) component, as F�
h0 ¼
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�Âk; (17)

where 	�
hm ¼ ð2E�

mÞ1=2=�ch is the gyroradius of energetic

ions with maxim energy E�
m. Thus, Eq. (14) can be rewrit-

ten as
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�Âk ¼ 0;

(18)

where the variables are normalized as t ! �At, x ! ax,
B ! B0B,�

�
h ¼ 8�p�

h =B
2
0, and �A is the Alfven time. The

last term denotes the part of perturbed parallel current �Jk;2
due to CEI. As mentioned above, this term comes from the
diamagnetic drift current due to the anisotropic pressure.
By the magnetic curvature coupling, the magnetic drift of
energetic ions can affect the perturbed parallel current,
so the parallel current is not a flux function anymore.
The effects of CEI also depend on the toroidal circulating
direction. Thus, it can be considered that CEI affect tearing
modes through the exchange of momentum. Next, the
effects of CEI on the stability criterion �0 of tearing modes
will be derived based on Eq. (18). It can be found that the
form of Eq. (18) is similar to outer equation of classical
tearing modes [16]. As done in Ref. [16], the stability
criterion without considering conducting wall can be de-
rived approximately as

�0 ¼ ��

rs
cot½�ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 

p
�mÞ�; (19)

 ¼ 0 þ h; (20)

where 0 ¼ �q2ðrsÞ½"dqðrsÞ=dr��1dJk0=dr, h ¼

0q

2ðrsÞ½"dqðrsÞ=dr��1
P

��ð	�
hmÞ�1d��

h =dr.0 is a criti-

cal parameter determining the value of �0 without the
effects of energetic ions. As pointed out in Ref. [16],
Eq. (19) is only valid for 0<< 2mþ 1, since it is
derived from the leading order expansion near the singular
layer for the solution of Eq. (18). For the complete solution,
it is needed to solve Eq. (18) by numerical calculation. From
the expression ofh, one can see that the effects of energetic
ions are proportional to its momentum. For the typical
tokamak like JT-60U, the main parameters are B ’ 3:5T,
R ’ 3:2m, " ’ 1=4, !A ’ 8� 106=s, q0 ’ 0:8, s ’ 0:4,
where !A is the Alfvén frequency, s is the magnetic shear
at rs. 
0 ¼ 0:5 is taken. Considering m ¼ 2, n ¼ 1 mode,
rs�

0 ¼ 0 for 0 ¼ 2:25 without energetic ions. It is as-
sumed that 200 keV ions formed by co-CEI (or counter-
CEI) inject into plasmas, then 	hm ’ 0:018m. d�h=dr < 0
and d�h=dr���h=r are also assumed. Then �0 against

0.58 0.59  0.6 0.61 0.62
  0

0.2

0.4

0.6

0.8

  1

1.2

FIG. 1. Plot of Fr and �Âk near the resonant surface at
rs ¼ 0:598 for a typical m=n ¼ 2=1 tearing mode.
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�d��
h =dr is shown in Fig. 2. It can be seen explicitly that the

effects of CEI on �0 are dramatic. For counter-CEI, �0
increases with �h, and can become positive. For co-CEI,
�0 decreases with �h, and can be reduced to negative or
more negative. �0 as the key measure of the plasma free
energy is essential to the stability of classical tearingmodes,
and the onset and evolution of NTMs. If �0 > 0, the clas-
sical tearing mode is unstable, can provide the seed islands
for NTMs [17], and may be one of the onset mechanisms of
spontaneous NTMs [18]. If �0 < 0, the classical tearing
mode is stable, and the island growth of NTMs will be
suppressed. Actually, some recent experiments in JET and
DIII-D indicated that NTMs are triggeredwhen�0 becomes
positive [1,5,19]. In the experiment in DIII-D [5], it was
shown that the change of �0 may be a conceptual explana-
tion for the onset mechanism of NTMs, the increased co-
injected neutral beam reduces�0, and them=n ¼ 2=1NTM
onset thresholds are increased. Another two experiments
[1,19] in JET and DIII-D also showed that 2=1 modes
growth may start as a classical tearing mode when �0 > 0
in some cases and the stability of tearing modes relates
to �fracð�frac ¼ �h=�Þ attributed to the energetic ions.
Recently, the simulation presented by Takahashi et. al.[8]
indicated that tearing modes can be stabilized by the inter-
action between outer region and trapped energetic ions if
�frac is large enough. Therefore, tearing modes can be
affected dramatically by CEI.

In conclusion, the effects of CEI on tearing modes
depend on the toroidal circulating direction, and have a
great relation with the momentum of energetic ions. For
co-CEI, energetic ions can reduce the value of �0, and
stabilize the classical tearing modes; then it may suppress
the island growth of NTMs. For counter-CEI, energetic
ions can destabilize the classical tearing modes, and may
trigger the spontaneous NTMs. For the balanced tangential
neutral beam injection, energetic ions have no effects.
In this article, it is concluded that tearing modes can be
stabilized by co-CEI if �h is large enough and the growth
of tearing modes can be enhanced by counter-CEI; this is
similar to the effects of CEI on resistive internal kink

mode [11]. The present results predict that the trigger of
spontaneous NTMs by classical tearing modes may be
avoided by co-CEI produced by neutral beam injection.
For example, choosing some energy of co-CEI to make
0 þ h ! 0, the value of �0 can be reduced to max-
negative value �2m=rs. Then, classical tearing mode is
stable, and the spontaneous NTMs may not happen, or
island growth of NTMs may be suppressed. Thus, our
analysis suggests that it is possible to suppress island
growth by co-CEI with appropriate energy. Here, we only
considered the effects of energetic ions on�0 forW < q	h.
If W 
 q	h, energetic ions may dominantly interact with
inner region of tearing modes, and have little effect on �0.
In this case, the interaction between energetic ions and
tearing modes should be reconsidered.
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