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Topological superconductors have a full pairing gap in the bulk and gapless surface Andreev bound
states. In this Letter, we provide a sufficient criterion for realizing time-reversal-invariant topological
superconductors in centrosymmetric superconductors with odd-parity pairing. We next study the pairing
symmetry of the newly discovered superconductor Cu,Bi,Se; within a two-orbital model, and find that a
novel spin-triplet pairing with odd parity is favored by strong spin-orbit coupling. Based on our criterion,
we propose that Cu,Bi,Se; is a good candidate for a topological superconductor. We close by discussing
experimental signatures of this new topological phase.
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The search for topological phases of matter with time-
reversal symmetry has been an exciting field in condensed
matter physics [1,2]. The recent theoretical prediction and
experimental observation of topological insulators in a
number of materials [3-5] have attracted great interest in
this subject. Soon afterwards, a class of time-reversal-
invariant (TRI) topological superconductors [6,7] was
theoretically predicted based on a mathematical classifica-
tion of Bogoliubov—de Gennes (BdG) Hamiltonians [6,8].
Closely related to topological insulators, topological super-
conductors are fully gapped in the bulk but have gapless
surface Andreev bound states. The prediction of topologi-
cal superconductors has raised great interest. Now the
challenge is to find candidate materials for this new topo-
logical phase of matter.

In this Letter, we first provide a sufficient criterion for
TRI topological superconductors in centrosymmetric ma-
terials with odd-parity pairing symmetry. This criterion
applies to superconductors with spin-orbit coupling, which
belong to the symmetry class DIII [9]. Next we study the
pairing symmetry of the newly discovered superconductor
Cu,Bi,Se; [10] within a two-orbital model for its band
structure. We find a novel spin-triplet pairing with odd
parity is favored by strong spin-orbit coupling.
According to our criterion, the resulting state realizes a
topological superconductor. We explicitly calculate the
hallmark surface Andreev bound state spectrum. Finally,
we propose experimental signatures of this possible topo-
logical superconductor phase in Cu,Bi,Se;.

Criterion.—A time-reversal-invariant centrosymmetric
superconductor is a topological superconductor if (1) it has
odd-parity pairing symmetry with a full superconducting
gap and (2) its Fermi surface encloses an odd number of
TRI momenta I", (which satisty ', = —I",, up to a recip-
rocal lattice vector) in the Brillouin zone.

The above criterion directly relate the topological
class of a superconductor to its pairing symmetry and
Fermi surface topology, both of which are accessible ex-
perimentally (by phase-sensitive measurements and angle-
resolved photoemission). Therefore, we hope our criterion
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will be useful in the material search for topological
superconductors.

To prove the criterion, we start from the connection
between the mathematical classification of superconduc-
tors in class DIII [6,8] and that of insulators in class AIl
[11,12]. The connection becomes explicit when we write
the mean-field (MF) Hamiltonian for superconductors in
the BAG formalism:

Hygr = [ k&l H ()&,

O (1)
H (k) = [Hy(k) — ulr, + AK)T,.

Here Kk is crystal momentum in the Brillouin zone, T, | are
the electron’s spin index, 7, , are Pauli matrices in Nambu
space. ¢ and ¢ also carry an orbital index (not shown
explicitly), which labels a basis for cell-periodic Bloch
wave functions. The BdG Hamiltonian J{ includes the
kinetic energy specified by the band structure H,, chemical

potential wu, and the pairing potential A. ATRI supercon-
ductor satisfies @ H (k)@ ' = H (—k), where © = isyK
is the time-reversal transformation (s,, is a spin Pauli matrix
and K is complex conjugation). Since O takes the same
form for both the BAG Hamiltonian of superconductors and
the Bloch Hamiltonian of band insulators, the previously
defined Z, topological invariant v of an insulator [11,12]
applies to superconductors as well. In particular, » = 1 is
sufficient (though not necessary) to establish a topological
superconductor phase [13].

We now evaluate » for inversion symmetric supercon-
ductors with odd-parity pairing. The band structure and
pairing potential of such superconductors satisfy
PHy(k)P = Hy(—k) and PAk)P = —A(—Kk), respec-
tively, where P is an inversion operator acting on the
orbitals within a unit cell. For a single-orbital supercon-
ductor, P reduces to the identity operator and odd-parity
pairing is equivalent to spin-triplet pairing. A criterion for a
topological superconductor in this special case has been
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proved by Sato [14]. Our criterion applies to odd-parity
superconductors in general. This will be necessary for the
purpose of studying the multiorbital superconductor
Cu,Bi,Se; later.

