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A three-dimensional simulation of laser-guided discharges based on percolation is presented. The

model includes both local growth of a streamer due to the enhanced electric field at the streamer’s tip and

propagation of a leader by remote ionization such as that caused by runaway electrons. The stochastic

behavior of the discharge through a preformed plasma channel is reproduced by the calculation, which

shows complex path with detouring and bifurcation. The probability of guiding is investigated with

respect to the ionized, conductive fraction along the channel.
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Triggering and guiding discharge using an ultrashort-
pulse laser has been attracting attention [1,2]. A laser pulse
can propagate over long distances forming a plasma chan-
nel so that discharges over several meters have been dem-
onstrated [3,4]. For example, Fujii et al. performed an
experiment in which a laser channel was created between
a rod and sphere electrodes [5]. Discharge along the chan-
nel was observed when voltages up to 440 kV were applied
across a 1 m gap. Modeling such laser-guided discharges
has essential importance for the development of applica-
tions such as lightning protection and control.

Stochastic models of the discharge including those
based on percolation [6] have been studied, and the growth
of streamers [7–9] has been investigated. Recently, hybrid
particle and hydrodynamics simulations [10,11] have re-
produced the structure of streamers and identified that their
growth is caused by the local acceleration of electrons and
ionization of air at the tip of the streamers [12].

We present a simulation model of discharge based on the
percolation. We show that the model reproduces stochastic
behaviors of the laser-guided discharge, by including both
local ionization at the tip of streamers and random remote
ionization such as that caused by runaway electrons.

Propagation of an ultrashort-pulse laser forms a plasma
channel through the nonlinear Kerr self-focusing effect [2].
However, due to refraction caused by the radial electron
density profile of the channel, the laser filament repeats
focusing and expansion along its propagation path.

Therefore, a plasma channel with an intermittent structure
along the laser filament is produced.
It is shown that discharge through the laser channel

requires a reduced albeit still large applied electric field.
The voltage also has a considerable statistical variation.
The propagation speed of the discharge is only of the order
of 106 m=s [5,13]. These observations indicate that a single
continuous channel is not always formed, even though
breakdown of the gaps is expected to occur immediately
as the electric field is significantly enhanced in the gaps.
On the other hand, the discharge sometimes occurs

through a detouring path away from the laser channel.
Such stochastic behaviors have been observed in atmos-
pheric discharges over long distances where a leader chan-
nel is formed [14,15].
Recent studies suggest that the behaviors of leaders arise

from an effect of runaway electrons [16]. Gamma and
x rays have been detected, originating from runaway elec-
trons accelerated by the electric field in thunderclouds [17].
Besides those originating from cosmic rays, the runaway
electrons may be produced at the tip of streamers [18]. In
the case of laser-guided discharge, the electric field is
significantly enhanced in the short gap between filaments,
which could accelerate electrons to sufficiently high en-
ergy to travel long distances (>10 cm), to cause ionization
of air away from the channel. As shown in a Monte Carlo
simulation [19], in the case of ionization caused by run-
away electrons, there is no correlation between successive
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spatial points of ionization. Thus, we develop a model of
discharge taking the random remote ionization into
account.

The effect of remote ionization has also been demon-
strated by the particle-in-cell simulations. Kishimoto and
Masaki [20] showed discharge in Ne gas under a strong
applied electric field with a small spot of initial ionized
region. Initially, a streamerlike structure grew gradually
from the spot. Eventually a flashover occurs with a large
current over the entire region creating a netlike structure. It
has been suggested that avalanches occur randomly in the
air due to runaway electrons, and that the breakdown
occurs when there is a sufficiently large number of spots
where adjacent ionized regions become connected to each
other.

In this study, we apply the percolation model [21] to an
air gap between a pair of planar electrodes, as illustrated in
Fig. 1. Three-dimensional meshes are used to partition the
gap into cells. Whether the air in each cell is ionized or not
is determined according to its resistivity. To calculate the
discharge current, a network of resistors is considered,
which connects to the center of the cell [22]. The current
for each resistor and the potential for each cell are calcu-
lated using Kirchhoff’s current law. If two adjacent cells
are determined to be ionized, the resistor between them is
assigned a resistivity that is 10�6 times smaller than the
resistivity of the surrounding air. We note that calculation
results are insensitive to the resistivity of the ionized
region, provided it is sufficiently lower than that of air.

At each step, one cell is ionized according to the relative
probabilities of the cells. Once ionized, the cells are as-
sumed to maintain their state. The current, potential, and
electric field strength inside each cell are updated after
each ionization event.

We modify the probability [23] of the ionization p with
the electric field strength E according to p / E�, as in the
percolation model of conduction [6] and discharge simu-
lation [9]. This allows one to take both the local and remote
ionization into account in the present model.

An example of the development of a discharge is shown
in Fig. 2. This simulation was performed using 21� 21�
22 cells. In this case the probability of ionization is as-
sumed to be uniform by setting � ¼ 0. One sees that a
current appears suddenly when the ionized fraction ex-
ceeds some threshold value. Because of the small number
of cells, the threshold value has a statistical variation. But
the averaged value for several calculations approaches
0.31, in agreement with the result of a detailed calcula-
tion [21].
Figure 2 clearly shows that the discharge path has a

complex structure. It is also found that a new path appears
one after another as the ionized fraction increases. For
example, at an ionized fraction of 0.32, a new path merges
with the original path to create a treelike structure. This
suggests that bifurcation of streamers occurs not only by
splitting of their tips but also by the reconnection of exist-
ing paths [24]. As the ionized fraction increases further, the
number of paths increases rapidly and the whole region is
filled with the channels. This filling may be partly due to a
dc voltage that is applied, and additional heating and
subsequent change of conductivity is not taken into ac-
count in the present calculation.
Next, we investigate the properties of laser-guided dis-

charge. Calculations are carried out with initial ionized
cells placed along the preformed channel, connecting cen-
ters of left and right electrodes. Experiments [25] and
analyses of the Kerr self-focusing [5] show that the typical

(a) (b)

FIG. 1. Models of (a) a 2� 2� 2 spatial cell and (b) the
corresponding resistor network.

