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Pitch is one of the most salient attributes of the human perception of sound, but is still not well

understood. This difficulty originates in the entwined nature of the phenomenon, in which a physical

stimulus as well as a psychophysiological signal receiver are involved. In an electronic realization of a

biophysically detailed nonlinear model of the cochlea, we find local cochlear correlates of the perceived

pitch that explain all essential pitch-shifting phenomena from physical grounds.
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Pitch is one of the three fundamental auditory attributes
of sounds, along with loudness and timbre. How the pitch
is extracted from a sound has been a physics puzzle for
centuries [1], starting in modern times with a controversy
among Seebeck, Ohm, and von Helmholtz [2]. From linear
models of the cochlea, the pitch frequency should equal an
ingredient of the stimulus frequencies. For harmonic
sounds, which are a superposition of frequencies fkf0g,
k 2 N the harmonic number, the fundamental frequency
f0 itself is indeed the perceived pitch. If, however, from
such a signal the lowest frequency components are re-
moved, the pitch remains at f0. This intriguing observa-
tion has been termed the problem of the ‘‘missing
fundamental.’’

One explanation offered was that in the cochlea, f0 is
reintroduced, by some nonlinear distortion of the cochlea
[3]. Alternatively, it was proposed that the temporal signal
envelope is relevant to the pitch [4]. The pitch-shifting
experiments of de Boer [5] and Schouten et al. [6] over-
threw both explanation attempts. They used signals of the
form fðtÞ ¼ A

2 ½1þ cosð2�fmodtÞ� � sinð2�fcartÞ which,

by trigonometric expansion, contain only the frequencies
ffcar � fmod; fcar; fcar þ fmodg [cf. Fig. 1]. The advantage
of such a signal is that upon an appropriate shift �f0 from
fcar ! f0car ¼ fcar þ �f0, the generically inharmonic
sounds generated can be made harmonic: ff0car�
fmod;f

0
car;f

0
carþfmodg¼ fðk�1Þf0;kf0;ðkþ1Þf0g. When

fcar is shifted by an arbitrary amount �f from the latter,
the key observation is that the human perceived pitch fpp
(also called the ‘‘residue pitch’’) differs from fmod, fails to
match any frequency component of the input signal, but
shifts with a dependence both on �f and on the harmonic
number k 2 N of the carrier frequency. Motivated by these
results, the perceived pitch was postulated to follow the
formula

fpp ¼ f0 þ �f

k
(1)

[5], which now is known as ‘‘de Boer’s (first) pitch-shifting
rule.’’ As a consequence, for fixed k, as a function of �f,
fpp should follow a straight line of slope 1=k. This is,

however, only approximately the case. The systematic
deviations from de Boer’s rule are called the ‘‘second
pitch-shifting effects’’ (SPSE) [5–7]. Deviations manifest
in two major ways. For two- and three-tone sounds, the
slopes for fixed k � 6 are consistently larger ([6,8], Fig. 2
and Figs. 3–4, respectively) and for four-tone sounds for
k ¼ 2, 3 smaller, than what is predicted by de Boers rule
[9]. Moreover, if at constant carrier frequency fcar the
modulation frequency fmod is increased, a systematic de-
crease in fpp is observed ([5,6], Fig. 3 of [6], e.g.). fpp
even depends slightly on the sound intensity [10]. For
obtaining an idea of these deviations, see our Figs. 2 and
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FIG. 1. Cochlea response VðtÞ to an inharmonic AM tone
fðt; A ¼ 0:1; fcar ¼ 1:65 kHz; fmod ¼ 0:2 kHzÞ, waveforms
fðtÞ, VðtÞ (time origins artificially aligned) and their Fourier
transforms. Stimulation (top line, three frequencies) and two
frequency channels labeled by their characteristic frequencies
fc, revealing at fc ¼ 0:88 kHz a strong CT-generated signal that
classically should be absent.
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3. In these figures, mostly not fpp, but the corresponding

fp that we derive from the cochlea’s local biophysics and

compares very well with fpp, are displayed. A recent

theoretical result from nonlinear dynamics provides an
interpretation of de Boer’s rule from this point of view
[7,11]. A nonlinear excitable system driven by N quasi-

periodic frequencies with equal spacing f0, where the
lowest frequency is of the form f1 ¼ nf0 þ �f, has been
shown [11] to respond with a (stochastic) resonance at the
frequency

fqp ¼ f0 þ �f

nþ ðN � 1Þ=2 ; (2)