From the definition (1), we see that the BdG
Hamiltonian JH (k) of an odd-parity superconductor has
the following Z, symmetry:

PH (k)P = H (k)

This novel Z, symmetry will play a key role below. At TRI
momenta I', = —T',, [P, H(',)] =0, so that the BdG
eigenstates |,,(I',)) of H satisfy Pli,,(Ty)) =
E,C ) ,,(TC,)) with eigenvalues &, = *1. Since P
and ® commute, Kramers partners share the same P ei-
genvalue: &,,,(',) = & 1(I',). In the presence of such a
Z, symmetry (2), Fu and Kane found a simple formula for
the Z, invariant » [11]:

(=" = [Té2m T 3)

P=Pr,. (2)

The product over m includes one member of each negative-
energy Kramers pair. We now examine the physical mean-
ing of £, for weak-coupling superconductors, whose pair-
ing gap is small compared to Fermi energy. Generically,
the point I',, is far from the Fermi surface. Then BdG
eigenstates |¢(I",)) can be approximated by Bloch eigen-
states |(T",)) of H,. In particular, a negative-energy BdG
eigenstate either derives from an occupied band |¢$°) ®
|7. = 1) below Fermi energy or an unoccupied band
|p") ® |7, = —1) above Fermi energy. Therefore,

Enla) = puT)7u(Ty), )

where p = *1 is the eigenvalue of the inversion operator
P and 7 = *1 is the eigenvalue of the particle-hole opera-
tor 7,. Substituting (4) into (3), we find

(_I)V = l_[p2i(ra) Sgn[lu' - 82[(Fa)]
= [Tsenln — ex@1 = [J=DY, )

where i labels the complete set of energy bands of H), with
corresponding energies g;(Kk). In the second equality of (5),
we have used the identity [];p,;(I',) = det[P] (indepen-
dent of T,), so that [J2_, det[P] = 1 (2¢ is the number of
TRI momenta in spatial dimensions d = 1, 2, 3). In the last
equality of (5), N(I',) is defined as the number of unoccu-
pied bands at I', in the normal state. Now Eq. (5) has a
simple geometrical meaning: the Z, topological invariant
v = 0 (1) if the Fermi surface of H,, encloses an even (odd)
number of TRI momenta. This completes the proof of our
criterion for odd-parity topological superconductors.

A classic example of odd-parity pairing is superfluid He-
3. In particular, the TRI B phase has been recently identi-
fied as a topological superfluid [6,7,15]. Odd-parity pairing
in superconductors is less well established. A famous
example is Sr,RuQy, in which odd-parity pairing is estab-

lished by phase-sensitive measurements [16]. However, the
observed spontaneous time-reversal breaking signatures
[17] seem to disqualify Sr,RuO, as a TRI topological
superconductor.

In the search for odd-parity pairing, we turn our atten-
tion to the newly discovered superconductor Cu,Bi,Se;,
which is a doped semiconductor and becomes supercon-
ducting at 3.8 K [10]. Its pairing symmetry is unknown at
present. We now show theoretically that a novel odd-parity
pairing is favored by strong spin-orbit coupling in this
material. If realized, such a pairing symmetry will lead to
a topological superconductor phase.

To study superconductivity in Cu,Bi,Se; requires the
knowledge of its band structure and pairing mechanism. As
shown by a very recent angle-resolved photoemission
spectroscopy study [18], the band structure of Cu,Bi,Se;
is similar to its parent compound Bi,Se;: the conduction
and valence bands are separated by a small band gap about
0.3 eVat k = 0. According to first-principles calculations
on Bi,Se; [19], these two bands are predominantly super-
positions of Se p, orbitals on the top and bottom layer of
the unit cell (each is mixed with its neighboring Bi p,
orbital). Keeping these two orbitals only, the band disper-
sion near k = 0 is well described by the following con-
tinuum k - p Hamiltonian [19]:

Hy(k) = mo, + v(k,o,s, — kyo,s,) + v.k.o, (6)

where o, = =1 denotes the two orbitals and s, = *1
denotes electron spin parallel (antiparallel) to the z direc-
tion (¢ axis). As for the pairing mechanism, very little is
known so far. For simplicity we consider short-range elec-
tron density-density interactions:

Hiy(x) = —Ulni(x) + n3(x)] = 2V (x)ny(x),  (7)

where n;(x) = Za:T,lcja(x)c,-a(x) is electron density in
orbital i. U and V are intraorbital and interorbital inter-
actions, respectively. We assume that at least one of them is
attractive, responsible for superconductivity. Taking the
band structure and pairing interaction together, we intro-
duce the following two-orbital U-V model for Cu,Bi,Se;:

H = [ae{lt®) - e + [axtux. ®

Because of Cu doping, the Fermi energy w lies in the
conduction band approximately 0.4 eV above the middle
of the band gap [18], which leads to a small Fermi surface.

