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We consider how all-angle negative refraction may be induced in anisotropic crystals by making use of

the phonon response. We investigate the example of crystal quartz at far-infrared wavelengths. Reflection

and transmission measurements confirm the expected behavior, and show relatively high transmission

efficiency at frequencies at which negative refraction occurs.
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Among the various ways used to obtain negative refrac-
tion, possibly the simplest is to make use of nonmagnetic
anisotropic materials. We consider a beam to undergo
negative refraction if, on passing through an interface
from air to such a material, the incident and refracted
rays lie on the same side of the surface normal. We stress
that, in this Letter, our principal interest is in ray direction
(as opposed towave-vector direction), corresponding to the
direction of power flow, and we are defining negative
refraction accordingly. In this sense, negative refraction
of the extraordinary ray in any anisotropic crystal is pos-
sible if one of its principal axes makes an oblique angle
with the surface normal, as observed in crystals such as
calcite at visible frequencies [1]. Nevertheless, the range of
incident angles over which this occurs is generally very
narrow. Of considerably more interest, in the context of
recent studies, is negative refraction for all incident angles,
both positive and negative, a phenomenon traditionally
associated with artificial metamaterial or photonic band-
gap structures [2,3], but also exhibited by certain metallic
ferromagnets at gigahertz frequencies [4]. A material
which leads to this type of negative refraction can, in
principle, be used in planar slab lens structures [5,6].

All-angle negative refraction of the type described above
may occur in a nonmagnetic anisotropic material
if two of its principal components have opposing signs
[7–11]. The majority of studies of negative refraction based
on this principle consider an artificial metamaterial, such
as a superlattice [7,11–13] or metallic nanowire [14] struc-
ture, as the anisotropic material. In the mid- to far-infrared
range, most work has concentrated on semiconductor
superlattices, making use of either the phonon response
[7,11] or the plasmon response in doped samples [15] to
achieve the correct form of the dielectric tensor. In the
latter case, convincing experimental evidence of negative
refraction has been demonstrated. Despite the success
achieved using artificial structures, it should not be for-
gotten that, over a limited frequency range, many natural
anisotropic crystals exhibit a dielectric tensor having the
required form [9,10,16]. Indeed, it has been predicted that,

at low temperatures, all-angle negative refraction may be
possible in certain crystals with negligible absorption in
the far-infrared region [9]. In this Letter we investigate
room temperature negative refraction based on the phonon
response in anisotropic crystals, using crystal quartz as our
example. In this case, absorption plays a vital role, and we
show, both theoretically and experimentally, its effect on a
negatively refracting beam as it passes through a quartz
crystal. Crystals for the study were bought commercially
from Boston Piezo-Optics, and spectroscopic measure-
ments were made using a Bruker Vertex 70 spectrometer.
The geometry used in the present study may be repre-

sented as shown in Fig. 1. We consider p-polarized inci-
dent radiation (E field in the plane of incidence xz)
obliquely incident from air onto the anisotropic medium.
This medium is uniaxial, with its uniaxis normal to the
sample surface, along z.
For angle of incidence �1, the in-plane wave-vector

component kx is then given by kx ¼ k0 sin�1, where k0 ¼
!=c. Boundary conditions dictate that this kx value holds
both sides of the interface. The z component of the wave
vector in air is simply given by k21z ¼ k20 � k2x, but within
the crystal it is given by

k22z ¼ k20�xx � k2x
�xx
�zz

; (1)

where �xx and �zz represent the principal components of
the dielectric function of the uniaxial medium. The correct
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FIG. 1 (color online). Geometry considered in this Letter
showing wave vector and Poynting vector directions.
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sign of k2z is determined by the condition that power flow
must be away from the interface [7] (or, if the field is purely
evanescent, decay must be away from the interface).