which forN ¼ 3 recovers de Boers rule, since nþ 1 ¼ k is
the harmonic number of the carrier frequency.
While SPSE thus have remained an issue of specula-

tions, we will show here that they are not primarily a
consequence of the processing steps higher up the brain.
In order to deal with the pitch issue for general sounds and
for the signal within the cochlea, a basic physics definition
of pitch must be used. The most useful for comparing
physiological and electronic to psychoacoustic measure-
ments is fp ¼ 1=T [6,10], where T is the ‘‘most frequent

time interval between signal peaks.’’ If amplitude-
modulated (AM) signals pass through the cochlea, they
are changed in a nontrivial manner, due to the highly
nonlinear nature of the cochlear amplification process
[12,13]. As a consequence, we deal with measurements
of ‘‘local pitches’’ fpðxÞ, that depend strongly on the point
of measurement x along the cochlear duct or its electronic
analogue. The purpose of this Letter is to investigate
whether these local pitches fpðxÞ could be at the origin

of SPSE. Such a program has eluded an experimental
investigation up to now. The three fundamental nonlinear
aspects of physiologically measurable hearing [12,14] are
the large amplification of faint sounds with a compressive
nonlinearity of strong sounds [14] and, as a consequence of
the nonlinear amplification and for this study most impor-
tantly, combination tone (CT) generation [15] and (multi-
tone) suppression [16]. A recent electronic realization [17]
of a biophysically detailed [18] model of the cochlea
[19,20], which reproduces faithfully all essential physi-
ological measurements (cf. supplementary material [21])
[13], allows us to access the transformation an auditory
signal undergoes within a Hopf type cochlea. At the heart
of this model is an active amplification implemented by a
relaxation oscillator close to a Hopf bifurcation [22].
Systems below the bifurcation point work naturally as
small-signal amplifiers [23,24], in a narrow band around
the characteristic frequency fc. In bullfrog hair cells, the
Hopf nature of the amplification was experimentally cor-
roborated [25]. For optimally reproducing mammalian
hearing characteristics, strong coupling between the outer
hair cells as the Hopf amplifiers, and the viscous fluid is
essential [13,17,18]. The electronic cochlea is imple-
mented as an array of discrete sections, where each section
models an extended region along the basilar membrane by
means of the Hopf equation: _z ¼ ð�þ jÞ!chz�
!chjzj2z�!chFðtÞ, z 2 C. Here, the vectors of the input
FðtÞ and output z are complex variables (j is the imaginary
unit), and fc ¼ !ch=2� is the characteristic frequency of
the section, � is the tunable parameter that defines each
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FIG. 2. Left panels: fpðxÞ for fðt; A ¼ 0:1; fmod ¼
0:2 kHz; fcarÞ measured at the cochlea sections (a) fc ¼
1:76 kHz, (b) fc ¼ 1:245 kHz and (c) fc ¼ 0:88 kHz. From
left to right: increasing harmonic numbers k. Dashed lines:
de Boer’s rule for fixed k. The horizontal line through fp ¼
0:2 kHz: purely harmonic sounds providing no second effect
(�f ¼ 0). Right panels: Total signal power (tsp) of AM vs single
tones (identical input power �20 dB1V , fsingle ¼ fcar). Labels:

three regimes (s. text), shading: CT-generated signal surplus.
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FIG. 3. (a) fmod is varied at fixed fcar ¼ 2:0 kHz, A ¼ 0:1.
Dots: Local pitch measurements at five sections. Dashed lines:
Experimental data from two subjects [6]. Regime 1: For section
fc ¼ 2:093ð�fcarÞ kHz, a zero slope as predicted by de Boers
rule emerges. Regime 2: Down the cochlea fc < fcar, the slope
increases (s. text), (b) Loudness dependence of fpðxÞ for an AM

tone (fcar ¼ 1:7 kHz, fmod ¼ 0:2 kHz). Regime 1: fc ¼
1:76 kHz (close to fcar), reveals zero dependence. Regime 2:
For fc < fcar, increasing deviation with increasing distance to
fcar.
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section’s distance from the Hopf bifurcation point.
Technically speaking, � determines a section’s gain and
quality factor [17]. In each section, the Hopf amplifier is
followed by a section-specific 6th-order Butterworth (low
pass) filter modeling the viscous losses. For the results
presented below, we used a cascade of 16 sections with
logarithmically spaced characteristic frequencies fc (4
sections per octave) and � ¼ �0:2 for all sections. The
resolution of temporal fp measurements is limited by the

sampling rate of 80 kHz, which results in a pitch frequency
error of �fp � 5� 10�4 kHz at 0.2 kHz.