We now determine the superconducting mean-field
phase diagram of the U-V model. Since the pairing inter-
action involves two orbitals and is local in x, the mean-
field pairing potential is orbital dependent but k indepen-
dent. In Table I, we classify all possible pairing potentials
according to the representation of the Cu,Bi,Se; crystal
point group Ds,. The basic symmetry transformations of
the D5, group are inversion operation P, threefold rotation
around the z axis Cz, and mirror reflection about the yz
plane M. Their actions on spin and orbital are represented
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by unitary operators shown in the left-hand column in
Table I . We find four different pairing symmetries in the
Ajgs Ays Ay, and Ey, representations of the D3, group. The
three A representations are one dimensional and the E
representation is two dimensional. The form of the corre-
sponding pairing order parameter A i =1,...,4,1s listed
in the BAG formalism in Table I and shown explicitly:

Alz c11¢y) + c1¢y) and cypcp) — cpyCoy,

Az: ciicy T cqicyp,

A3: c11C1y — C21€C) )
Ay (cipeap €15€a))-

The symmetry properties of A ; are shown in Table I. We
pay particular attention to inversion symmetry that inter-
changes orbitals 1 and 2. The spin-singlet pairing A,
which has both intraorbital and interorbital components,
is invariant under all crystal symmetries. The other three
pairings are odd under inversion. A; is spin-singlet,
whereas Az and A4 are interorbital spin-triplet. Among
the odd-parity phases, only the A, phase is TRI and fully
gapped. In addition, the Fermi surface of Cu,Bi,Se; only
encloses one TRI momentum k = 0. So according to our
earlier criterion, the Az pairing in the U-V model for
Cu,Bi,Se; realizes a topological superconductor phase.
To obtain the phase diagram, we solve the following
linearized gap equations for 7. in each pairing channel:

Ay det[(S;(OOl((gc)) l‘//))((oll((TT;))) _ 1] —0

52,43 Vx2u(T,) = 1, Ay: Uxs(T,) = 1.

(10)

Here, various x’s are finite temperature superconducting
susceptibilities in different pairing channels. yo, =
D, [detanh(%)/e is the standard superconducting sus-
ceptibility, where D, is density of states at the Fermi
energy. The other susceptibilities y;, ..., y4 are reduced
from y, by various form factors due to the orbital depen-
dence of pairing potentials and Bloch wave functions.
These form factors are crucial for determining 7. of the
competing superconducting channels. A straightforward
calculation shows that

X
" [ dkd(ey, — w) Tilo, P /(D). (1)

TABLE I. Classification of all k-independent pairing poten-
tials of the two-orbital U-V model according to the representa-
tions of D5, point group

A I and o, gy, o, (oysy, aysy)
Representation Al Ay, A, E,
P=o, + - - (=)
Cy = e i3 z z z (6, )
M= —is, - - + (+,-)

where Py =3 ,_5|d, k)¢, k| is the projection operator
onto the Hilbert space of two degenerate Bloch states at k.
Similarly, x», x3, and y, are obtained by replacing o, in
(IT) by their corresponding pairing potentials o s, o,
and ays, (or oys,). Using the band structure H,,, we obtain
the values of x’s: xo1 = xom/m, x1 = xo(m/pm)* x> =
Xo(l = m?/u?), x5 = xa = 2x2/3. Because y3 < xo and
x4 < x2, we find that A5 always has a lower T, than A,
and A4 lower than Az. Only the Al and AQ phases appear in
the phase diagram. By calculating their 7,.’s from (10), we
obtain the phase boundary:

U/V =1—2m>/u? (12)

Figure 1 shows the highest 7. phase as a function of% and

m/w, for positive (attractive) V. The Az pairing phase
dominates in a significant part of the phase diagram.
Note that experimentally it has been estimated that m/u =

1/3 [18]. When V <0 the Al phase is stable for U >
m?/ u?*|V|, whereas for smaller U the system is nonsuper-
conducting. Note that for U=V and m =0 the
Hamiltonian (8) has an enlarged U(1) chiral symmetry:
¢ — exp(ifos,)c. The transformation at § = 7/4 trans-

forms A, into A,, explaining their degeneracy.