The angle of refraction �2 is most usefully expressed as
the direction of the power flow in the anisotropic medium.
This can be determined from the Poynting vector S2,
whose time-averaged value is given by hS2i ¼ 1

2 ReðE�
H�Þ. �2 is then given by [9]

tan�2 ¼ hS2xi
hS2zi ¼

Reðkx=�zzÞ
Reðk2z=�xxÞ : (2)

In order to gain a physical insight of how negative
refraction can arise due to the presence of anisotropy,
we can ignore damping as a first approximation. In this
case �xx and �zz are both real, and k2z can be either real or
imaginary (the necessary conditions for each of these cases
are summarized in [7,8]). When k2z is imaginary, all the
incident radiation is reflected, and �2 ¼ �90�, corre-
sponding to an evanescent wave propagating along the
surface. When k2z is real, however, radiation propagates
into the sample, and j�2j< 900. Of particular interest is the
case when �xx > 0, �zz < 0, in which case k2z is both real
and positive. Since kx and �1 both have the same sign, �1
and �2 now have opposing signs, i.e., negative refraction
should occur.

Effective medium theory shows that the condition
�xx > 0, �zz < 0 may be obtained by constructing super-
lattice structures [17], and this principle has been the basis
of several mid- to far-infrared studies [7,11,15]. Our ap-
proach in this Letter, however, is to make use of the phonon
response in natural uniaxial crystals. The dielectric func-
tion associated with the phonon response in such crystals at
frequency ! may be written in the form

�uu ¼ �1;u

Y

n

!2
Ln;u �!2 � i!�Ln;u

!2
Tn;u �!2 � i!�Tn;u

; (3)

where u represents either x or z, �1;u is the high frequency

dielectric constant, !Tn;u and !Ln;u are the frequencies of

transverse optical (TO) and longitudinal optical (LO) pho-
non modes, respectively, and �Tn;u and �Ln;u are their

respective damping parameters. In the zero absorption
approximation, we simply put �Ln;u ¼ �Ln;u ¼ 0 for all

n. In general, whenever ! lies between !Tn;u and the

corresponding !Ln;u value, �uu is negative. Since the pho-
non frequencies corresponding to polarization along x
may be different from those corresponding to polarization
along z, it may be possible to satisfy the condition �xx > 0,
�zz < 0 close to these frequencies.

Figure 2(a) shows the relevant tensor components, cal-
culated using the experimental parameters of Gervais and
Piriou [18], in the case of crystal quartz in the frequency
range from 400 to 600 cm�1 [19]. The crystal’s uniaxis is
taken to be along z, and damping is ignored. In this axis
system, poles and zeros in �xx occur at the E symmetry TO
and LO phonon frequencies, respectively, whereas poles

and zeros in �zz occur at the corresponding A2 symmetry
phonon frequencies. It can be seen that, in the frequency
range shown, there are various combinations of signs of
�xx and �zz. In particular, the condition �xx > 0, �zz < 0 is
satisfied in the range 510 to 551 cm�1 (i.e., between the E
and A2 symmetry LO phonon frequencies), so negative
refraction should be possible in this region. This is con-
firmed in Fig. 2(b), which shows the calculated
p-polarization angles of refraction for incident angles
of 30� and 50�. The negative refraction region is bounded
by two total reflection regions with k2z imaginary and
�2 ¼ �90�. That reflection is total in these two regions,
but finite in the negatively refracting region (510 to
551 cm�1) is confirmed in Fig. 2(c), which shows the
simulated reflectivity spectra for the same angles of inci-
dence. It is noticeable that reflectivity is very low in the
negatively refracting region, suggesting that transmission
into the crystal should be efficient in this frequency range.
Clearly the presence of absorption is, in practice, an

important consideration. In this case the dielectric tensor
components become complex, as does k2z. We can now, to
a good approximation, replace the negative refraction re-
quirement �xx > 0, �zz < 0 by Reð�xxÞ> 0, Reð�zzÞ< 0.
This can be seen by comparing Figs. 3(a) and 3(b) which
show, respectively, the real parts of the dielectric tensor
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°

°

FIG. 2 (color online). Simulations for quartz, with uniaxis
along z, in the absence of damping. (a) Dielectric tensor com-
ponents �xx and �zz; (b) p-polarized angle of refraction from air;
(c) p-polarized reflectivity. In (b) and (c) the solid and dashed
lines represent incident angles of 30� and 60�, respectively.

PRL 105, 163903 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

15 OCTOBER 2010

163903-2



components and the angles of refraction when published
damping parameters [18] are incorporated into the mod-
eled dielectric function [Eq. (3)].

