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Bâtiment A. Kastler, 43 Boulevard du 11 novembre 1918, 69622 Villleurbanne, France

(Received 21 April 2010; published 10 August 2010)

Optical second-harmonic generation from gold nanoparticles is investigated both experimentally and

theoretically. The contribution of octupoles is reported for the first time in the second-harmonic emission

pattern, by using an harmonic polarization in the scattering plane. The experimental results presented here

for particle sizes up to 100 nm are in excellent agreement with finite element method simulations

involving the normal surface term only in the nonlinear polarization source. In addition, analytical

calculations based on nonlinear Mie scattering theory clearly evidence the constructive and destructive

interferences occurring between the dipolar and octupolar responses selected with this polarization

configuration.
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Noble-metal nanoparticles play a singular role in nano-
sciences and nanotechnology owing to the well-known
surface plasmon polaritons [1] leading to both field local-
ization and enhancement. These two key features have
opened extensive applications in surface-enhanced spec-
troscopies [2] and light guiding and coupling in plasmonic
devices and nanoantennas [3,4]. Nowadays, almost any
particle shape (spheres, rods, cubes, decahedra) can be
obtained owing to the progress in the synthesis of shape-
controlled nanocrystals [5]. This allows tailoring the de-
sired spectral response but also the desired particle sym-
metry, leading to specific near-field distributions of the
electromagnetic field. Owing to all these properties,
noble-metal nanoparticles have triggered a new and expo-
nentially increasing interest in linear and, more recently,
nonlinear optics such as the second-harmonic generation
(SHG) phenomenon for almost a decade. The specificity of
the second-order nonlinear process is that it is forbidden in
the dipolar approximation in centrosymmetric materials, as
is the case for noble metals [6]. Hence, the nonlinear
response is dominated by the contribution of the metal
surface, where the centrosymmetry is broken, and of the
bulk owing to field gradients [7]. Metal films and L-shaped
structures prepared by lithography were recently investi-
gated by the group of Kauranen [8] evidencing interfer-
ences between the two kinds of contributions.

Systematic experimental investigations have also been
performed on colloidal solutions allowing the analysis in a
homogeneous environment of the intrinsic properties of the
metal particles [9–14]. More precisely, the size dependence
of the nonlinear efficiency, the effects of the surface plas-
mon resonances, the composition (gold, silver, or copper),
and the homogeneity of the internal structure (alloys or
core-shell structures) have been addressed. The SH scat-
tering properties of spherical nanoparticles were found to
be dominated by the dipolar and quadrupolar responses

(where the multipoles are those of the Mie theory) as
evidenced by polarization-resolved measurements. The
dipolar response is, in principle, forbidden by symmetry
arguments in the specific experimental configuration [15].
Its observation was attributed to the deviation of the exact
shape of the particle from the perfect spherical shape [9]
and recently confirmed by finite elements methods (FEM)
simulations [16], accounting for both polarization and size
dependences. An almost pure quadrupolar response has
been reported very recently at the single particle level [17].
In this Letter, we investigate further, experimentally and

theoretically, the SHG response from approximately
spherical gold nanoparticles with hyper-Rayleigh scatter-
ing where the SH light is collected at a right angle from the
fundamental beam. We report for the first time the obser-
vation of an octupolar response in the harmonic field
component parallel to the scattering plane for particles as
small as 70 nm in diameter. The experimental data are
compared to both FEM [16] and analytical [18] simula-
tions, giving a clear picture of the interference phenome-
non occurring between the polarization-selected dipolar
response, already reported in a few works only [9,19],
and this new octupolar contribution. The role of the retar-
dation effects in the interference contrast is, in particular,
quantitatively addressed.
We used a mode-locked Ti:sapphire laser tuned to