As the phase diagram shows, the spin-triplet A, phase
wins as soon as the interorbital attraction exceeds over the
intraorbital one (V > U), contrary to the naive expectation
that a repulsive interaction is required. This arises from the
specific form of spin-orbit coupling in the band structure
(6), which favors A, pairing. The realistic values of U and
V for Cu,Bi,Se; are difficult to estimate. Nonetheless, if
superconductivity is phonon driven, the residual electron
repulsion renormalizes the bare values of U and V.
Therefore it is possible that the weaker interorbital repul-
sion leads to V > U.

m/p
0.8
0.6
0.4

|

0215

0—2

u/v

FIG. 1 (color online). Phase diagram of the two-orbital U-V
model, showing the highest 7. phase as a function of m/u and
U/V. The arrow shows the experimental estimate for m/u =
1/3 [18]. The two phases Al and 32 are even and odd under
inversion, respectively. The insets shows schematically that the
Cooper pair wave function in the Az phase consists of two
electrons on the top (1) and bottom (2) of the five-atom unit cell.
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FIG. 2 (color online). Phase-sensitive experiments to test A,
pairing, which is odd under both inversion (r — —r) and reflec-
tion about the yz plane (x — —x). A superconducting ring made
of either an s-wave (a) or d-wave (b) superconductor contains a
segment of a A, superconductor. The flux through the ring is
nh/4e (a) or (n + %)h/2e (b), where n is an integer.

From now on, we focus on the topologically nontrivial

A, phase. To obtain the surface Andreev bound state
spectrum, we solve the BAG Hamiltonian in a semi-infinite
geometry z < 0 by replacing k, by —id, in H (k,, k,, k,).
The boundary condition at z = 0 should be chosen care-
fully. The natural cleavage plane for Cu,Bi,Se; crystal is
in between two five-layer unit cells. For such a surface
termination, the wave function amplitude on the bottom
layer vanishes. So we impose o,¢ = /|._y. By solving
the semi-infinite problem at k, = k, = 0, we find that a
Kramers pair of zero-energy surface Andreev bound states
. exists as long as the bulk gap is finite. The wave
functions of ¢ . are particularly simple for m = 0 [20]:

Y+ (2) = e *(coskozlor, = 1) + sinkezlo. = —1)
®ls, = *1, T, = F1), (13)

where k = A, /v, and kg = u/v,. Using k - p theory, we
obtain the low-energy Hamiltonian for surface Andreev
bound states: H,; = v(k,s, — kys,), with v = vA3/u?

Finally, we discuss the experimental consequences of
the A, state. The topologically protected surface state can
be detected by scanning tunneling microscopy. In addition,
the oddness of this state under inversion and mirror sym-
metries can be directly tested by phase-sensitive ex-
periments. Consider a c-axis Josephson junction between
a A, superconductor and an s-wave superconductor. Since
the A, state is odd under reflection about the yz plane,
whereas the s-wave state A, is even, the leading order
Josephson coupling between the two superconductors,
—J,(AA, + c.c.), vanishes. The second order Josephson
coupling, —J,[(A%)?A3 + c.c.], can be nonzero. Therefore,
the flux through a superconducting ring shown in Fig. 2(a)
is quantized in units of ﬁ [21,22]. Alternatively, in a
Josephson junction between a A, superconductor and a
d-wave superconductor oriented as shown in Fig. 2(b), the
first order Josephson coupling is allowed. The Josephson
ring then becomes a 7 junction: the flux enclosed takes the
value % (n+ %) The observation of these anomalous flux
quantization relations would be a unique signature of the
topological A, state.

To conclude, we present a criterion of odd-parity topo-
logical superconductors and propose the newly discovered
superconductor Cu,Bi,Se; as a potential candidate. We
hope this work will bridge the study of topological phases
and unconventional superconductivity, as well as stimulate
the search for both in centrosymmetric materials with spin-
orbit coupling [23].
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Note add in proof.—Recently, we learned of Ref. [24],
which obtained a similar criterion for odd-parity topologi-
cal superconductors.
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