The frequency region 510 to 551 cm�1 is confirmed to
be a region of negative refraction, as before. We can also
see from the reflectivity results in Fig. 3(c) that this region
is once again bounded by two high reflectivity regions,
although reflection is no longer total. The additional ex-
perimental measurements, obtained using a diffuse reflec-
tion accessory with an average incident angle of about 50�,
are in good agreement with theory for �1 ¼ 50�, giving
further support to our predictions.

So far we have considered phonon damping in terms of
its effect on reflection and angle of refraction. However, for
negative refraction to be useful, transmission through a
crystal should occur with a minimum of absorption, so it
is also important to study the transmission behavior.

In Fig. 4 we show theoretical and experimental
p-polarized spectra for transmission through a freestanding

50 �m thick z-cut quartz crystal, for incident angles of 30�
and 50�. In general, there is good agreement between theory
and experiment, although, due to poor polarizer efficiency,
there is some leakage of s-polarized radiation in the experi-
mental measurements, leading, in practice, to a slightly
higher transmission than theory predicts. Concentrating
on the frequencies above 510 cm�1, we see that there is
significant transmission within the region 510 to 551 cm�1,
where negative refraction is expected. The region around
the A2 symmetry LO phonon at 551 cm�1 is effectively
opaque, and there is a further transmission region at higher
frequencies.
The behavior in these three regions can be understood by

considering the representative frequencies marked as A, B
and C in Fig. 4(a). A simulation of a p-polarized Gaussian
beam, modeled as a Fourier sum of plane waves [9], trans-
mitted through a 50 �m thick quartz crystal at these three
frequencies is shown in Fig. 5. The incident beam is
focused onto the crystal surface at x ¼ 0, y ¼ 0.
At frequency A [Fig. 5(a)], we can see that the trans-

mitted beam is displaced in the negative x direction
with respect to the incident beam, thus demonstrating
negative refraction. There is attenuation of the beam due
to absorption, but transmission is still appreciable.
Reflection is negligible, as expected from Fig. 3(c).
At frequency B [Fig. 5(b)], there is effectively no trans-

mission through the crystal. Some of the radiation is re-
flected, as anticipated from Fig. 3(c), but more important is
the high degree of absorption at this frequency. This is
similar to the effect seen by Berreman [21], who reported
LO phonon frequency dips in the p-polarized transmission
spectra through thin isotropic films.

°
°

°

°

FIG. 3 (color online). Simulations for quartz, with uniaxis
along z, using published damping parameters, along with experi-
mental reflectivity. (a) Real part of the dielectric tensor compo-
nents �xx and �zz; (b) p-polarized angle of refraction from air;
(c)p-polarized reflectivity. In (b) and (c) the solid and dashed lines
represent incident angles of incidence of 30� and 60�, respec-
tively. The crosses in (c) represent experimental results.

FIG. 4 (color online). Theoretical (solid lines) and experimen-
tal (crosses) p-polarized transmission spectra through a 50 �m
thick quartz crystal for angles of incidence (a) 30� and (b) 50�.
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Frequency C [Fig. 5(c)] shows a positive displacement
of the transmitted beam, corresponding to positive refrac-
tion, as expected from Fig. 3(b). Transmission is somewhat
greater than in the negative refraction region, in agreement
with Fig. 4(a).

The above results show good agreement between experi-
ment and the various aspects of the theory. There is thus

convincing evidence of negative refraction in the fre-
quency range 510 to 551 cm�1. It is also seen that,
although absorption is present, there is still significant
transmission in this region. A good quantitative measure
of the effect of absorption may be obtained from the
attenuation constant � [¼ 2 Imðk2zÞ]. For an angle of
incidence of 30� at frequency A, the absorption coefficient
is 330 cm�1. For an angle of incidence of 50�, it is
450 cm�1. These values are significantly better than those
obtained using semiconductor superlattices [15], even tak-
ing into account wavelength differences.
In summary, this study indicates that, although they lack

tunability, natural crystals show distinct promise as nega-
tively refracting media.
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FIG. 5 (color online). Simulation of the intensity profile of a
p-polarized Gaussian beam of width 100 �m passing through a
50 �m thick quartz crystal at an incident angle of 30� and
frequency (a) 531 cm�1 (frequency A), (b) 554 cm�1

(frequency B), and (b) 582 cm�1 (frequency C). The vertical
lines mark the two surfaces of the crystal, while the horizontal
dashed line shows the z axis at x ¼ 0.
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