780 nm and delivering pulses of about 180 fs at a repetition
rate of 76 MHz. The average output power was about
800 mW at the laser exit. The polarization angle of the
input beam � is selected with a rotating half-wave plate,
� ¼ 0 or� corresponding to a vertically polarized incident
wave. A red filter was placed in front of it to remove any
residual light at the harmonic frequency generated in the
wave plate. The fundamental beam is focused into a quartz
cell with a microscope objective (16, numerical aperture
0.32). The collection is performed perpendicular to the
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incident beam with a 25 mm focal length lens with a
numerical aperture of 0.5. The SH photons, the polarization
of which is selected by an analyzer, are collected by a
cooled photomultiplier after spectral selection performed
by a blue filter and a monochromator. A mechanical chop-
per on the fundamental beam allows the rejecting of un-
desirable photons coming from the environment. This
experimental setup has recently been used to performed
hyper-Rayleigh scattering frommetallic nanoparticles with
very low concentrations, ultimately where a single nano-
particle is located in the focal volume of the beam [20].
The gold nanoparticle aqueous solutions were purchased
and used as received (BBI international).

Horizontally analyzed second-harmonic measurements
(electric field in the scattering plane) have been reported in
the past for small spherical [9] and flat triangular [19]
metallic nanoparticles only. The corresponding SH inten-
sity was found to be independent of the incident polariza-
tion angle as expected for the excitation of an electric
dipole at the harmonic frequency arising either from the
noncentrosymmetry of the particles randomly distributed
into the liquid aqueous phase [16] or from the spatial
variation of the fundamental electric field over the nano-
particles [15]. In the latter case, in particular, this dipole is
aligned with the fundamental beam propagation axis, and
its amplitude is independent of the input polarization angle
for spherical particles. It therefore leads to a constant SH
intensity. Figure 1 shows horizontally analyzed SH mea-
surements as a function of the input polarization for 50 and
100 nm gold nanoparticles. As expected, the results ob-
tained for the 50 nm diameter gold nanoparticles are
independent of the input polarization in agreement with
the dipolar emission properties discussed above [9,15,16].
In contrast, the horizontally analyzed SH intensity for

100 nm gold nanoparticles reaches a maximum value for
vertically polarized input electric fields (� ¼ 0 or �). This
additional contribution increases in amplitude as the par-
ticle size increases. It is therefore likely related to retarda-
tion effects.
Additional measurements were performed for 20 and

80 nm nanoparticles evidencing a smooth evolution of
the polar graphs as a function of the particle size (data
not shown). All SH emission patterns were perfectly fitted
with the following equation:

IHHRS ¼ aHcos4�þ bHcos2�sin2�þ cHsin4�; (1)

where the parameters aH, bH, and cH are real coefficients.
For horizontally analyzed SHG with constant amplitude,
the � dependence in Eq. (1) vanishes owing to the relation
2aH ¼ 2cH ¼ bH [21]. For nonconstant SH emission pat-
terns, this equality no longer holds. Since the deformed
polar plots exhibit maxima at � ¼ 0 or �, as shown in
Fig. 1, the parameter aH becomes larger than cH. Hence,
the deviation from a pure dipolar response corresponding
to a constant horizontally analyzed SH intensity can be
quantified by the single parameter �H ¼ ðaH � cHÞ=ðaH þ
cHÞ. Its dependence on the diameter of the gold nano-
particle is shown in Fig. 2. As expected, this ratio vanishes
for gold particles smaller than 50 nm as their response is
dominated by a pure dipolar contribution. It, however,
increases with the particle size up to 0.16 for 100 nm
diameter gold nanoparticles. As shown in Fig. 2, the de-
viation from a pure dipolar SH response starts to be effec-
tive (larger than the experimental uncertainty) for
nanoparticles as small as 70 nm.
To characterize this new contribution to the SHG re-

sponse in large noble-metal nanoparticles, FEM simula-
tions were performed as reported in Ref. [16]. Briefly, the

FIG. 1 (color online). Horizontally analyzed SH intensity as a
function of the input polarization for 50 (a),(b) and 100 nm (c),
(d) gold nanoparticles. The experimental data are shown with
filled circles (a),(c) and fitted by using Eq. (1) (plain curves). The
corresponding FEM simulations are shown in the right-hand
panel (b),(d).