FIG. 2. Development of discharge due to random ionization.
The number next to each graph is ionized fraction, the ratio of
the ionized region of the air. The degree of darkening in the plots
qualitatively indicates the amount of current.
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length of a filament is of the order of 10 cm. We model
those experimental conditions by placing a sequence of
short ionized regions with one-cell spaces between them,
such that the initial ionized fraction along the channel is
75%, as shown in Fig. 3(a). In the present calculation,
having the edge of the cell at 10 cm, the calculation
corresponds to the laser-guided discharge over a 2.2 m
long gap with six of 30 cm long filaments.

In this calculation, the probability of ionization is scaled
by the local electric field using� ¼ 2, because preliminary
calculations have shown similar discharge patterns to those
observed experimentally. Using � ¼ 0, ionization occurs
randomly; thus, no noticeable effect of the preformed
channel is seen. On the other hand, for large values of �
ionization at the tip of streamers dominates. In the case of
� � 2:5, the discharge almost always occurs along the
channel, because ionization immediately closes the gap
between the filaments.

Figures 3(b)–3(d) show examples of the calculated dis-
charge paths chosen from 150 runs. Guiding is found to be
successful at a probability of 84%, where the discharge
along the initial channel is obtained. The percolation
threshold decreases by 50%, when a channel is added,
from 0.18 with no channel to 0.09 with a channel, as also
shown in Fig. 4(a). This decrease may correspond to the
experimentally observed 50% reduction in the breakdown

voltage [3]. Calculations also reproduce partial guiding
[13] and transitions between filaments [5]. The latter is
obtained by placing two parallel channels as the initial
condition.
Using a fixed value of the resistance of ionized air, we

can estimate the length L of the discharge path normalized
by the separation of electrodes, L ¼ V=ðInRÞ, where V, I,
R, and n are the applied voltage, the current, the resistance
of the cell, and the number of cells across the gap between
the electrodes, respectively. We assume the channel width
is equal to one cell. A histogram of the resulting length of
the path is shown in Fig. 4(c). Even in the case of success-
ful guiding, although most discharges occur through the
preformed channel, some discharge paths show consider-
able detouring. When the guiding fails, it is shown that the
discharge can occur through a path more than twice as long
as the separation of the electrodes. Because the electric
field in the cell at the gap is 4 times greater than in the other

FIG. 3. Initial ionized channel (a) and calculated path (b)–(d)
from the simulations corresponding to laser-guided discharge.
An electric field is applied between the left and right boundaries.
Panel (b) shows a case of successful guiding, where a nearly
direct path between the centers of the electrodes is obtained.
Panel (c) shows the case of failed guiding, or for partial guiding,
where the discharge path deviates from a direct route. Finally,
panel (d), for two initially parallel channels indicated by dotted
lines, shows transitions between channels.

FIG. 4. (a) Threshold of percolation and (b) probability of
successful guiding, as a function of the ionization fraction along
the initial channel. (c) Histogram of the length of the discharge
path in the case of ionization fraction of 0.75. In (a) and (c), the
results for when the guiding is successful or failed is shown
using the solid or dotted line, respectively.
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cells, it is 16 times easier to ionize. Nevertheless, low
probability discharge through alternate paths can be estab-
lished before the breakdown across the gap occurs.

The probability of guiding is found to increase by addi-
tional heating of the plasma channel using a double pulse
laser irradiation [4]. To simulate that case, calculations
with an initial channel with different ionized fractions are
carried out.

Preformed channels used in the calculations consist of
two ionized cells with a one-cell gap (2:1), as well as
alternating two and three ionized cells with a one-cell
gap (2:1þ 3:1), for which the averaged fraction of the
ionized region is determined to be 67% and 71.4%, re-
spectively. As can be seen in Fig. 4(b), the probability of
guiding increases as the ionized fraction of the initial
channel increases. Use of two laser pulses increases the
probability of discharge from 10% to 70%, whereas the
present calculation shows an increase of probability of
38% to 83% by increasing the ionized fraction along the
channel from 67% to 75%. It is also shown that the
discharge occurs more easily because the percolation
threshold decreases. These results imply that the increase
of the probability of guiding in the experiment also arises
from an increase of the conductive fraction along the
channel.

In summary, we have presented simulation results for the
development of a discharge path based on the combined
percolation and resistor network model. The results repro-
duce properties of the laser-guided discharge. In the
present simulation, the ionization of air, caused by elec-
trons from cosmic rays and those resulting from enhanced
electric field at the tip of the streamer, and also possible
ionization by photons emitted from excited molecules at
the streamer head, are taken into account using a simple
power-law model in the local electric field. By including
the ionization effects consistent with elementary atomic
processes [26], the present method will be useful for
modeling a variety of discharge devices by quantitatively
predicting spatial and temporal features of discharges.

A part of this study was carried out under the auspices of
the Grant-in-Aid for Scientific Research (B) No. 20340166
and No. 21340171 from the Japan Society for the
Promotion of Science (JSPS).
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