Local temporal pitch.—Measurements taken at different
sections confirm that the signal characteristics are strongly
changed within the cochlea (see Fig. 1 for an inharmonic
AM input). The waveform or Fourier spectra pairs clearly
witness the salient nonlinear effects at work for complex
sounds: the amplitudes of the forcing frequencies are re-
duced (compared to single tones) and integer combinations
of the forcing frequencies (CT) emerge [15,26,27]. Low-
frequency CT propagate further down the cochlea, where
they are finally amplified at the corresponding places fc ¼
fCT (see the responses at the section fc ¼ 0:88 kHz in
Fig. 1). Four series of CT frequencies, ordered by the
measured intensities, can be distinguished: The main se-
ries: nf0 þ �f, the difference tone series: nf0, minus
series: nf0 � �f and the plus series: nf0 þ 2�f, with n <
k� 1 2 N. For harmonic sounds (�f � 0), the four series
coincide. At places with fc � f0, the response is almost
entirely determined by the main series (see fc ¼ 1:76 kHz
in Fig. 1); the other series play a role only in the vicinity of
f0. Frequencies larger than fc are dissipated in the passive
parts of a cochlea section. The responses at fc < ðk�
1Þf0 þ �f therefore originate from CT that are succes-
sively amplified along the cascade (see Fourier transforms
at fc ¼ 0:88 kHz in Fig. 1). Below, detailed measurements
confirm the profound effect that CT contributions have for
shaping the signal before it leaves the cochlea.

Measured local pitch.—Following the above paradigm,
fcar is varied between 0.4 and 2.2 kHz, for fixed fmod ¼
0:2 kHz. Measurements at three cochlear locations, see
Fig. 2, yield local pitches fpðxÞ that are close to the

psychoacoustic experiments [6] and, in particular, share
the perceived SPSE. For a specific frequency fcar ¼ fc, the
local fpðxÞ will coincide with fp (assuming now a con-

tinuous cochlea). From the prediction made by de Boer’s
rule, to the right (left) hand side, the slopes of fpðxÞ
increase (slightly decrease), consistently with results
from psychoacoustical pitch-shift experiments for two-,
three- and four-tone inputs [6,8,9]. From the total signal
power of a complex AM sound vs that of a single tone, the
decisive role of CT in shaping the signal is evident. We
observe that the power peaks of the single tones obey a
slight left shift on the stimulus intensity as in the biological
example [13] and that fc is exactly underneath the peak for
very weak sounds at �70 dB1V (not shown). Since AM
tones are subject to both suppression and CT generation,

we distinguish three amplification regimes. The border
between Regimes 1 and 3 is given by the power peak of
the local response. For fc ¼ 0:88 kHz, we observe a small
shift between the AM and single tone maxima, due to the
much narrowed amplification profile at this frequency that
fails to amplify the higher frequency of the AM tone. Here,
we take the single tone maximum as the reference. Left to
this point on the fcar-axis, for AM tones, suppression is the
dominant shaping force (Regime 3). The border between
Regimes 1 and 2 are given where the effects of suppression
and CT-generation balance. These borders mark roughly an
area where the deviation from de Boer’s rule is within
�10%. In Regime 2, CT production and successive am-
plification leads to a massive increase of the total signal
power if compared to single tones: Frequency channels that
would be silent are activated by CT generation.
In order to further compare fpðxÞ to psychoacoustical

measurements fpp [6], in Fig. 3(a) fmod is varied from 0.18

to 0.22 kHz, for fixed fcar ¼ 2:0 kHz. A situation very
similar to that of the first experiment for single local
fpðxÞ emerges: At fcðxÞ close to the frequencies of the

input, the slope is zero (Regime 1), as is expected from
de Boer’s rule. As fc decreases—the signal propagates
down the cochlea—the measured negative slope increases
(Regime 2). This effect increases as we move further down
the cochlea. Between xðfc ¼ 1:245 kHzÞ and xðfc ¼
1:48 kHzÞ, the local pitch fpðxÞ corresponds to the per-