FIG. 2 (color online). Parameter �H as a function of the gold
nanoparticle diameter as experimentally measured (red triangles)
and calculated by using FEM simulations (black squares). The
dotted line is a fit of the simulated data with the equation Adp,
where d is the nanoparticle diameter. The vertical and horizontal
error bars are obtained from the fitting procedure and the size
dispersion, respectively.

PRL 105, 077401 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

13 AUGUST 2010

077401-2



field distribution at the fundamental frequency excited
by the incident beam is determined first; see Figs. 3(a)
and 3(b). It is then used to calculate the nonlinear sources
associated with the surface quadratic susceptibility tensor

component �ð2Þ
s;nnn. Maxwell’s equations are solved in a

second step by using the weak formulation in order to
obtain the near-field distribution of the fields at the har-
monic frequency; see Figs. 3(c) and 3(d). As shown in
Figs. 3(a) and 3(b), the retardation effects at the funda-
mental wavelength are very weak for both 50 and 100 nm
nanoparticles, the linear optical properties being largely
dominated by the dipolar response. In contrast, the near-
field distribution of the SH electric field strongly differs for
50 and 100 nm gold nanoparticles. It clearly shows that
retardation effects at the emission step are prominent for
the larger particles [see Fig. 3(d)] as evidenced by the
asymmetry of the near-field map and the distortion of the
multipolar lobes. The far-field scattered intensity, which
can be compared to the experimental data, is calculated
from the near-field distribution of the SH field by using the
Stratton-Chu formula [16]. As shown in Fig. 1, the devia-
tion from a constant horizontally polarized SH intensity is
very well reproduced by the FEM simulation for both the
orientation and the amplitude of the deformation. The
experimental results presented here can therefore be ac-
counted for with FEM simulations including the normal
quadratic susceptibility surface term only. Additional FEM
simulations, not shown here, were performed with de-
formed particles [16]. As a matter of fact, a constant
intensity was also obtained as a function of the input
polarization for weakly deformed particles. This latter
simulation confirms that the deformation of the SH emis-
sion patterns experimentally observed cannot be explained

by the deviation of the nanoparticles shape from that of a
perfect sphere.
The parameter �H determined from the FEM simula-

tions is reported in Fig. 2, pointing out that calculated SH
responses and experimental measurements are in excellent
agreement. A fitting procedure with the function Adp,
where d is the nanoparticle diameter and A and p are the
parameters, leads to a variation of the parameter � with the
third power of the nanoparticle diameter (p ¼ 3:01�
0:02). From the size dependence of this additional contri-
bution, one cannot directly infer the nature of the addi-
tional multipole involved. One way to answer this question
would have been to project the harmonic near field ob-
tained with the FEM simulations on the different multi-
polar surface plasmon modes. Instead, we follow an
analytical approach in order to establish a link with pre-
vious theoretical works.
Following the notation introduced by Dadap and co-

workers [15], the more efficient mechanism leading to a
dipolar SH emission for a perfect sphere isE1þ E2 ! E1,
where the two terms on the left of the arrow refer to the
nature of the interaction with the fundamental wave and the
third term describes that of the SH emission. Explicitly,
this notation corresponds to a dipolar emission (E1) com-
ing from the combination of an electric dipole (E1) and an
electric quadrupole (E2) excitation. The E1þ E1 ! E1
mechanism is forbidden for centrosymmetric objects, since
this channel violates parity conservation. In addition to the
well-known E1þ E1 ! E2 channel, there is a third pos-
sibility involving electric dipoles (E1) and quadrupoles
(E2) and satisfying the conservation of the angular mo-
mentum. This mechanism, corresponding to a E1þ E2 !
E3 contribution, was not previously taken into account in
the small-particle limit [15] but has to be considered where
larger particles are involved. This octupolar term (E3)
appears as a good candidate to account for the observed
deformation of the SH intensity pattern and is related to
retardation effects.
In order to establish the role of each multipole in the SH

response and confirm the octupolar origin of the additional
contribution in the nonconstant SH intensity pattern, ana-
lytical calculations were performed by using the nonlinear
Mie scattering model developed by Pavlyukh and Hübner
[18]. After determining the multipole expansion for the
fundamental field inside the sphere, the SH surface sources
were computed by using Clebsch-Gordan algebra. The
appropriate formulation for the boundary conditions ap-
plied to the harmonic field is still under discussion [22].
Nevertheless, the symmetry of the excited multipoles is
well accounted for by the present calculation and leads to a
clear and simple interpretation of the experimental data.

By using surface nonlinear sources given by �ð2Þ
s;nnn, very

simple selection rules are obtained. The vertically EV
l and

horizontally EH
l polarized harmonic fields are nonzero for

angular momenta l even and odd, respectively, as discussed

FIG. 3 (color online). Calculated near-field distribution for the
fundamental (a),(b) and harmonic (c),(d) electric fields for 50
(a),(c) and 100 nm (b),(d) gold nanoparticles. The image plane is
given by the incident electric field, aligned with the dipolar lobes
(a),(c), and the corresponding wave vector. The harmonic fields
are shown in a logarithmic scale.
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by Dadap et al. [15]. Hence, in our experimental configu-

ration and for the surface nonlinear source �ð2Þ
s;nnn, odd and

even plasmon modes are decoupled and can be indepen-
dently selected in vertically or horizontally analyzed mea-
surements. This would not be the case in other
configurations such as that used in Ref. [23] due to the
presence of the substrate and the scattering angle. The
following expressions for the far-field SH electric field
can be deduced from Ref. [18]:

EH
1 ¼ �; (2)

EH
3 ¼ �þ � cosð2�Þ; (3)

where �, �, and � are three functions of the nanoparticle
diameter and the gold dielectric constants at the fundamen-
tal and the harmonic frequencies. Obviously, the equality
2aH ¼ 2cH ¼ bH is now broken with the introduction of
the term EH

3 , which is the only one depending on the

incident polarization angle. The deviation from a pure
dipolar SH response leading to a variation of the horizon-
tally analyzed SH intensity with the input polarization
angle is therefore due to the electric octupolar term as
anticipated above. The constant term �þ � arises from
both the dipolar and the octupolar fields, and therefore it
cannot be separated into its two components. However, the
ratio between the oscillating and the constant parts,
namely, the ratio �=ð�þ �Þ, is found to be 8% for
100 nm gold particles, evidence of an already significant
contribution of the octupole contribution to the scattered
SH intensity for this particle size.

The dipolar and the octupolar modes both contribute to
the horizontally polarized SH electric field. Therefore, they
do interfere in the far-field region. The deformation of the
polar plot shown in Fig. 1 can hence be analyzed in terms
of constructive interferences for the maxima of the SH
intensity at the angles � ¼ 0 and � and destructive inter-
ferences at the angles � ¼ �=2 and 3�=2. Rotating the
polarization of the fundamental electric field allows ex-
ploring the entire interference patterns. In this context, the
parameter �H finds a natural interpretation if recast in the
following form:

�H ¼ IHmax � IHmin

IHmax þ IHmin

: (4)

Clearly, �H translates the interference contrast between the
dipolar and the octupolar plasmon modes selected in our
specific experimental configuration. As the particle size
increases, the amplitude of the octupolar contribution in-
creases owing to the retardation effects, leading to a grow-
ing interference contrast with the dipolar contribution.

In summary, octupolar SHG from spherical gold nano-
particles is reported for the first time. This contribution
starts to be effective for nanoparticles as small as 70 nm in
diameter. Owing to the setup geometry we used where the

fundamental input and the scattered output directions are at
a right angle, even and odd multipolar contributions to the
total SH response can be independently selected by using
orthogonal analyzers. The octupolar contribution is re-
vealed in the horizontally analyzed SH intensity configu-
ration through to its interference with the dipolar one. The
interference contrast is controlled by the input polarization
and shown to increase with the particle volume. All ex-
perimental observations are in excellent agreement with
FEM simulations. The pioneering combination of FEM
simulations and analytical models provides furthermore a
clear understanding of the characteristics of the SH emis-
sion from noble-metal nanoparticles.
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