ceived pitch fpp. As the last effect, we confirm that the

correct loudness dependence of fpðxÞ is obtained. The

obtained results displayed in Fig. 3(b) are fully compatible
with the exhibited regimes: No pitch-shift for fc close to
fcar (Regime 1), increased slope with increasing distance
for fc < fcar (Regime 2). The underlying mechanism of
this dependence is the intensity variation of CT in depen-
dence on the input sound level [15,27]. Thus, the small
shift in fpðxÞ (and, analogously, of fpp) in dependence of

the input strength is fully explained by CT production.
From local pitch to perceived pitch.—The global per-

ception is made on the basis of local pitches fp [7,10,28–

30]. In the nonlinear dynamics approach of [7,28], the
assumption was that at the place with the largest response,
the output should be dominated by the two lowest input
frequencies, leading to a resonance with N ¼ 2 in Eq. (2).
Our Fig. 2 shows that main series CT trigger large devia-
tions from de Boers rule. These CT have a frequency
spacing of fmod, a situation that is equivalent to an experi-
ment with several input frequencies, with effective har-
monic number n < k� 1. Equation (2) now correctly
predicts increased slopes of fp. We find that the responses

start at the resonance place by three input frequencies
following de Boer’s rule (Regime 1), which then are modi-
fied by subsequently generated CT (Regime 2). Thus, the
conjecture that CT generation in general is responsible for
the second effect [7,28] is fully corroborated on the local
level. If the psychoacoustical pitch is computed by a means
of a summation over all frequency channels [29,30], the
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addition of responses, weighted by the power of the re-
sponses, will naturally lead to the perceived SPSE. For
high values of k � 6, the summation will increase the slope
of fpp. In Regime 2, this slope increases with the distance

of places with fc < fcar. For very low pitches (i.e. for k < 3
in the presented experiments), the summed response will
lead to a slightly smaller slope than the one predicted by
de Boer’s rule (Regime 3). From psychoacoustical studies
involving two different stimuli of slightly differing per-
ceived pitches, a pitch ‘dominance region’ has been con-
jectured [8,10]. Physiological experiments on the firing
statistics of auditory nerve fibers [30] support this hypothe-
sis and suggest that this may be due to phase-locking
between auditory nerve neurons [31] and the cochlear
output. Following this line of reasoning, Refs. [7,28] offer
a convincing perspective of how from the local pitch fpðxÞ
the perceived pitch fpp might be extracted. For our

Fig. 3(a), an estimate of the dominance region would be
between 1.245 and 1.48 kHz, which is slightly elevated, but
still compatible with estimates by psychoacoustical theo-
ries (about 4� f0 ¼ 0:8 Hz [10], respectively, 5–6 times
f0 [8]).

Using a local pitch concept, our study demonstrates that
local correlates of SPSE may exist on the cochlear level
that are the result of the nonlinear cochlea’s CT production.
Preliminary results in our detailed modeling study indicate
that the observed essential signal properties are maintained
in the auditory nerve. Local pitches offer the possibility of
computing and grouping simultaneously the pitches of
multiple auditory objects, an ability that is crucial when
listening, e.g., to an orchestra. The binaural pitch described
in Ref. [11], although apparently of an entirely different
physical nature, appears to offer an alternative or addi-
tional strategy for achieving this. We expect, however, that
in both cases the final percepts will be extracted along
parallel lines [32,33]. Our work sheds a new light on the
classical Seebeck-Ohm-Helmholtz dispute. Whereas the
Hopf amplification is organized similarly to the von
Helmholtz’s tonotopic principle, the local nonlinearly gen-
erated waveform more closely resembles Seebeck’s tem-
poral code [34]. For the global percept, both aspects, x and
fpðxÞ are important, which, to some extent, may reconcile

the views of von Helmholtz and Seebeck.
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[1] A. de Cheveigné, in Pitch, Neural Coding and Perception,
edited by C. J. Plack, A. J. Oxenham, R. R. Fay, and A.N.
Popper (Springer, New York, 2005), p. 169.

[2] R. S. Turner, Br. J. Hist. Sci. 10, 1 (1977).
[3] H. L. F. von Helmholtz, Die Lehre von den

Tonempfindungen (Vieweg, Braunschweig, 1863).

[4] J. C. R. Licklider, Experientia 7, 128 (1951).
[5] E. de Boer, Nature (London) 178, 535 (1956).
[6] J. F. Schouten, R. J. Ritsma, and B. L. Cardozo, J. Acoust.

Soc. Am. 34, 1418 (1962).
[7] J. H. E. Cartwright, D. L. González, and O. Piro, Phys.
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